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The intersection theory set up by Lefschetz! has made possible the introduc- 
tion of a new topological invariant—the ring of cycles of a manifold. The 
product of two elements of the ring is their intersection. The sum of two ele- 
ments is the ordinary sum of two elements of a Betti group, if the two elements 
are of the same dimensionality; otherwise the sum is defined quite formally. 
We shall prove that: if two manifolds are imbedded in a Euclidean (or spherical) 
space and the rings of these manifolds are different (not isomorphic), the corre- 
sponding complementary spaces are not homeomorphic. 'To do this we construct 
in the complementary space, provided its dimensionality is sufficiently high 
(at least 2n + 2, if n is the dimensionality of the manifold), an invariant ring 
and show that this ring is isomorphic to the ring of the manifold. The ring 
constructed in the complementary space enables us to define the ring of inter- 
sections not only for manifolds but also for complexes. Our discussion will be 
confined to the field of coefficients modulo 2. The extension to other rings of 
coefficients—the ring of all integers or the rings modulo m—requires only un- 
important modifications in formulation and argument. We consider a closed 
manifold M*, an imbedding r-dimensional Euclidean space (or an r-dimensional 
sphere) R*, and the complementary space kt — M" = Q’. In §§1 and 3 we 
assume that Q" is the space complementary to a certain closed n-dimensional 
set /" rather than to the manifold M”. 


1. The result of the usual intersection of two cycles of the complementary 
space is always a bounding cycle. Indeed let X and Y be two cycles of the 
complementary space: X CQ, ¥Y CQ. Let A be achain in R’ bounded by X: 
A—Xon Rr. As the intersection of X and Y in Q’ does not differ from that 
in K* we obtain by applying to AY the boundary relation for intersections :* 
AYXYonR*. But AY lies entirely in Q,as Y CQ. Therefore AY > XY 
on Q, ie. XY ~ 0 in the complementary space. We define now the multipli- 
tation for cycles of the complementary space Q. Let A**! and B'*+! be chains 
ES 

'S. Lefschetz, ‘Intersections and transformations of complexes and manifolds,’’ Trans. 
Amer. Math. Soc. 28 (1926). See also Lefschetz, Topology, Amer. Math. Soc. Colloq. 
Publ. (1930). 

*Hopf, H. “Zur Algebra der Abbildungen von Mannigfaltigkeiten,’’ Journ. reine 
angew. Math., 163 (1930), pp. 71-88. 

‘Lefschetz, “Intersections .. . ” loc. cit. p. 12. 
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in R’ bounded by X* and Y’ respectively. The intersection of these chains 
will be a chain AB. Let us call the product of X and Y in Q a cycle Z = 
[XY] = (AB)° = XB + AY, where by (AB)° is meant the boundary of AB. 
This cycle lies entirely in Q, since X CQ, Y CQ. The dimensionality of the 
eycle Zisk+1+1-—-7. 

In this way the definite cycle [XY] = Z**'**~ corresponds to a pair X', /: 
of cycles of Q. 

TueoreM. The class of homologies defined by the product [XY] is independent 
of the particular chains A and B. 

In other words if A’ and B’ are other chains bounded by X and Y respectively 
and Z’ is defined by means of A’ and B’ then Z ~ Z’ on Q. 

Proor. It is sufficient to assume that A and A’ are different and that B’ 
coincides with B. Let A— XonR, A’ > XonR. A — A’ isacycele ink 
so that r— A — A’ on Rwhere risa chainin Rk. The formula for the boundary 
of an intersection then gives 


((A — A’)-B) = (A — A’)-B° = (A — A')Y¥ = (rY)’ onR 
or ((A — A’)-B) = Z— Z' = (xY)’. 


This means that Z ~ Z’ on Q, provided 7Y lies entirely in Q. 

THeEoreM. If at least one of cycles X, Y bounds on Q so does their product. 

Proor. Let X ~00nQ. Then there exists a chain A lying entirely in Q 
such that A — X on Q. Let us now use this A in order to obtain [XY]. By 
definition [XY] = (AB)*. But A CQ. Therefore AB CQ and Z = [XY] ~0 
on Q. 

Corotuary. If X ~ X’ on Q, then [XY] ~ [X’Y] on Q. For [(X — X’)Y] 
~ 0 on Q, and the intersection operation is distributive. 

The last corollary enables us to consider as the multiplied elements not 
cycles, but classes of homologous cycles. We thus obtain the ring of homologies 
in the complementary space Q. However, the ring of Q as so far defined is 
not a topological invariant of Q alone. This is so because the chains A and B 
used to define the product [XY] need not be contained in Q but may be any- 
where in R. In order to obtain a ring of Q which is an invariant of Q alone 
it is necessary to define the ring of Q intrinsically, i.e. in terms of chains entirely 
contained in Q. This will be done in §3 by means of infinite chains and cycles. 
The dimensionality of Q will be subjected there to the condition mentioned 
above. 


2. Let us now prove that if Q’ is the space complementary in R’ to a maii- 
fold M* the ring constructed in Q’ is isomorphic to the ring of the manifold. 

Let us consider a fundamental set of k-dimensional cycles for the mani- 
fold M” (ie. a base for homologies of dimensionality k) at, @3, °°: ty 
According to the Poincaré-Veblen theorem if #7~*, #3~*, --- , Ze is the funda- 
mental set of (n — k)-dimensional cycles of M* and a,; is the intersection- 
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number x(x', #3“) of cycles x; and Z;, then the determinant | a; | = 1. In 
the same way we obtain according to the Alexander duality relation: if 
yw... Xe ntk—! is a fundamental set of (r — n + k — 1)-dimensional 
eycles of ‘the complementary space Q, and V;; is the looping coefficient of the 
eyeles #2* and X;~"**™, then the determinant | Vii | = 1. Making use of 
this we can easily show that if we have the base x}, x2, --- , x ‘s of the k-dimen- 
sional Betti group of M” it is possible to choose in a unique way the base 
it gy, --- , Bfe* so that aj; = 6, where 6,; is the Kronecker symbol. We 
can choose senile in a unique way the base X}~"**", X;-"**"1, ... | Nren tet 
so that Vi; = 54. We suppose that our bases are Sis, chosen. 

Let us establish now the one-to-one correspondence between the elements 
of the k-dimensional Betti group of the manifold and the elements of the 
(r — n + k — 1)-dimensional Betti group sas the ¢ erage space. For 
that purpose we relate to the base element x; the base element X{~"** and 
to the element ¢'z; the homology class X = i X; ; 

The correspondence just established is seiniaos it does not depend on the 
base chosen for the k-dimensional Betti group. Let us examine the geometric 
nature of the cycle x* which corresponds in this way to the cycle X*-"**"'! CQ. 
We assume that M™ lies in R’ polyhedrally, i.e. every simplex of M” is a Eucli- 
dean simplex in R".4 Let A*-"** be a polyhedral complex in R’ bounded by 
X~"**! and in a general position with respect to the manifold M". The 
intersection of the chain A with M defines a cycle *x = MA on M". The 
dimensionality of *xisr —-n+k+n—r=k. 

ToeorEeM. Let x* be the cycle corresponding in the above way to X™"*t*-", 
Then *x* ~ x* on M*. 

From this theorem it follows on the one hand that the class of homologies 
defined by x* does not depend on the special choice of the fundamental set of 
M" and on the other that *x* does not depend, as a class of homologies, on the 
chain A bounded by X?-"+#-1, 

Proor. It is sufficient to prove the theorem for the cycles corresponding 
to the cycles of the fundamental set Xi, Xe, --- , X,x. Let us suppose that 
X= X,and *z ~ t'z, Since V(@;*, X7-"**") = V,,; = 4,; the looping coeffi- 
cient V(z;, X) = 6). V(%;, X) is the number mod 2 of the points of inter- 
section of the cycle %; with the chain bounded by X, for example with A. 
But it is also the number (mod 2) of points of intersection of Z; with the cycle 
7 on M. ie. x(*x, %). Therefore x(*z, #) = 6). Since x(x, %) = 6; we 
obtain 


’ 


x(*2z, E;) = x (ti xi, &;) = t*6;; = U, 


ort? = 6: This means that t! = 1, t@ = 0 (¢ ¥ 1) whence *z ~ x on M. 
It follows immediately that the ring of the complementary space Q defined 
in §1 is isomorphic to the ring of M. Let X*, Y! be two cycles of Q. Their 
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‘This assumption is not essential and may easily be dispensed with. 
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product is [X*, Y'] = Z*+41-"_ Let 2****! be the cycle on M corresponding 
(in the sense stated) to X and y"*'*'~ the cycle corresponding to Y. We shall 
prove that the cycle Z corresponds to zy, i.e. the product of two cycles in Q 
corresponds to the intersection of the corresponding cycles on M. This will 
complete the proof of the theorem. 

Let A be a chain in R bounded by X, B a chain bounded by Y. We have 
shown that x ~ MA, y ~ MB. In order to obtain z we must take the inter- 
section of M with a chain bounded by Z. But Z = (AB)*. Hence we can 
take AB as suchachain. Thusz = M-AB. The intersection of M with AB 
in R is geometrically the same set of points (chain) as the intersection of MA 


with MB on M. ‘Therefore 
z= M-ABonR 
= MA-MBonM 
= 2-Y, 


which proves the theorem. 


3. In this paragraph we give the intrinsic definition of the ring of Q, without 
making use of chains lying in R’ (such as A and B). Q is the open (relative) 
manifold, not compact, complementary to the closed set F” (the set F” lying 
entirely inside the Euclidean 7-space R’). In order to construct the invariant 
ring in Q we shall use the notion of an infinite chain.® 

By an infinite chain of the complementary space Q is meant a chain consisting 
of an enumerable number of simplexes of Q and such that nearly all its simplexes 
(i.e. all with the exception of a finite number) lie wholly outside every compact 
part of Q. Let the simplexes of the infinite chain be enumerated. According 
to our definition all simplexes with sufficiently large indices lie wholly outside 
any given compact part of Q. The boundary of an infinite chain is defined as 
the sum of the boundaries of the separate simplexes. An infinite cycle is an 
infinite chain whose boundary vanishes. 

We define now the ring of the complementary space Q as follows. Let X* 
and Y’ be two finite cycles in Q. Let %**+' be an infinite chain in Q bounded 
by X* (the existence of such a chain will be shown later) and $*+! an infinite 
chain in Q bounded by Y'. We define the product of X* and Y' by the formula 


[X* Y'| = ger y + X*® H+, 


We want to prove now that if r => 2n + 2 the homology class of the product 
so defined does not depend on the particular chains % and B. Let ‘2**' be 
any other infinite chain bounded by X*. Evidently it is sufficient to show that 
the product defined by means of & and % is homologous in the complementary 
space to the product defined by means of ‘% and &, ie. AY ~ ‘AY on Q or 





’ See Lefschetz, Topology, Chapter VII. 
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(4 — ‘%)-Y ~ 0 on Q. YW — ‘Wis an infinite cycle of dimensionality k + 1. 
We denote it by 3 and shall prove that if r 2 2n + 2 the intersection 3*+!. Y ~ 0 
on Q. 

: observe that since X* is not homologous to zero its dimensionality 
k>r—-n—122n4+2—n—1=n+1. Let all the simplexes of 3 be 
enumerated and let 3 be divided into two parts ’3, and ’’3,: 3 = ’3, + "3,; 
where '3, is the finite chain containing all the simplexes of 3 with the indices 
from 1to N. Then we can find for every 6 an N such that ’’3, lies entirely 
within the 6-neighborhood U; of F. 

We consider now the finite cycle ¢% = (‘2‘*)*. Since 8° = 0, ¢¢ = (/RBk*)*, 
ie. ¢¢ lies entirely inside U;. It is known that for every ¢ we can find a 6 such 
that every cycle ¢ of dimensionality = n + 1 lying in the 6-neighborhood of the 
n-dimensional closed set F is homologous to zero in the e-neighborhood of F. 
(In order to prove this we may take the nerve of a suitable covering of F by 
closed sets geometrically realized near F and shift ¢ on this nerve.) Therefore, 
sineek >n+1,¢4 ~0o0n U,, ie. there exists a finite chain P*+! in U, such that 
Pt#_, chon U,. ‘Bk 4+ Pk* is a finite cycle in R’. Let r*+? be a chain 
in R' bounded by this cycle: r*+? — ’3*+1 4 P*+ on Rr and let € be chosen 
small enough so that Y has no common points with U,. Then 3*+!.Y = 
Q'ty But (rY)” = rY = ’28,Y + PyY = 'ByY = BY, since Py C U, 
and has no common points with Y. Therefore 3’t1Y ~0o0nQ. The theorem 
is proved. ; 

The ring defined in this way does not differ from the ring defined in §1 by 
means of chains A and B situated in R*. In fact let A**! be a chain in R’ 
bounded by X*. Consider the part of A*+! which consists of all points of A**! 
that do not belong to F. We can triangulate this part in such a way that it 
will represent an infinite chain %*+! consisting of an enumerable number of 
simplexes, the boundary of which is the cycle X (perhaps subdivided). This 
proves also the existence of an infinite chain of the complementary space Q 
bounded by any given cycle X* of Q. 

The intersection {{*+1. Y does not differ from the intersection A*+!.Y. There- 
fore the two definitions are equivalent. 

Remark 1. The rules for the intersections of finite chains hold also for the 
intersections of finite chains with infinite chains as considered in this para- 
graph. In fact we have considered here only the intersection of finite parts of 
infinite chains. 

Remark 2. If Q is the space complementary to the manifold M” the ring 
of Q constructed by means of infinite chains % and % is isomorphic to the ring 
of M as before. ‘ 

Remark 3. If F is a connected complex, the ring of Q may be defined in- 
Variantly even when r = 2n + 1. In fact as we have seen the product [X*Y‘] 
fails to be defined uniquely only if there exists in Q an infinite cycle 3 of di- 
ee 


* See Alexandroff-Hopf, Topologie, Erster Band, pp. 143-147. 
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mensionality k + 1 whose intersection 3-Y does not bound in Q (or if for y 
the same thing occurs for the corresponding infinite cycle of dimensionality 
1+ 1). Thisis possible only whenk Sn. On the other hand when r = 2n + i ; 
k =n, since X* does not bound in Q. Hence k = n. If p < n the product 
[X"Y"+7] ~ 0 on Q (since its dimensionality = p <n). As for the product 
[X"Y2"] we define it by the formula [X"Y?"] = X*.’ This is confirmed by the 
fact that for a connected complex there exists in Q only one cycle Y (more 
exactly only one class of homologies) of dimensionality 2n that is not homologous 
to zero. 

If F is a connected manifold M the ring obtained in Q is isomorphic again to 
the ring of M. In fact in this case the cycle Y°" corresponds in the way pre- 
viously described to the manifold M itself. 


4. The definition of the ring given in §1 enables us to introduce the ring of a 
complex. Let us consider a complex K”. In order to obtain the ring of K" 
we imbed it in a Euclidean space (sphere) R’(r = 2n + 2) and take as the ring 
of the complex the ring of the complementary space Q’ defined as in §1 (by 
means of chains A and B situatedin R). Taking account of the known theorem 
about the isotopy of n-dimensional homeomorphic sets in (2n + 2)-dimensional 
Euclidean space® we see easily that the ring thus defined is the same however 
we immerse K in R’, i.e. is defined uniquely by R’. 

We want to prove now that this ring is independent of the dimensionality 
of the imbedding space R’. It is sufficient to show that the two rings which 
are obtained when we imbed the complex in R’ and R**t'! are isomorphic. Let 
the ring of Q be defined by the intersections of base cycles 


(1) Xt, Xq,---,Xk(r-—-n—1 Sk Sr -—1) 


of Betti groups. Let us now imbed R’ in R*+!. We shall then obtain the space 
Q’*! complementary to the complex. In order to get the base cycles of Q™ 
we proceed as follows.? Let X* be any cycle of (1) and A*+! a chain of R’ 
bounded by X*. We construct now in R’+! on both sides of the linear space 
R’ two cylinders, having as bases A*+!, and whose generators are perpendicular 
to Rv and have the length h. The two cylinders together form a cylinder 
‘A+? whose height = 2h. We denote the boundary of ‘A*+® by ‘X*": 
(‘A*+#2)° = ’X#+1_ It is easy to see that the cycles ‘X*+! thus defined form a 
system of base cycles of the (k + 1)-dimensional Betti-group of Q’*', since 
the looping coefficients (in R’+") of the cycles ’X*+! with the cycles of K are 
the same as the looping coefficients of X* with the cycles of K (in R’). The 





* 
’ The same result will be obtained by applying the construction, since the intersection 
in this case does not depend on the chain bounded by X*. 
§ G. Nobeling “Ein dimensionstheoretischer Isotopiesatz,’’ Monatshefte fir Math. und 
Phys. B. 41, Heft 1, 1934. 
* Cf. Lefschetz, “‘Manifolds with a boundary and their transformations,” Trans. Am. 
Math. Soc., 29 (1927), 429-462. 
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heights h for different cycles may have arbitrary values. We choose them 
different for every two cycles corresponding to (1). 

Now it is easy to show that the rings of Q" and Q’*' are isomorphic. If X* 
and Y' are two base cycles of Q", their product [X*Y¥'] = (A*! B)*, The 
product of the corresponding cycles [/X*! /Y] = (’A#? /B42)* But 
‘At ‘B42 is a cylinder constructed on A**! B+! in the way described, the 
height being the lesser of the heights of the cylinders ‘A*+* and ‘B'*?,  There- 
fore the product [’X*+* ’Y'+?] = (’A*+#?/B44) is homologous to the cycle corre- 
sponding in R**! to the product [X*Y']. This completes the proof that the 
ring of K is independent of the dimension of R’. 

We have seen that the rings of K obtained by imbedding KX in different man- 
ners in a Euclidean space of sufficiently high dimension (r = 2n + 2) are 
isomorphic. But the same is true when we imbed K in a Euclidean space of 
arbitrary (even low) dimension. In fact let the ring of K” be defined uniquely 
when K" is imbedded in different manners in R’. If we now imbed it in different 
ways in Rr! all the rings obtained are isomorphic with the ring defined by 
means of R” and therefore are isomorphic among themselves. 

It might be remarked that we have not used the invariant definition of the 
ring of Q in order to obtain the ring of K. The defined ring of a complex is its 
topological invariant. It is isomorphic with the ring of a complementary space 
when that ring exists. (We are sure of the existence of the ring in the com- 
plementary space only when r = 2n + 2.) We might note that the elements 
of the ring of a complex are precisely the characters of the Betti groups of the 
complex. 

In conclusion I wish to express my sincere thanks to Professor Pontrjagin for 
his many valuable suggestions and for the help he has given me in my work. 


Moscow University, U. S. S. R. 
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MANIFOLDS WITH ABELIAN FUNDAMENTAL GROUPS 
By P. A. Smit 


(Received January 4, 1936) 


1. In a recent paper we showed! that the rank? of the (abelian) fundamental 
group of an n-dimensional group manifold can not exceed n. At the time of 
writing that paper it seemed to the author that this theorem might hold for any 
manifold with an abelian fundamental group. This is of course true—at least 
for compact manifolds—when n = 2. We shall show below that it is also true 
for n = 3 but is not true in general when n > 3. In order to construct counter 
examples for n > 3 we shall first determine the fundamental group of the sym- 
metric product ke, of a finite complex K,, by itself. 


2. THrorEeM. The fundamental group of ke, is abelian. 

Proor. Let K’ be a copy of K and let x and x’ denote corresponding points 
in K, K’. Let 7 be the self-homeomorphism (of period 2) of the direct product 
K X K’ defined by 

(eX y’)=y Xe’. 


Let 2 be a definitely chosen point of K. There can be chosen a set of generators 
&;, n for the group of K X K’ such that (1) the é’s and 7’s are paths beginning 
and ending at ao X x; (2) the é’s are commutative with the n’s; (3) for each i, 
£;and n; are images of each other under r.* 


3. Let t be the (2-1) mapping of K X K’ onto k defined by 


t(x X y’) = (a, y) = (y, x) = a point of k. 


Two points of K X K’ which are images of each other under 7 correspond under t 
to one and the same point of k. Hence 


t(é:) = t(ni) = (say)&.- 


Here ¢(€;) means the path described by t(p) as p describes a circuit on £; in the 
positive direction. The ¢; are paths in k beginning and ending at (%, 29). 





1 The fundamental group of a group manifold, these Annals, vol. 36, No. 1 (1935), 210-229. 

* By the rank of an abelian group we mean the maximum number of linearly independent 
elements which it contains, , 

3 Let w; be paths in K beginning and ending at 2» and let w; be their duplicates in K’. 
If the w; are a set of generators for the group of K, we may take §; = Zo X w; and ni ‘ae 
wi X zo. See H. Kiinneth, Zur Bestimmung der Fundamentalgruppe einer Produktmanniy- 
faltigkeit, Sitzungsberichte Erlangen, Vol. 54-55 (1924), 190-196. 
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Since ¢ is continuous, a relation of the form II(é, ») = 1 corresponds to the 
relation I1(t(é), (m)) = 11’(¢) = 1, that is, to a relation among the ¢; obtained 
from the original relation by replacing each £; and y; by ¢;. In particular, from 
the relations &9:&;'nj' = 1 we obtain ¢:¢;¢7'¢>' = 1, so that in order to prove 
that the group of k is abelian, we need merely prove that the ¢’s constitute a 
set of generators for it. 


4. Let ko be the totality of points (2, x), xz C K. It will be seen from the 
definition of t that if Z is an arbitrary point of k, t-"(Z) is continuous and single- 
valued over ko. If Z is not in ko, "(Z) has two distinct determinations which 
vary continuously with Z. If Z approaches a point Zp of ko, the two determina- 
tions of t(Z) converge to (Zo). It follows from these remarks that if Z is 
constrained to vary along a path ¢’ which begins and ends on kp but otherwise 
fails to meet ko, there can be determined by continuity two continuous single- 
valued branches t7’(Z) and #;1(Z) of t(Z), defined over ¢’. 

Let ¢ be an arbitrary path in k beginning and ending at (x, 2%). kis a com- 
plex, and in fact possesses a triangulation relative to which k is a subcomplex.‘ 
Hence on performing a preliminary deformation of ¢ if necessary, we may take ¢ 
as consisting of a finite number of arcs, each of which either begins and ends on 
ky and otherwise fails to meet ko, or else lies entirely in ky. Let ¢; be the ares 
of the first type and let s(Z) equal a definitely chosen one of the two branches of 
t"(Z) corresponding to each , , and elsewhere on ¢ let s(Z) = ¢"'(Z). Then s(Z) 
is continuous and single-valued on ¢ and as Z describes ¢ in the positive direction, 
s(Z) describes a path ¢* in K X K’, beginning and ending at x X x5. More- 
over, for each Z in ¢ we have t(s(Z)) = Z; hence t(¢*) = ¢. Therefore, siuce ¢* 
equals a product of the &;’s and n,’s, ¢ will equal (§3) a product of the ¢,’s, 
which completes the proof. 


5. Let G be a group and A its commutator group, and let G/A be denoted by 
(*. G* is the group G “made abelian’’. 

Tuzorem. Let G(ken) and G(K,) be the fundamental groups of ke, and K,,. 
Then G(ken) = G*(K,). 

Proor. Denoting Betti numbers by R, we have 


Ri(ken) = Ri(Ky) 
Rilken; 2%) = Ri(Ky; 2)* (u = 1, 2,---). 





‘See M. Richardson, On the homology characters of symmetric products, Duke Math. 
Jour., Vol. 1, No. 1 (1935), 50-69. 

* The first relation follows from M. Richardson, loc. cit., Theorem 2, p. 58. The second 
relation follows when u > 1 from Theorem 6 of the same paper and for u = 1, from the 
formulas on p. 618 of the author’s paper, The topology of involutions, Proc. Nat. Acad., 
Vol. 19, No. 6 (1933), 612-618. In deriving the stated relations from the theorems just 
‘ited, the 1-dimensional Betti numbers of K X K’ must be known. For their determina- 
tion, see Lefschetz, Topology, p. 228. 
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Hence By,(ken) = Bi(K,), where B stands for the complete 1-dimensional Bett 
group.6 Now Bi(K,) = G*(K,) and Bi(ken) = G*(ken) = G(ken).7 Hence 
G(ken) = G*(K,). 


6. Let K2 be a closed orientable surface of genus p. The symmetric product 
:? is a manifold,’ and from the theorem just proved, G(k,4) is a free abelian group 
of rank 2p.9 Let xo be a point, x, a circle, and x,(n 2 2) an n-torus. Let h3 beg 
3-sphere and let 


m= ki X Kms )=—6(m 24, p 20) 
P= ki X wma X hs (m =7,p = 0). 


The f,’s and },’s are compact m-dimensional manifolds and since the funda- 
mental group of a direct topological product is the direct product of the factors," 
it follows that G(£?) and G(62) are free and abelian, and that 


rank G(f?) = 2p + m — 4 (m = 4) 


(R) 
rank G(62) = 2p + m — 7 (m = 4). 


For a given m 2 7, the two sets of integers 2p + m — 4 and 2p + m -—7 
(p = 0,1, ---) taken together, include all integers = m. It follows from this and 
from the first relation (R) that for every pair of integers m, q(m = 7, q = m), 
there exists a compact m-dimensional manifold whose fundamental group is free, 
abelian, and of rank q; for each m 2 4 the same is true if the phrase “of rank q’’ is 
replaced by “‘of rank > q.”’ We leave open the question whether or not the first 


part of this theorem holds for m = 4, 5, 6. 


7. Let M be a finite (i.e. compact) 3-dimensional topological manifold," and 
assume that its fundamental group G(M) is abelian. 

Tueorem. The rank of G(M) is < 3. 

Proor. Let I be the universal covering space of M. G(M) can be realized 
by a group of self-homeomorphisms T,(g C G(M)) of I. The 77,’s are the “deck- 
transformations” of I. T is a manifold and has a triangulation—namely that 
induced by the triangulation of M—which is preserved under the T,’s. If Hisa 
point set in I’, we shall denote T, E by E,. 





6 A. W. Tucker, Modular homology characters, Proc. Nat. Acad., Vol. 18, (1932), 467-471. 

7 Seifert and Threlfall, Lehrbuch der Topologie, p. 173. 

8 It is shown in Veblen and Young, Projective Geometry, Vol. II, pp. 270-271, that when 
p = 0, kf is homeomorphic to the complex projective plane x. A simple modification of the 
argument shows that in any case, k? has locally the same structure as 7. ; 

When n > 2 and K, is a manifold, ken is a pseudomanifold, but not a manifold. This 
follows from certain results in the author’s paper, cited in footnote 5. ’ 

* That is, generated by 2p generators which satisfy no relations other than those which 
assert that the generators are commutative. 

10 Seifert and Threlfall, loc. cit., p. 156. 

1 Lefschetz, Topology, p. 119. 
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8. Let X be a finite sum of 3-cells of I such that Tf = }>, X, and X¥,N X, =0 
whenever g # h.% Now G(M) is the direct sum of a finite group go and a free 
group g SO that every g is of the form ho + A where A» C g,A Cg. Let 2 
= > X,,. Then >a O = Dona X),4. = IT and moreover, 2 M 2, = 0 when- 
ever) #u (A, uC Qg). Each Q) is a finite sum of 3-cells and it is obvious that 
the closures of at most a finite number of distinct Q,’s can meet the closure of any 
given one of them. 


9. We can think if g as a group of vectors \ with integer components. Thus 
we shall write \ = (Ax, --- , As) where the ),’s are integers. To assume that 
the rank of G(M) is > 3 is equivalent to assuming that h > 3. We shall make 
this assumption and obtain a contradiction. 

Let x be a definitely chosen vertex in. Vertices of the form 2," will be called 
lattice points. The codrdinates of x, are di, --- , \, and the distance d(a,, x,) will 
be defined by the ordinary euclidean formula. 


10. Let M1, \?, -- - be a definite ordering of the vectors \ and let 2" = °?_, Q:. 
For every compact set E there is a k such that EH C Q*. Moreover, there exists 
a number 6 such that &, M &, = 0 whenever d(x,,z,) > 6. For if not, we could 
choose sequences Q,;, Q,; (@ = 1, 2, --- ) with d(z,:, z,:) > © and Q,; N Q,; 4 0. 
We then have 2 N Q,:,« # 0 and since d(z, 2,:_,:) = d(x,i, 4) > ©, it follows 
that infinitely many of the vectors uv‘ — »‘ are distinct, hence infinitely many 
of the sets Q,;_,; are mutually exclusive; but the closures of these sets can not 
all meet 2 (§8), hence our assertion is established. 


11. In the following, all chains and bounding relations are modulo 2. Let 
é = (1,0, --- 0), --- , & = (0, --- ,0,1). We shall show that finite chains wu‘, 
vw (7, j, = 1, --- h;i <j), of dimensions 1, 2, 3 can be chosen in I such that 

(1) wort ry 

(2) vi Sut + w+ ui; + ui}; 

(3) wo — v3 4 yl3 4 yl? 4 23 4 yl3 4 y!?. 
The u's exist because Tis connected. By means of (1) we see that the right 
sides of (2) are cycles. For example, wu}, > (x + ta)e = %¢ + Ta,e and simi- 
larly Wa>ta+ Zaye. Hence the sum of the boundaries of wu! + u? + ui: + wis 
is 0. . Since I’ is simply connected, the v’s exist, and by means of (2) we see that 
the right sides of (3) are cycles. To show the w” exists we first prove that every 
infinite 1-cycle of T is ~ 0. 

Let ¢ be such a cycle. We may assume that no proper subset of the 1-cells 
LSS 


" See pp. 212-213 of the paper cited in footnote 1 for a construction for X (X is the sanie 
as the set % defined on p. 213). 


" From now on, the greek letters X, u, €, etc. will refer to elements of 9. 
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which occur in c forms a cycle, since in general c would be a sum of such irredyci- 
ble cycles. Thus Z is an infinite non-singular polygonal line, say 


c=---|ptp*| + |p p'| + --- 


where | p‘p*+'| is the 1-cell whose ends are p‘, p**?. 

Let (p, q) denote an arbitrary 1-chain with boundary p + q. Let 2, and 2, 
be adjacent lattice points, that is, such that \’ — A = + &. Let {a 2,,} be ui 
or ui, according as \’ — \ = e' or —é. In either case {x,2,,} >a, + x,. Let 
[x,2,] be an arbitrary chain of the form {2 2,} + {Xo} + +--+ {z,2,|; 
its boundary is 2, + %,. 

Let 9,, --- , &, be the Q’s which meet Let | pq| be a 1-cell and x, a lattice 
point, both contained in 2 + ®, + --- + Q,. For each of the finite number of 
ways of choosing 7p, q, \, choose definite finite chains (xp), (x, q), [xx] and for each 
cycle |pq| + (xp) + (xq) + [xa] formed from these chains, choose a definite 
finite 2-chain with that cycle for its boundary. Choose WN so large that the 
closures of all the cycles and chains just described lie in 2”. 

Returning to c, choose for each 7, a definite Q,; containing p‘. Clearly 
d(x, xi) > © as |i] > ©. Hence at most a finite number of vectors of the set 
A" + pi (n = 1,---h3; zt = 1, 2,--- ) can be equal. Consequently at most a 
finite number of the corresponding sets Q,,,,; can be identical, and hence (§8) 
at most a finite number of the closures of these sets can have a non-zero inter- 
section and hence finally, at most a finite number of the sets ON; = D1 Mnu,i 
(¢ = 1, 2, --- ) can have a non-zero intersection. 

Since Q,;4: meets ,;, it follows from the definition of N in the next to last 
paragraph that for each 7, there can be chosen definite chains [2,i1,:+:], (z,ip'), 
(x, i+, p**), f', which are images under T,,; of chains in QY and which satisfy the 
relation 


fim | pip" | + (cpp) + (@yirp) + [xystyeri] = dé (Say). 


Since b'C O%;, fic QO; and since at most a finite number of the @/,’s have a 
non-zero intersection, it follows that the sums 


PPE PEP py EOE ED HOH, 


(as well as the sum written below) are well defined chains, the second being the 
boundary of the first. The second sum equals c + d, where 


d= +e + [yrtyl + [t%4) + --- - 


Since c ~ d, we need only prove that d ~ 0. 

The transformations 7) correspond in an obvious manner to a group of trans- 
lations in a cartesian S,. Moreover if we think of each wu‘ as corresponding to 
the unit segment at the beginning of the positive 2;-axis in S, and v” as corre- 
sponding to the unit square subtended by the 7** and j** segments, then each 
chain sum of images of z, or of the u’s or of the v’s corresponds in S, to a definite 
chain sum of the corresponding images of the origin or of the corresponding untt 
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segments or unit squares. This correspondence between chains is (1, 1) and, as 
will be seen from the nature of the boundary relations (1) and (2), preserves 
houndary relations. Now from the definition of the chains [ ], d is of the form 
e+ fait} + {2,2%,} + +--+ in which each component chain is an image 
of one of the w’s. The corresponding chain in S, is an infinite cycle and bounds 
a 2-chain sum of images of the unit squares. The sum of the corresponding 
transforms of the corresponding v’s is a 2-chain with d for its boundary. Hence 
dl nd 0. 

It follows that if A is the total ideal set of T, then R\(T; A) = 0. Hence 
R(t — A) = 0," and hence the existence of w® is established. 


12. Let 
in) io a) x 
(4) u =u', dikes ee o = > > we. nm, +::) 
a —%6 —0 


io 2) ne) x 
(5) U= iz Mia, «0:09 V= 2 VO, n,.00)9 W= pM W0,0,n, -+-)y 
—o —-so —2 


where the dots represent zeros. It is clear that all the sums are well defined 
chains. Moreover, by (1), (2), (3), (4) we see that U, V, W are cycles. We 
shall show successively that U # 0, V #0, W #0. 

Let Ut = S00 Ua, ...9, U~ = DOA? Ua, ...) 80 that U = U++ U-. We can 
choose a k so large that z@,...) is not contained in U-. For let q be so large that 
iC. Then U-C }o5S, Q%,...). There is an upper bound for the first 
coordinates of the lattice points contained in the set represented by the last 
sum; hence their distances from 2, ...) will all be > 6 (see §10) if k is sufficiently 
large. Such a k has the desired property. 

Let U* = Dok wa, ...). Then U*— 2 4+ zq@,...), whereas U+—>x. Hence 
an odd number of cells of U* and an equal number of cells of U* + U abut at 
tu,...). Since these two sets of cells are mutually exclusive and since no cell of 
either set occurs in U- (by choice of k), it follows that each of these cells occurs 
in the symbol of U- + Ut+ = U with the coefficient + 1---. Hence U = 0. 

By similar reasoning, V ~ 0. First, k can be chosen so that U@,x, ...) does not 
meet V- where V- = =? vo,n,...). To see that such a k exists, choose gq, q’ 
such that @ C Q2, #2 C Qe’, Then 


Uo,r, ...) C Zz, Qn, ks) V-c a > ucts 
There is an upper bound for the second codrdinates of the lattice points which 
are contained in the second sum. Hence by choosing é sufficiently large, all 
the lattice points which are contained in the first sum will be at distances > 6 
rom each of those in the second, and such a k has the desired property. Now 
kt V* = Sot v0.0, ...). Then since 


ee 


* Lefschetz, Topology, p. 314. 


f 
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(6) v— >> (udm...) + Ulm, + Wie 1-«+) > West, 9 @ OS Uo, 1,...)) 
it follows that V* > U + Uo,x,...). Since Uo,x, ...) is an image of U, it is + 
and hence contains at least one 1-cell « with coefficient +1. As above, an odd 
number of 2-cells from each of the chains V* and V* + V abut at o and hence, 
as above V ~ 0. Using this result, it is proved in an exactly similar manner 
that W ¥ 0. 

Now from (3), (4), (5) we find that w > V + Vo,o,1, ...) (ef. (6)). Hence by 
(5)W—- p Revell Vooo,n,...) + Vo,o, n+, ...) = 0 and hence W is a 3-cycle. Since 
W # 0 and R(T; A) = 1, it follows that W = T. On the ther hand, 
W = Dodemdon Wla,m,n,---)+ Hence, as above, for k sufficiently large, 
Q.0,0,0,k, ...) fails to meet W, which is a contradiction. 

Remarks. 1. The papers referred to in §§2-5 for the proof of the theorem 
of §5, deal only with finite complexes. It is not difficult, however, to show that 
the theorem holds also for infinite complexes. 

2. For every m > 1 andq = m there exists a complex K with a free abelian 
fundamental group of rank q; in fact we may take for K a q-torus, triangulated, 
from which all the cells of dimension > m have been removed. Whether or 
not the theorem of §7 holds for complexes which are not manifolds but, say, 
pseudo-manifolds, we do not know. The manifold requirement was used in 
order to apply the Lefschetz duality formulas (§11). 

3. The theorem of §7 also holds when M is an infinite manifold, the proof 
being essentially the same as for the finite case. The bounding relation (3) 
is to be taken modulo L,, where J, is that ideal set of ! which “‘covers’’ the total 
ideal set of M. If Le is the complementary ideal set,* the existence of w® (no 
longer finite) follows from the fact that R(T! — Le; Li) = 0, proved by first 
showing that R(T! — Ii; Le) = 0 and then applying the Lefschetz duality 
formulas (loc. cit.). 

4. A short and elementary proof of our theorem for group manifolds (§1) can 
be made, briefly, as follows: let M be a continuous group of say 3-dimensions. 
Assume that M contains independent paths a, --- , wa(h > 3) beginning and 
ending at (say) @, each of infinite order. Let }°o, --- , > s be the total sub- 
complexes of dimensions 0, --- ,3 contained in a subdivision of S, into unit 
“cubes”. Let 6; be an arbitrary point of ; and let 


wiz (¢ < j) be the totality of points 6,6;, 
wise (¢ <j < k) be the totality of points 0;0;4% 


where the products are group products defined for M. Each wx is a singular 
image of a 3-torus, and it is easy to see that the totality of these sets is covered 
in T by aset }>3 which is a singular image of >3, say 53 = 7 >. 7 simul- 





16 Cf. Seifert and Threlfall, loc. cit., p. 162. 
16 Lefschetz, loc. cit., p. 297. 
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taneously maps ts > 1) do onto ) ee eo : oe the sets which cover the 
w;'s, the w;’s and the point @. 7 can be chosen in such a way that if z is the 
point which corresponds to the origin in S,, x, will correspond to the point in S, 
with codrdinates 4, --- , Ax. It follows that for u‘ in §11, we can take the 
image under 7 of the unit segment at the beginning of the positive x,-axis and 
for vi the image of the unit square subtended by the x; and z; unit segments and 
for w° the image of the unit cube subtended by the 2, x2, and 23 unit segments. 
The resulting 1-, 2-, 3-chains may not be simplicial but can be deformed into 
simplicial ones without affecting the character of the bounding relations. We 
then proceed as in §12 to a contradiction. This proof is, in principle, perfectly 
general as regards the number of dimensions.” 


BARNARD COLLEGE. 





"Hurewicz has recently obtained the theorem in question as a consequence of his very 
general and far reaching researches on the topology of deformations. See the Proceed- 
ings of the Amsterdam Academy, Vol. XX XIX, No. 2 (1936), p. 223. 
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TWO-DIMENSIONAL MANIFOLDS AND TRANSITIVITY 
By Gustav A. HEDLUND 


(Received January 2, 1936) 


In a recent paper, Morse (2) has proved the existence of transitive geodesics 
on any closed orientable surface, S, of genus greater than one, provided the 
geodesics on S are uniformly unstable. The geodesics are studied conveniently 
by mapping the universal covering surface of S into the interior of the unit 


It is not difficult to show the transitivity of a non-denumerable set of 


geodesics provided the geodesics behave in the large like hyperbolic lines and 
are in one-to-one correspondence with the hyperbolic lines. The hypothesis of 


unicity is then said to be satisfied. The hypothesis of uniform instability is 
sufficient to imply this behavior of the geodesics. , 


But the hypothesis of unicity is not necessary for transitivity. To prove the 


existence of transitive geodesics it is sufficient to assume in place of the one-to-one 
correspondence of the geodesics and hyperbolic lines, a one-to-one correspondence 
of the geodesic rays and hyperbolic rays with the same initial point interior to the 


unit circle. The hypothesis of uniform instability can be weakened and still 


imply this. It is one of the objects of this paper to develop this result. 
Fuchsian groups again play an important réle. Considerable use is made of 

known results concerning the transitivity of hyperbolic lines. There is no 

object in restricting the Fuchsian groups under consideration to groups with a 


of. tees 2 Gen. 


finite set of generators or to groups which have a fundamental region lying 
entirely interior to the unit circle. The proof of the stated result holds for all 
Fuchsian groups for which there exist transitive hyperbolic lines. But the 


existence of transitive hyperbolic lines is known in the case of any Fuchsian 
group of the first kind. These are the groups which cease to be properly dis- 
continuous at all points of the unit circle. Thus there is proved the existence 
of transitive geodesics on certain surfaces of infinite genus and certain surfaces 
with singularities. 

But the result does more than merely extend the kinds of surfaces for which 
transitivity can be proved. It means replacing topological transformations by 
conformal transformations. This seems desirable if the methods used in 





~ ss ww RDO] 20.06 


proving metric transitivity in the case of constant negative curvature are to 
carry over to the non-constant case. 

Finally, if the geodesics do have the property of unicity, known results, . 
notably those of Myrberg, concerning the hyperbolic lines carry over imme- P 
diately to the geodesics. It is found that the intransitive geodesic rays through 4 “ 
point interior to the unit circle form a non-denumerable set and that the points " 
of the unit circle which determine transitive geodesic rays form a set of linear ‘a 
measure 27. 
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1. Uniform instability. Let U be the circle uw? + v? = 1, and let W be its 
interior. The metric in ¥ will be defined by 


_ 4f%(u, v)(du? + dv*) 
— (lv ey 





(1.1) ds* 


where f(u, v) is of class C’and0 <a S f(u,v) < bin¥v. Given a curve segment, 
y, of Class C’ in W, its length, L(y), is defined as fds evaluated over the given 
curve with ds defined by (1.1). The term geodesic will refer to the geodesics 
defined by (1.1). 

If, in particular, f(u, v) = 1, in ¥, the geodesics are ares of circles orthogonal 
to U and will be referred to as hyperbolic lines or H-lines. Given two points, 
P, and Ps», in ¥, there is a unique segment of an H-line joining these points and 
fds, evaluated over this segment, where ds is given by (1.1) with f(u, v) = 1, 
will define the hyperbolic distance, H(P;, P2), between P; and Pz. The hyper- 
bolic length, H(y), of a curve segment, , of Class C’ will be defined as was length 
but with the restriction f(u, v) = 1. 

Assuming no longer that f(u, v) = 1 in VY, the question arises as to whether 
there is a minimizing geodesic in V joining two points of VW. This is answered 
by the following theorem, which follows readily from well known results on 
absolute minima. 

THeorEM 1.1. If P; and P2 are points in WV, there exists a geodesic segment 
joining P, and P2 such that the length of this segment is not greater than that of any 
other segment of Class C’ in V joining P; and Py». Defining the distance, D(P,, 
Ps), between P, and Pz as the length of such a geodesic segment, the following 
inequalities hold: 


a-H(P,, Ps) < D(Pi, Ps) < b-H(P,, P2). 


For let U, be a circle with center at the origin and of radius r, 0 < r < 1, so 
chosen that both P; and Pz» are interior to U, and such that the hyperbolic 
distance between either P; or P: and an arbitrary point of U, is greater than 
a-b-H(P;, Ps). If we let ¥ be R and U, and its interior be Ro, the conditions 
of Hilbert’s theorem (Bolza, pp. 421-422) concerning absolute minima are 
satisfied and there is a minimizing rectifiable curve, 71, in Ro joining P; and P». 
This curve can have no point on U,. For if this were the case, let Q be the first 
point of y; on U, tracing y; in the sense from P; to Ps, The segment P,Q of 
vi would be a geodesic segment y. The following inequalities hold: 


L(y) > L(y) 2 a-H(y) = a-H(P;, Q) > a-a-b-H(P;, P2) = bH(Pi, P2). 


But if y2 denotes the H-line segment joining P; and Ps, we have L(y2) S b-H(P,, 
P2), and the H-line segment joining P; and Pz has length less than that of the 
minimizing curve 7;. This contradiction implies that y: must lie entirely 
interior to U, and hence is entirely a geodesic. It is evidently a minimizing 
curve with respect to all rectifiable curves in VW joining P; and P». 
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The inequalities of the theorem are again obvious consequences of the jn- 
equalities imposed on f(u, v). 

The terms Class A and type will be used here as defined by Morse (2, pp. 53-54), 
with R-distance replaced by distance as defined above. Certain results of 
Morse hold here with slight modification of their proofs. 

I. (Morse (1), p. 41). There exists a positive constant, D, determined by 
f(u, v) of (1.1), such that in VW no segment of a geodesic of Class A can recede an 
H-distance greater than D from the H-segment joining its end points. 

II. (Morse (1), p. 44). Corresponding to any H-line, there exists at least one 
unending Class A geodesic of the same type. Conversely, every geodesic of Class A 
is of the type of some H-line. 

III. (Morse (2), p. 54). Corresponding to each H-ray issuing from a point 
P in WV there exists a geodesic ray of Class A of the same type. Conversely, every 
Class A geodesic ray issuing from P is of the type of some H-ray. There exists a 
constant K, determined by f(u, v) of (1.1), such that the type distance between two 
geodesic rays of Class A of the same type or a geodesic ray of Class A and an H-ray 
of the same type never exceeds K. 

Let g be an oriented geodesic in W and let s be the arc-length on g measured 
from some point Po of g. In the Jacobi differential equation 


dw? fe 
(1.2) Ws + K(s)-w = 0, 


of g, K(s) is the Gaussian curvature determined by (1.1) at the point s of g. 

DEFINITION 1.1. The geodesic g is unstable at Py with instability function I(s), 
if there exists a continuous functin I(s) with the properties: 

1. I(s)-s > 0,8 #0; 

2. lim, J(s) = + ©, lim,._...[(s) = — ©; 

3. If w(s) ts the solution of (1.2) for which w(0) = 0, w’(0) = 1, then w(s) 2 
I(s), s > 0, and w(s) S I(s), 8 < 0. 

DEFINITION 1.2. The geodesics in V are uniformly unstable with instability 
function I(s) if each geodesic is unstable at each point with the same instability 
function, I(s), for all points of all geodesics. 

If the geodesics in WV satisfy the condition of uniform instability there are no 
mutually conjugate points on any geodesic, the geodesics through a point of ¥ 
form a field in W except at P and all geodesics are of Class A. Each geodesic is 
then of the type of an H-line and a geodesic ray with initial point in ¥ can have 
just one limit point (in the euclidean sense) on U. This point will be called 
the point at infinity of the given ray. 

THEOREM 1.2. If the geodesics in V are uniformly unstable, P is an arbitrary 
point of V and Q is an arbitrary point of U, there is just one geodesic ray with 
initial point P and with Q as point at infinity. 

Suppose that there are two distinct geodesic rays, r and r’, with P as initial 
point and Q as point at infinity. These rays, together with the point Q divide 
Vv into two parts and the part interior to these rays together with these rays 
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will be denoted by Vy. The geodesic rays, R, with initial point P and entering 
y, at P lie entirely in ¥, and form a field in W,. 

Since r and r’ are assumed to have the same point at infinity, Q, the distance 
from any point of one to some point of the other never exceeds K. The same is 
true of all pairs of geodesic rays in the set R. Corresponding to any point A of 
r, there exists a point A’ of r’ such that the length of the geodesic segment AA’ 
isnot greater than K. It is easily shown that this segment AA’ must lie entirely 
in V, and hence must intersect all the geodesic rays in the set R, each in just 
one point. 

Let B, 0 < B < 2m, be the angle between r and r’ at P, 8 measured in W,. 
From property 2 of Z(s), there exists an X such that I(x) > K/8,2 =X. Now 
let A be so chosen on r that the length of the segment PA of r is greater than 
X + K. Then any geodesic ray, 7, of the set R must intersect the geodesic 
segment AA’ in a point A such that the distance PA is greater than X. For 
if this were not the case it would be possible to join A to P by a broken geodesic 
the total length of this being not greater than X + K, contrary to the assumption 
about the geodesic distance from P to A. Thus all the points of the segment 
AA’ are at geodesic distance greater than X from P. 

Let the angle 8 be divided into two equal angles by the ray 7. This ray 
intersects the geodesic segment AA’ in a point A;. One of the segments into 
which A; divides AA’ must be of length less than or equal to K/2. If this is 
AA,, let the same process of division by a ray rz into two segments be applied 
to AA; and one of the segments of AA; thus obtained will be of length less than 
or equal to K/2?. Continuing this process we obtain a sequence of pairs of 
geodesic rays with initial points at P, each obtained from the preceding by 
bisecting the angle at P, and such that if the angle at P formed by a pair is 
6/2", the segment cut off on AA’ is not greater than K/2*. These geodesic 
rays converge to a ray 7. Let A be the point in which 7 meets AA’. The 
geodesic distance PA is greater than X. 

Let (u, g) be geodesic polar codrdinates with P as center. Since the geodesics 
through P form a field in W, these geodesic polar coérdinates give a one-to-one 
representation of W with the exception of P itself. In these codrdinates the 
element of are-length (1.1) is given by 


(1.3) ds? = dv? + G(u, g)de’, 


where G(u, g) is non-negative and of at least Class C’ for u = 0, ¢ arbitrary, 
and the following conditions are satisfied : 


(1.4) G(u, ¢) > 0, u > 0; G(0, ¢) = 0; G.(0, ¢) = 1; 
and 
(1.5) eG 


pe + K(u,¢)-G = 0. 
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From (1.5), the function of u obtained from G(u, ¢) by holding ¢ constant js q 
solution of (1.2) which satisfies the boundary conditions G(0, ¢) = 0, G..(0, ¢) = 1. 
From the hypothesis of uniform instability G(u, ¢) 2 I(u), u > 0. 

In these coérdinates the geodesic segment AA’ is given by u = u(¢), of Class 
C’ing, S ¢ S g. If s denotes the length on AA’ measured from some fixed 
point such that it increases with yg, we have, along AA’, 


ds __ du\? K 


This holds in particular at A. Denoting by ¢ the angle at P determining ;, 
hence A, since (ds/dy),-s > K/B and ds/dg is continuous, there exists a 5 > 0) 
such that ds/dg > K/@ in the interval @- 6 S$ ¢ 5 @+6. But it has already 
been seen that there exists an infinite sequence of pairs of geodesic rays con- 
verging to 7 with the ratio of the length of the arc cut off on AA’ to the angle 
between the pairs at P not greater than K/8. Eventually these pairs satisfy 
the condition g — 6 S$ g S @+ éand we have a contradiction. 





2. Fuchsian groups and transitivity of the hyperbolic lines. It will be 
assumed in this paragraph that f(u, v) = 1in WV. In this case the curvature of 
the differential form (1.1) is —1 and a well-known hyperbolic geometry is 
defined. The geodesics are now hyperbolic lines. 

Let F be a Fuchsian group of the first kind with principal circle U (Ford, 
p. 68). The transformations of this group are linear fractional transformations 
taking W into Y, U into U and (1.1) (with f(u, v) = 1) is invariant under all such 
transformations. 

Two point sets, within or on U, such that there is a transformation of F 
taking one into the other will be called congruent. Either will be said to be a 
copy of the other. ; 

A directed H-line, AB, is transitive if, given an arbitrary ordered pair of 
intervals, J; and I2 of U, there is a copy, A’B’, of AB, with A’ congruent to A 
and in J;, B’ congruent to B and in Jz. If an oriented H-line is transitive, the 
same H-line with the opposite orientation is transitive. A directed hyperbolic 
ray, PA, P in and A on U, is transitive if, given any 6 > 0 and an arbitrary 
ordered pair of points, C and D, of U, there is a copy, P’A’ of PA with P' 
within euclidean distance 6 of C and A’ within euclidean distance 6 of D. Ifa 
directed H-ray is transitive, the directed H-line of which it is a part is evidently 
transitive. 

The question of the existence of transitive geodesics has been completely 
answered in the case of constant negative curvature. The following theorem 
is due to Koebe. 

THEOREM 2.1. (Koebe, p. 349). If F is a Fuchsian group of the first kind with 
principal circle U, P is an arbitrary point interior to U and Q,Qs is an arbitrary 
interval of U, there exists a transitive directed hyperbolic ray with initial point 4 
and point at infinity in Q:Qo. 





—, 7) -~ —_ 
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3. Instability and transitivity. Again let F be a Fuchsian group of the 
first kind with principal circle U. A function defined in WV is automorphic with 
respect to F if it is invariant under all transformations of F. The restriction 
will no longer be imposed that f(u, v) = 1, but that, in addition to the conditions 
of $1, f(u, v) must be automorphic with respect to F. The quadratic form (1.1) 
is then invariant under the transformations of F. 

It is convenient to introduce the space, E of elements. Let E denote the set 
of real triples (x, y, ¢) Where 2? + y* < land0 S gy < 2x. Each such (2, y, ¢) 
defines a point P(x, y) of W and a direction ¢ at that point, g to be measured 
from the direction at P parallel to the positive real axis. Conversely, a point of 
W and a direction at this point determines a point of E. A transformation of F 
transforms P(z, y) of V into a point P’(x’, y’) of V and the direction ¢ at P into a 
direction g’ at P’.. The points p(z, y, ¢) and p’(z’, y’, ¢’) of E will then be said 
to be congruent. The space E, of elements on the manifold under consideration, is 
obtained from the set E by identifying congruent points. 

To define neighborhoods in £, let e be a “point” of H. This point is a set 
(v;, yn ¢), 7 = 1, 2,---, of congruent points of FE. Let (xx, yx, gx) be an 
arbitrary one of this set and 6 an arbitrary positive number. Let S be the set of 
points (x, y, ¢) of E which satisfy the inequalities 


D(P, Px) < 4, lo — og + 2nr| < 4, for some n, 


where P is the point (x, y) and P; is the point (x;, yx), both in ¥. Each such 
(x, y, ¢) together with the points of E congruent to it defines a point of E. 
The totality of such points will define a neighborhood, N.,, of e. 

It is easily seen that E, with neighborhoods thus defined, is a Hausdorff space. 
The terms open, closed, closure and limit point are defined in the usual way. 

A directed curve, y, of Class C’ in W defines a set of points, E,, of E, namely, 
the points of E defined by the points of the curve and the directions of the 
curve at these points. If the closure of EZ, is E, y is transitive. It is easily 
seen that if f(u, v) = 1, this definition coincides with that of transitivity given 
for hyperbolic lines. 

Choosing an arbitrary point, e, of E, let (x, y, ¢) be one of the set of congruent 
points of F defining e. This point (x, y, ¢) determines a point P(z, y) of V and a 
direction g at P, hence a directed geodesic g passing through P with direction ¢ 
there. Let s be the arc-length on g measured from P and taken in the positive 
direction on g. The are s then determines a point P, on g and the element of 
g at P, determines a point e, of E. Since e was arbitrary, a continuous trans- 
formation, e —> e,, of E into itself is defined which is one-to-one. The totality of 
points e,, s arbitrary, constitute the stream-line determined by e. Restricting s 
to non-negative values, the set of points is the positive stream-line determined by e. 

Lemma 3.1. If \ is a non-singular continuous curve segment in E with the 
property that every segment of d consisting of more than one point determines a set of 
positive stream-lines whose closure is E, every segment of d has on it a point determin- 
ing a transitive positive stream-line. 
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The curve ) is the non-singular image of a line segment 0 < ¢ < 1, and its 
points will be denoted by the corresponding values of t. 

It will be convenient to denote the “set of positive stream-lines determined 
by a segment of ”’ simply by the set of E determined by the segment. 

The neighborhoods in E which are defined by using only sets (2, y, ¢) with 
rational arguments and only rational values of 6 form a denumerable set N,, 
No, ---. Since determines a set whose closure is EH, there must be some 
point, t,, of \, which determines a set of E with a point in N;. Then there exists g 
closed segment, Ai, of A, containing ¢; and such that each point of \,; determines a 
set with a point in N;. From the hypothesis of the lemma the same argument 
can be applied to the interval \; and Ne. Proceeding inductively, we obtain a 
sequence, i, Az, --- , of closed intervals of \, each contained in the preceding 
and such that \,, » any positive integer, has the property that each of its points 
determines a set of points of E which contains points in Ni, No, --- , N,, in- 
clusive. The intervals \;,7 = 1, 2, --- , have at least one point, e, in common. 
But the set of E determined by e; has points in every one of the neighborhoods 
N;i,i = 1,2, --- , and e, determines a transitive positive streamline. 

In the preceding argument, instead of using A initially, any subinterval could 
have been used, so that the point e, could have been determined in any pre- 
assigned subinterval. This is the statement of the lemma. 

THEOREM 3.1. Let P be an arbitrary point of V and Q:Q>2 an arbitrary interval 
of U. If the condition of uniform instability is satisfied, there exists a transitive 
directed geodesic ray with initial point P and with point at infinity in Q:Q>. 

It can be assumed that the interval QQ. is closed. For if this is not the case, 
by proving the theorem with Q:Q2 replaced by a closed subinterval the theorem 
will be proved. 

If it is shown that, Q:Q; being an arbitrary subinterval of Q: Qo, the set of 
directed geodesic rays with initial point P and point at infinity in Q; Q; deter- 
mine a set in E whose closure is E, the theorem will follow. For then the point P 
and the directions of these rays at P determine a curve ) in E and a properly 
chosen subsegment of \ will be non-singular and will satisfy the conditions of 
Lemma 3.1. 

Consider the totality of geodesic rays with initial point P and points at 
infinity in QiQ; and let Eg;g; be the set of points of E determined by all these 
rays. The closure of Eg;9; is E if, e being an arbitrary point of E, there exists a 
sequence of points ¢1, ¢2,--- , of E with lim,..e, =e. The point ¢ is a set of 
points of E and let (z, y, ¢) be one of these points. The point (z, y, ¢) determines 
a directed geodesic, g, namely, that directed geodesic which passes through 
R(z, y) and has direction g there. Let A be the initial point at infinity of 9, B 
the terminal point at infinity of g, and h the directed H-line AB. On AB there 
is point R’ such that the hyperbolic distance H(R, R’) is less than D. Let 
ey be the point of EZ determined by h at R’. 

From Theorem 2.1 there exists an interior point Q of QQ; such that the 
directed hyperbolic ray PQ is transitive. There exists a sequence, T;, 
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j= 1,2, ---, of transformations of F such that, in the euclidean sense, lim,,... 
T,(P) = A and lim, T,.(Q) = B. Let P, = T,(P) and consider the 
sequence of directed geodesic segments P,#. With increasing n the direction 
of P,R at R must approach that of g at the same point. For otherwise a sub- 
sequence of the set P,R, n = 1, 2, --- , could be chosen such that this sequence 
has as limiting geodesic ray a geodesic ray with end point R, point at infinity A 
and is not identical with the part AR of g. This contradicts Theorem 1.2. 
Let e, be the point of # determined by P,R at R. It has been shown that 
lim, +0 €n = @. 

It remains to show that there exists an N such that all e,, n > N, belong to the 
set Ego; The points 77,\(R’) have the property that, in the euclidean sense, 
lim,.. 7, (R’) = Q. The point 7;'(R) is within hyperbolic distance D of 
T.(R’), hence, again in the euclidean sense, lim,,. 7,'(R) = Q. There exists 
an N such that for n > N, all the points 7; '(R) lie in the region bounded by the 
are Q;Q; of U and the geodesic rays PQ; and PQ;. But then 7;'(P,R) is a 
segment of one of the hyperbolic rays with initial point P and terminal point in 
Q;Q;. This N fulfills the desired condition. 


4. On the number of transitive and intransitive geodesics when the hypoth- 
esis of unicity holds. The hypothesis of unicity (Morse, 2, p. 56) is the 
assumption that given two points on U there is just one geodesic with these 
points as its points at infinity. By making use of known results on hyperbolic 
lines it is possible to extend the results of Morse (2, p. 63) concerning the number 
of transitive geodesic rays through a point of Y. The results concerning hyper- 
bolic lines are due to Myrberg. 

THEOREM OF MyrpercG. Let Fy be a Fuchsian group of the first kind, with a 
jinite set of generators and having a fundamental region either lying, together with its 
boundary, in V or having all its vertices (necessarily parabolic) on U. There exists a 
set, T, of points of U with the property that every geodesic ray with a point of T as 
terminal point is transitive. The set T is of linear measure 2x. The set of points 
I = U — T is non-denumerable and any geodesic ray with a point of I as terminal 
point is not transitive. 

The points of 7 will be called transitive, the points of I intransitive. These 
results concerning hyperbolic rays extend readily to the general case provided 
the hypothesis of unicity holds. 

TuroreM 4.1. If the hypothesis of unicity holds and F is a group of type Fu, 
every geodesic ray PQr, P in V and Qr in T, is transitive, while every geodesic ray 
PQ:, P in ¥ and Qr in I, is intransitive. 

For let (a, y, g) be an arbitrary element in ¥. From the hypothesis of unicity 
this element determines a unique directed geodesic, gas, with A as initial point 
at infinity and B as terminal point at infinity. Let P be any point of Y and 
Qr any point of T. Since the hyperbolic ray PQr is transitive there exists a 
Sequence, P,Qn, n = 1, 2,--- , of copies of PQr such that lim,. P, = A and 
lim, Q, = B, both in the euclidean sense. The sequence of directed geodesic 
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rays P,Q, has as unique limit geodesic the geodesic gaz and the elements on the 
geodesic ray PQr must be everywhere dense among the totality of elements, 
Thus the geodesic ray PQr is transitive. 

Conversely, if Q is a point of U, P is a point of W and the geodesic ray PQ is 
transitive, then the hyperbolic ray PQ is transitive. Let (a, y, ¢) again be an 
arbitrary element in Y but now let haz be the unique directed hyperbolic line 
determined by this element, the initial point at infinity being A, the terminal 
point B. Let gas be the unique directed geodesic determined by A and B and let 
(x’, y’, v’) be an element of gas. On the geodesic ray gpe with P as initial 
point and Q as point at infinity there must exist a sequence of elements 
(Xn, Yny Gn) With (x’, y’, g’) as limit element and such that if P,, is the point 
of gra determining (n, Yn, Yn), the geodesic distance PP, becomes infinite with 
increasing n. But then there exist copies of gpg approximating closely arbitrarily 
great lengths of gas with (x’, y’) as midpoint. If Pi,i =1, 2,---, denote 
the initial points of these copies, and Q: ,? = 1, 2, --- , the terminal points, it 
follows that, in the euclidean sense, lim;_,. P; = A and lim... Q: = B. This 
implies that the hyperbolic ray is transitive. Thus no geodesic ray PQ, can 
be transitive for this would imply that Q, belonged to the set 7’. 
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ON SUFFICIENT CONDITIONS IN THE PROBLEMS OF LAGRANGE 
AND BOLZA' 


By Maenus R. HEstenEs? 
(Received January 16, 1935) 


1. Introduction. Sufficient conditions for a minimum in the problems of 
Lagrange and Bolza without assumptions of normality were first given by the 
author (V).2 Three equivalent sets of sufficiency conditions were given. 
Except for trivial modifications and extensions these results were obtained in 
1933 while the author was a Research Assistant to Professor Bliss at the Uni- 
versity of Chicago. The author also gave a fourth set of sufficiency conditions 
involving the notion of conjugate points. These conditions were first established 
in the normal case by Bliss (IV, cf. II). For this last set the author assumed 
that the order of anormality of the are under consideration was the same on 
every sub-interval 2,23. This assumption is not as restrictive as it seems since 
our problem can be transformed into one which has this property, at least if 
the values x; and x2 determining the endpoints of the ares are fixed. Moreover 
this normality assumption was used only to establish the existence of a con- 
jugate system nix, C+ Of secondary extremals with a non-vanishing determinant 
‘nx |in case there is no conjugate point to the initial point of the are under 
consideration. More recently Morse (VI) and Reid (VII) proved simulta- 
neously and independently that this result could be obtained without the use of 
assumptions of normality. This result enabled them to prove with the help of 
the author’s earlier results that the fourth set of sufficiency conditions referred 
to above is valid for the problem of Bolza without assumptions of normality. 
In the present paper we show that this fourth set can be obtained easily from the 
author’s earlier results and that it is equivalent to sufficiency conditions already 
established by the author. Incidentally we also give, for the case in which 
only one end point is variable, sufficiency conditions involving the notion of 
focal points which are independent of assumptions of normality. 


2. Statement of the problem. Let there be given a class of arcs 
() yi = yi(x) (i s2xs2v5i=—1,---,n) 
and constants (a1, --- , a,) satisfying the differential equations and end condi- 
tions 





' Presented to the Society, December 28, 1934, under the title ‘“‘A basic theorem in the 
problems of Lagrange and Bolza.”’ 


ia The results here given were obtained while the author was a National Research Fellow 
933-34. 


* Roman numerals in parentheses refer to the list of references at the end of this paper. 
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g a(x, Y; y’) = 0 (8 = 1, coe mM < n), 
(2) z= r'(a,---, ar), y i(z") = yi (a, eo Gr), 
=a, yi(x’?) = bi, 


where (z, y) = (a, b) is a fixed point. We seek to find under what conditions g 
particular are (1) and set (a) will afford a minimum to the functional 


J = 6(au, ate » Or) + [ f(x, y, y’) dx 


in this class. This problem is called the problem of Bolza with one variable end 
point. In case r = 0 the initial point 1 as well as the final end point 2 is fixed. 
We obtain thereby the problem of Lagrange with fixed end points. 

The hypotheses upon which our analysis is based, the notations and termi- 
nology used are those of the author (V, pp. 794-7). We denote the particular 
are (1) and set (a) under consideration by the symbol g and make the following 
further assumptions concerning g. The set (a) belonging to g is the set (a) = (0). 
The matrix of the derivatives of the functions z'(a), y}(a) with respect to a, 
has rank r at (a) = (0). Moreover the arc g is not tangent to the manifold (2) 
at its initial point 1. The functions y;(x) defining g are assumed to have 
continuous first and second derivatives and to satisfy the Euler-Lagrange 
equations 


(3) (d/dzx)F,’ a F,,, 3 = 0, 


where F = f + Xg¢z,* with a set of multipliers \,(a) which are continuous and 
have continuous derivatives. The are g is accordingly an extremal are. More- 
over in case r > 0 we assume that the equation 


(4) (F — y;F,') dx + F,dy; — da =0 


is an identity in da, at the point 1 on g, when the differentials dz, dy;, d@ are 
expressed in terms of da, with the help of equations (2). We shall assume 
further that g is non-singular, that is, that the determinant 


F e , 
vive Pry; 


(5) 





| Pau, 0 


is different from zero on g. 
The second variation of the functional J along g is expressible in the form 
(II, pp. 520-1) 


Jo(n, w) = br wew + / Qw(2, 7, 7’) dx (h, l= 1, +++ 57) 





‘ Here and elsewhere repeated subscripts denote summation. 
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where 
, , yee / , . 

20 = Fyynim + QF yuk + Puiu 1: (i,k =1,---,n), 

4 ‘ny 11 a 1 

by = On — (FP, — Yi Fy) t,2 — (F- YF yD) xp, 

eS 7" 

— Fy (apyir t+ tiyin) — Pilyine- 
The expression 6,, is evaluated at the point 1 on g. The symbols z', y} denote 
the functions 2z*(a), y}(a) and the subscripts h, 1 denote differentiation for 
a, a, at (x) = (0). The matrix || 6,, || is symmetric. The functions 7; (2) 
are assumed to be continous on 2z'z? and to possess continuous derivatives 


except possibly at a finite number of points on z'z* and to satisfy with the 
constants w, the equations 





. p(x, 0, 0’) = Gay; + Garin; = 0 
(6) 
ni(z') — cnxw, = 0, n(x?) = 0 (h =1,---,7r) 

evaluated on g, where c, = y}, — y.(z')z}. Such a set (n, w) will be called a 
set of admissible variations. The matrix || c,, || has rank r because of the non- 
tangency condition on g (II, pp. 525-6). It is clear that in case r = 0 the 
constants b,,, C,, W,, do not appear. 

The analogues of the equations (3) and (4) for the functional J2(7, w) subject 
to the conditions (6) are the equations 


(7) (d/dz) Qs; = Qs: » >,=0, 
(8) F(z")en — baw = 0 (h,l=1,---,r), 
where 2 = w + pgPs, f; = 2,'. By a secondary extremal will be meant a set of 


functions ;(x), g(x) having continuous derivatives 7;, 1;, Ms and satisfying 
equations (7). Since the determinant (5) is different from zero along g a 
secondary extremal 7;, ug is uniquely determined by the values of 93, ¢; = Q,: 
at a single point = 2° (I, p. 725). In the sequel it will be convenient to 
denote a secondary extremal by the symbols 7;, ¢; as well as by 13, us. 

A value z* ~ 2! will be said to define a focal point 3 of the manifold (2) on g if 
there exists a secondary extremal nj, ¢; satisfying the equations 


(9) ni(a') —cynuw, =0, (2 )eun — byw = 0 


with a set of constants w,, having 7;(z*) = 0, and having (n) # (0) on 2z'z°*. 
In case r = 0 the conditions (9) reduce to 7,(z') = 0, and focal points are called 
conjugate points of the point 1 on g. One can prove in the usual manner that 
under suitable normality assumptions there can be no focal point 3 on g between 
land 2 if g is to be a minimizing arc (cf V, pp. 802-3). 

The extremal g will be said to satisfy the Weierstrass condition Il, if at each 
element (2, y, y’, \) in aneighborhood N of those on g the inequality 


E(z, y, y’,», Y’) > 0 








iat 
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holds for every admissible set (x, y, Y’) ¥ (2, y, y’), where E(a, y, y’, r, Y’)is 
the Weierstrass £-function (I, p. 718). The are g will be said to satisfy the 
Clebsch condition III’ if at each element (2, y, y’, 4) on g the inequality 


_ 
Pyiui m7: > O 


holds for every solution (7) # (0) of the equations ¢,/7; = 0. It is well known 
that the condition III’ for g implies that g is non-singular (I, p. 735). 
It is the purpose of this paper to establish the following theorems: 

THroreM 1. If the extremal g satisfies the transversality condition (4), the 
Weierstrass condition I1,,, the Clebsch condition III’, and has on it no focal point 3 
of the manifold (2) then g affords a proper strong minimum to the functional J 
relative to neighboring admissible arcs satisfying the conditions (2). 

In case r = 0 Theorem 1 can be stated more simply as follows: 

THEoreM 2. If an extremal g for the problem of Lagrange with fixed end points 
satisfies the conditions I1,, III’, and has on it no point 3 conjugate to 1 then g 
affords a proper strong minimum to J relative to neighboring admissible arcs joining 
its end points. 

Turning to the general problem of Bolza as discussed by the author we 
obtain the further result : 

THEOREM 3. Theorems 8:3 and 9:4 of Hestenes (V, pp. 811, 816) hold true 
without assumptions of normality. 


3. Proofs of Theorems 1, 2, and 3. The proofs of Theorems 1, 2, and 3 are 
based on a sequence of eight lemmas. We begin with the following one: 

Lemma 1. Let 4iy, Fy (y = 1, --- , p) be a maximal set of linearly independent 
secondary extremals satisfying the equations (9) with w, = 0 and having fi, = 9 
on x'z*, If n(x) is a solution of the equations 3 = 0 and satisfies the equations 


(10) n i(x') = CinhWn + Fig (2")r4y , 7 i(x?) = 0 (h ag 1, ae r) ( 
with a set of constants w,, --- , Weep, then the constants wy41, «++ , Wr+p are all ) 
zero, that is, ni(x) satisfies the equations (6) with the set of constants wy, --+ , Wr. 


To prove this let 43,(x) be the multipliers belonging to the secondary extremals 
iy, fiz. For these extremals the equations (7) take the form 





(11) (d/dzx) M BrP By; = MByP By; + é 
Multiplying the equations @s = 0 by ysy, adding, and integrating from «' to 
x’, it is found by the use of equations (11) and (10) that 

. . - * re 1 
0= MpyOpy; Ni li = CiyNi Fi ~— Ciy(z enw, — C iy (2") Fie (2) Wee 

(y,r =1,---,P)- ( 

The first member on the right is zero since 4:4, €i7 satisfies equations (9) with h 
w, = 0. The determinant | §;,(z')&,,(z") | is different from zero since the 
secondary extremals 4:,, §:, are linearly independent. It follows that the S 


constants W,41, --- , Wr+y are all zero, as was to be proved. 
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We shall now define conditions IV and IV’. Let i, &:, be a set of secondary 
extremals having the properties described in Lemma 1, and let nix, (i be a set 
of n linearly independent secondary extremals satisfying the conditions 


ni(x') = Cawa + Fin (2')W r+ (hl=1,---r;y=1,---,p) 
(12) ¢ 
6i(z')en — baw = 0, Fi(z")Fiy(2") = 0 
with a set of constants wg: (q = 1,---,7 +p). Let wx, vx be a set of n linearly 


independent secondary extremals having uji(z*) = 0. The condition IV will 
be said to hold on z'2? if at each point x on x'z? the inequality 


(13) (Fuk — nidix)ajyd, 2 0 (t,j,k =1,---,n) 
holds for every set of constants (a;, b;) satisfying the equations 
(14) nii(X) a; => Uix(x)bx. 


By the condition IV’ on 2x'x? will be meant the condition IV on z'z* with the 
added assumption that the determinant 


(15) | Calin — nein | 


is different from zero. The condition IV’ of the present paper is essentially a 
special case of the “‘condition IV’ ”’ defined by Hestenes (V, p. 806) in a more 
general situation, although modified somewhat so as to simplify our proofs. 
A similar simplification can be made in the more general case. 

It is well known that the expression {,u; — 7; formed for two secondary 
extremals 7;, ¢; and u;, v; is a constant (I, p. 738). If this constant is zero the 
secondary extremals are said to be conjugate to each other. A set of n mutually 
conjugate linearly independent secondary extremals is said to form a conjugate 
system. The systems nix, fix and ux, viz appearing in the definitions of the 
conditions IV and IV’ are conjugate systems, as follows readily by an examina- 
tion of their values at x! and 2* respectively and by the use of equations (12). 
It is clear also that the elements of the determinant (15) are all constants. 

When the determinant (15) is different from zero the condition IV can be 
simplified somewhat. This simplification is described in the following lemma: 

Lemma 2. If the determinant (15) is different from zero then the secondary 
extremals n iz, Fix and Uix, Vix described above can be chosen so that 


(16) Cin — Nin = Ojx [6, = 1, 5%. =0G A k)}. 
The condition IV then holds on x'x? if and only if the inequality 


(17) Niece =O (i,j,k =1,---,m) 


holds on x'2? for every set of constants c,, - ++ , Cn. 

The equations (16) follow at once if we replace the system wix, viz by the 
System 1 isdjx, vijdjz, where the determinant | d;,| is the inverse of the deter- 
minant (15). To prove the last statement of the lemma let C, D be the matrices 
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If the transpose of D is denoted by D’ and the identity matrix by I then the 
matrix equation D’C = I holds by virtue of equations (16) and the conjugacy 
of the systems ix, (ix and Wiz, Vix. We have accordingly CD’ = I and from this 
equation it is found that nijui; = Usa It follows that the set a;, = Uni, 
bx = niz forms a maximal set of solutions of equations (14) and hence that the 
condition (13) subject to (14) is equivalent to the condition (17), as was to be 
proved. 

Lemma 3. The determinant (15) is zero if and only 7f the final end point 2 on g 
is a focal point of the manifold (2). 

For if the determinant (15) is evaluated at x = 2? it is found that this deter- 
minant vanishes if and only if the determinant | 7;x(x?) | is zero. If the latter 
determinant vanishes there exist constants a; not all zero such that n;;a; = 0 at 
x = x. The secondary extremal n; = 7:0;, ¢; = ¢:;a; will have 7;(z?) = 0 
and will satisfy equations (12) with wz = wa; (q = 1, --- ,r +p), and hence 
also equations (9) with the constants w,, --- , w,, by Lemma 1. Moreover 
(n) # (0) since otherwise 7;, ¢; would be linearly dependent on the secondary 
extremals 4;,, fi, defined in Lemma 1 and hence could not satisfy the equa- 
tions (12) unless the a’s were all zero which is not the case. It follows that if 
| nix(x?) | = 0 the point 2 is a focal point of the manifold (2). Conversely if 
there exists a secondary extremal 7;, ¢; having (yn) # (0), vanishing at 2’, and 
satisfying the conditions (9) with a set of constants w;, such an extremal will 
be linearly dependent on the secondary extremals nix, (i, and fiy, Fi. Con- 
sequently in this case the determinant | 7;;(2?) | must be zero since 4, = 0 
on z'z*?, This proves Lemma 3. 

Lemma 4. If Jo(n, w) > 0 for every admissible variation (n, w) ¥ (0, 0), then 
the condition IV’ holds on x'2?. 

To prove this let ax, b, be a set of constants satisfying equations (14) at a 
value x = x* and let »;, ¢; be the broken secondary extremal defined by the 
equations 
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Ni = NikAk , Ci = Cixde (x! 2G 2), 
ni = Uinbx , i = vinbk G's 23 #).- 


The broken extremal 7;, ¢; satisfies equations (10) with wg = weak (¢ = 1,°°°5 
r + p) and hence also equations (6) with the set w,---, wr, by Lemma 1. 
If we denote by ws the multipliers belonging to 7;, ¢; and note that 


22 = iQ, + 1; My + HQ, 


then by the use of equations (9) and (14) it is found that along ni, ¢i, we We have 


Jo(mw) = bawiw: + / 2Qdzx + / 22 dz 
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brrwewr + [nitilt + [nigil2sr0 
= ni(x® + 0) f(x? — 0) — n(x? — 0) F(x + 0) 


= (fiuix — nijdsx) adr . 


Clearly this expression must be positive or zero. Hence the condition IV holds. 
The condition IV’ also holds. For otherwise the point 2 would be a focal point 
of the manifold (2), by Lemma 3, and there would exist a secondary extremal 
ny ¢; having () # (0) and 7,(2*) = 0, and satisfying equations (9) with a set of 
constants w,. Moreover we would have J2(n, w) = 0 for this extremal, as can 
be seen by an argument like that given above. This proves Lemma 4. 

Lewma 5. If the condition IV’ holds on x'z?, then there exists a conjugate system 
Un, Vix of secondary extremals having | U ix(x) | # 0 on x'x* and such that if 
r > 0 the inequality 


(18) brrznzr. — U ij(a")V ix(x')aja, > 0 
holds for every set of constants (ax, 2.) ¥ (0, 0) satisfying the equations 
(19) U ix(2")ai — Cnt, = 0. 


For, suppose equations (16) hold. Then the secondary extremals Ux, = 
nik + Usk, Vik = Six + vi% have the properties described in the lemma. That 
they form a conjugate system follows readily from equations (16) and the 
conjugacy of the systems nix, (i, and ui, Vix. Moreover if the determinant 
| Ux | were zero at a value 2? on zz? then there would exist constants ¢), +++ , Cn 
not all zero such that at x = 2* we would have 


Users = nine + UVic, = 0. 


The equations (14) would then be satisfied at x = z* by the set a, = cx, b. = —cx 
and for these constants the bilinear form (13) would take the value —cic, < 0, 
contrary to the condition IV’. The last part of the lemma can be proved by the 
same methods as those used by the author in a similar situation (V, pp. 807-9). 

Lemma 6. If the Clebsch condition III’ holds and if there is a conjugate system 
Vin, Vix of secondary extremals having the properties described in Lemma 5, then 
Jo(n, w) > O for every set of admissible variations (n, w) ~ (0,0). Moreover the 
condition IV’ holds. 

The first part of the theorem is well known for the case r = 0. In the more 
general case considered here the proof is precisely like that of ‘Theorem 8:1” of 
Hestenes (V, p. 810). The second part of the theorem follows from Lemma 4. 

Lemma 7. If the condition IV holds on xz? for all values of x? on x! < x? < 2° 
and if the value x° does not define a focal point of the manifold (2) then the condition 
IV’ holds for 22 = 23. 

For, let fix, § iy be a maximal set of linearly independent secondary extremals 
having 4:7 = 0 on 2'z3 and satisfying the equations (9) with w, = 0 and let 
nity Six be a conjugate system satisfying the corresponding equations (12) with a 
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set of constants wai. Let wix(x, x”), vix(z, 2”) be a conjugate system of secondary 
extremals varying continuously with 2? and having u;x(2?, x2) = 0. Since the 
value «* does not define a focal point of the manifold (2) the determinant (15) 
formed for these functions is different from zero for z* = 2 and hence also for 
a? < x* and sufficiently near x*. We may accordingly suppose that the equations 
(16) hold for these values of z?. It follows from the condition IV that the 
quadratic form (17) formed for these functions is positive on z!z? for 2? < 2° and 
sufficiently near x’ and hence also for x? = 2°, since its coefficients are continuous 
in x. The condition IV’ accordingly holds for x? = 2°, as was to be proved. 

Lemma 8. [If the Clebsch condition III’ holds and there is no focal point of the 
manifold (2) on g, then the condition IV’ holds on x'2?. 

To prove this we note that by virtue of Lemma 6 the condition IV’ surely holds 
if x? is sufficiently near 2! since the conjugate system U xx, Vx. with | Ui. | 4 0 
at x = z' and Ua(2') = can, Vin(z') = —ocwn (h = 1, --- , 7) has the properties 
described in Lemma 5, at least if o is chosen sufficiently large. If the condition 
IV’ did not hold for our original z? let «* be the least upper bound of the values of 
x? for which this condition holds. Since z* does not define a focal point of the 
manifold (2) the condition IV’ holds also for 2? = x°, by Lemma 7. The con- 
jugate system Uj, Vi described in Lemma 5 would then have | U;; | 40 on 
z'z? for x? slightly larger than x* and the condition IV’ would hold for these values 
of z?, by Lemma 6. This contradicts our choice of x* and the lemma is proved. 

We are now in position to prove Theorems 1, 2, and 3. In order to prove 
Theorem 1 we use a result established by the author in an earlier paper (V, p. 815), 
namely, that the extremal g affords a proper strong relative minimum to the 
functional J if it satisfies the conditions (4), II,, III’, and the inequality 
J2(n, w) > 0 holds for every set of admissible variations (n, w) ¥ (0,0). With 
this in mind Theorem 1 follows at once by the use of Lemmas 8, 5, and 6. 

Theorem 2 is an obvious corollary of Theorem 1. The theorem however can 
be proved without reference to the problem of Bolza. For, Lemmas 8 and 5 
tell us that there exists a conjugate system Uj, Vix of secondary extremals 
having | Uix| 4 0 on a'z*. The proof of this result given above does not 
depend in this special case on the references made to the problems of Bolza. 
The extremal g is accordingly an extremal of a Mayer field (III, p. 576-7). 
The theorem now follows from the usual fundamental sufficiency theorem 
(I, pp. 731-2) with the help of the condition II,. 

In order to prove Theorem 3 we note that in the proofs of “Theorems 8:3 and 
9:4” of Hestenes (V, pp. 811, 816) the assumptions regarding normality were 
made in order to insure the existence of a conjugate system Ui, Vix having 
| Uix | #0onz'z*. In view of the above remarks it is clear that these assump- 
tions of normality are not needed, and Theorem 3 is established. 
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ON THE SINGULAR SOLUTIONS OF ALGEBRAIC DIFFERENTIAL 
EQUATIONS 


By J. F. Rirr 
(Received December 11, 1935) 


The singular solutions of algebraic differential equations of the first order were 
exhaustively treated by Hamburger.’ For equations of higher order, aside from 
an interesting first result of Hamburger,? derived by the same method which he 
used for the first order, very little of a systematic character has been published: 

The present paper studies singular solutions from the algebraic point of view 
developed in our book Differential Equations From The Algebraic Standpoints 
We deal with an algebraically irreducible differential polynomial’ F in the w- 
known function y of the independent variable x. The coefficients in F are under- 
stood to belong to a given field of meromorphic functions of x. If we represent 
the 7** derivative of y by y;, the equation F = 0 may be written 
(a) F(x; y, Yi, +++ > Yn) = 9, 
where it is understood that n =>1. By a singular solution of (a), we understand 
here any solution of (a) which annuls the separant of F, that is, aF /dyn. 

The manifold of F is composed of a finite number of irreducible manifolds, one 
of which is the general solution of F. The general solution contains all of the 
non-singular (normal®) solutions of F, and sometimes, in addition, singular solu- 
tions. If there are irreducible manifolds distinct from the general solution, they 
are made up of singular solutions. 

The problem which we consider here, and which we solve completely for equa- 
tions of the second order, is that of determining the distribution of the singular 
solutions of F among the irreducible manifolds in the manifold of F.’ It isa 





1 Mathematische Annalen, vol. 112, (1893), p. 205. 

2 Thid., vol. 121, (1899), p. 265 and vol. 122, (1900), p. 322. 

3 See Mayer, Mathematische Annalen, vol. 22, (1883), p. 368; Goursat, American Journal, 
vol. 11, (1889), p. 329; Fine, American Journal, vol. 12, (1889), p. 295; Hudson, Proc. London 
Math. Soc., vol. 33, (1901), p. 380; Burgatti, Palermo Rendiconti, vol. 20, (1905), p. 256; 
Cerf, Journal de Mathématiques, 9th series, vol. 8, (1929), p. 161. The discussion, based 
on work of Dixon, which is'to be found in Forsythe’s Differential Equations, vol. 2, pp. 247- 
275, is interesting only to the extent that it describes what happens in certain examples. 
As a piece of general theory, it is unsound. 

* Colloquium Publications of the American Mathematical Society, vol. XIV, New York, 
1932. Designated below by A. D. E. 

° Differential polynomial stands here for differential form asin A. D. E. We continue to 
use form as an abbreviation. 

SA. D. E., §72. 

7 For equations of the first order, this determination was made, essentially, in A. D.E., 
§89. Cf. remarks below relative to Hamburger’s work. 
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question of describing the composition of each of the irreducible manifolds and 
also one of determining those irreducible manifolds to which a given singular 
solution of F belongs. 

Under the second phase of the problem, one might, for instance, for a given 
singular solution of F, ask whether it is contained in the general solution of F. 
For the case of n = 2, we shall show how that can be decided. 

Our problem is thus one of making a first separation of singular solutions into 
types. This separation, which is effected by assigning each singular solution to 
one or more irreducible manifolds, does not exhaust the theory of singular solu- 
tions. The classes of singular solutions with which our present work deals re- 
quire further study, to bring out the properties of the singular solutions in 
greater detail. In particular, it seems desirable to study the possibilities for a 
singular solution as an envelope of non-singular solutions or of other singular 
solutions. Singular solutions are very often such envelopes. The examples in 
§91 will give some indication of what may be expected here. 

We shall now describe, to some extent, our specific results. 

The manifold of F consists of the general solutions of a certain number of 
forms. In Chapter V of A. D. E., it is shown how to find a set of forms whose 
general solutions make up the manifold of F. However, the general solutions of 
the forms there obtained need not all be essential manifolds. There arises thus 
the following problem. Let A be an algebraically irreducible form whose general 
solution consists of singular solutions of F. It is required to determine whether the 
general solution of A is an essential manifold in the manifold of F. 

A solution of this problem, based on a finite number of rational operations and 
differentiations, is given in the first part of the paper. We are thus able to pro- 
duce a set of forms whose general solutions are the essential irreducible manifolds 
in the manifold of F. 

The interesting special case of A = y admits of simple description. The an- 
swer to the problem is, in that case, as follows. Let F vanish for y = 0. For 
y = 0 to be an essential manifold, it is necessary and sufficient that F, considered as a 
polynomial in y, Yi, +++ 5 Yn, contain a term in y alone, that is, a term free of 
Yiy**+ Yn, which is of lower degree than every other term in F. 

For instance, y = 0 is an essential manifold for y:y2 — y but not for yys — ye 
orfor yoys — y?. 

For the special case in which A is of order n — 1 in y, the above problem is 
closely related to Hamburger’s paper on equations of higher order. Hamburger 
derives conditions for the solution of A = 0, with A of order n — 1, to be a “singu- 
lar integral” or a “particular integral” of F = 0. These conditions, when formu- 
lated algebraically, become our conditions for the general solution of A to be 
essential or unessential. Hamburger did not possess the concepts of irreducible 


manifold and of general solution, which throw new light on his special result.’ 
NE Ray e.,. 
* Mathematische Annalen, vol. 121. 
_‘ While Hamburger’s method is suited only for the case in which A is of order n — 1, it 
gives some interesting information, in that case, as to the nature of the solutions of A as 
fnvelopes of non-singular solutions of F. 
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In proving the sufficiency of our condition for the general solution of A to be 
essential, we use a transformation belonging to thé class of transformations which 
was discovered by Painlevé and applied by him to the study of differential equa- 
tions whose solutions have fixed critical points." This would suggest a search 
for analogies between the critical point problem and the problem of singular 
solutions. One might note that Hamburger’s methods were suggested by those 
which Fuchs employed for the study of the critical points of the solutions of equa- 
tions of the first order. .In any case, it is interesting that Painlevé’s transforma- 
tion, which presented itself spontaneously in our work, and which operates here 
in a rather new manner, should have found another application. 

The second, and longer, part of the paper, deals with equations of the second 
order. The problem of the distribution of the singular solutions is formulated in 
detail in §§19, 20. The following special question is found to hold the chief 
role. Let F, an algebraically irreducible form in y, of order 2, vanish for y = 0. 
It is required to determine whether the solution y = 0 belongs to the general solution 


of F. 
In the discussion of this question, series of the type 
(b) g(x) ye" ftieee + oO, (x) yore + - 


where g and r are positive integers with g = r and where the ¢ are analytic 
functions of x, are found to be important. The series (b) is so constructed that 
the purely formal differential equation 


(c) yr = erla)yth + ++ + gnla)ylerPr 4 


formally implies F = 0. When y = 0 is in the general solution of F, a series (b) 
exists such that if G is any form which vanishes for every solution in the general 
solution of F, (c) formally implies G = 0. 

Only the formal properties of the series (b) are important, and there are 
actually cases in which the series diverges for every y ~ 0. Convergent series 
(b) appear in Hamburger’s work on equations of the first order. For our pur- 
poses, it is necessary to develop a fairly general theory of the series (b) whose 
associated differential equations (c) imply, for a form F of the second order, 
F = 0.4 

The method of testing for the presence of y = 0 in the general solution of Fis 
summarized in §87. 





© Bulletin de la Société Mathématique de France, vol. 28, (1900), p. 201. 

11 When F is of the first order, it is a matter of solving the equation F = 0 considered as 
an algebraic equation for y:. When F is of the first order, the presence of y = 0 in the 
general solution of F depends only on the exponents in F. For the second order, the ques- 
tion depends on the coefficients as well. For instance, y = 0 belongs to the general solution 
of (ye — yi)? — (yi + y), but not to that of (yz — y:)? — (yi — y). The difference between 
the cases of first order and second order can be judged from the fact that the first order 
problem is settled in a single section of A. D. E. (§89). 
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Part I. EssentTiaAL MANIFOLDS 


Preparation Process 

1. We consider forms in a single unknown y. By the order of such a form, we 
shall mean the order of the form in y. 

Let F and A be two forms, effectively involving y and algebraically irre- 
ducible,"? of the respective orders m and n < m. Let A; represent the j* 
derivative of A, and S the separant of A. We shall show the existence of a non- 
negative integer t and of a positive integer r such that S‘F has a representation 


Pp . - . : . : - . 
(1) > C,A7iAiN ASM «2. Abmmi 
= 
with non-negative p; and 1,;, where no two of the r sets i1;, -- + , tm—n,j are identical; 


the C; being forms of orders not exceeding n which are not divisible by A.™ 

We start with the case of m= n+ 1. Let F be of degree a in y,4,;. Then 
S*F can be written as a polynomial in Syn; with coefficients of orders not 
exceeding n. Now 


Ay = Synui + T, 


with T of order n at most. Thus S*F can be written as a polynomial in A; — T, 
and hence as a polynomial in A,, with coefficients of orders n at most. If we 
write each coefficient in the form CA”, (p 2 0), with C not divisible by A, we 
have a representation (1) for S*F. 

Suppose now that (1) can be produced for m < s, wheres > n+ 1. Wemake 
an induction to m = s. Let F, of order s, be of degree ain y,. We see as above 
that S°F can be written as a polynomial in A,_, with coefficients of orders less 
than s. For a sufficiently large positive integer b, the product of any of these 
coefficients by S° will have a representation (1). Hence, for ¢ large, S‘F can be 
written as a polynomial in A;, --- , Asn With coefficients of orders not exceeding 
n. Treating these coefficients as above, we have (1) for S‘F. 


2. We shall now show that, for any admissible ¢, (1) is unique.® Let S‘F 
have two representations (1). If y, y1, --- , yn are taken arbitrarily as analytic 
functions of x, with the sole restriction that S does not vanish, then yn41, «++ , Ym 
can be determined in succession so as to make Aj, --- , Am—n become any desired 
analytic functions. This shows that the same power products in Aj, --- , Am—n 
appear in both representations and that the respective coefficients are identical 
as polynomials in y, 41, --- , Yn. The uniqueness of (1) follows immediately. 


ssceaeabnibahiseeiadimaaidanaa 

" The irreducibility of F and A is used only in the uniqueness discussions, and in the 
later applications. 

' The omission of p; will enable us later to choose a unique representation (1) in a simple 
way, 

" This implies that no C; is.zero. 

* The irreducibility of F and A is not necessary here. 


i 
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We see now, because S is not divisible by A, that, for two distinct values t, and 
ts of t, with t. > t, (1) is the same except that the C; for ty are those for t, 
multiplied by S*~".1® 


3. By taking ¢ as small as possible, we are led to a unique expression (1), [n 
all our later work it will be understood that the smallest admissible t is used. 

In actual calculation the smallest ¢ can be found as follows. If S is free of y 
we taket = 0. If S involves y, we first secure (1) with any admissible ¢ and then 
determine the highest power S*% of S which is a factor of every C;. As F js 
algebraically irreducible, S‘ must be divisible by S*. A division by S? will thus 
give the unique representation sought. In this expression, any common factor 
of the C; will be a factor of S. 


The Condition 

4. If a system of forms, 2:, holds a system 22, we shall say that 2; holds the 
manifold of X2 . 

Suppose that F holds the general solution of A. Then there is no term in (1) 
free of A and its derivatives. Otherwise some C; would hold the general solu- 
tion of A. This is impossible, since the C; are of order n at most and not 
divisible by A. 


5. Let F hold the general solution of A. We are going to prove that for the 
general solution of A to be an essential irreducible manifold in the manifold of F, it 
is necessary and sufficient that (1) possess a term of the type C;A”’, which term, if 
(1) zs considered as a polynomial in A, Ai, --+- , Am—n, 08 of lower degree than every 
other term in (1). 


Sufficiency Proof 

6. Let the condition be satisfied. We shall prove that the general solution of 
A is an essential manifold. 

Suppose that this is not so. Then the general solution of A is a proper part of 
some essential irreducible manifold in the manifold of F. This essential mani- 
fold will be the general solution of a form B whose order exceeds that of A. By 
A. D. E., §74, given any solution @ in the general solution of A, there is a set of 
points, dense in the area in which @ is analytic, such that, given any point a of 
the set, any positive integer » and any « > 0, we can find a solution g in the 
general solution of B which is analytic at a and does not annul A at a,'* with 


| g(a) — G;(a) | <«, j=0,1,---,u. 





16 We are now using the irreducibility of A. 

17 That is, for k # j, pj < pe tiie + +++ + imon,e. If a term CjA% exists, (1) must 
contain other terms, since m > n. 

18 In the statement of this theorem in A. D. E., it is not emphasized that 7 does not annul 
A at the special point a. This fact, however, stands out in the proof. Cf. A. D. E., P. 102, 
line 27. 
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7. Let C,:A” be the term of lowest degree in (1). 

In choosing a solution g as in §6, we take 7 so as not to annul C;. We take a 
so that the coefficients in A and the C; are analytic at a and so that C, does not 
vanish at a for the particular 7 with which we are dealing. 

Consider, for j = 2,---, 7, the fractions, with positive denominators and 
positive values, 


>> kis; 


k=1 


Pi — Pit p> Vij 





(2) 


Let s be any number which exceeds each of these fractions. 
We denote by c a positive real constant which wili later be made small." Let 





(3) z= 
For any 7 approximating to g as in §6, A becomes a function of x, analytic at a 
and distinct from zero ata. Let 

(4) w(z) = cA 

where 7 is understood to be substituted into A” and where the zx used in A is 
related to z asin (3). Then wis analytic at z = 0 and 


wW = cet A,, --- , Wan = CO” Ay. 


where the subscripts of w indicate differentiation with respect toz. Let 
D(z) = C; 
with 7 substituted into C;. 
The j term in (1) goes over into 


(5) cul D(z) wi wiri +o wim—n, 7 


where 


m—n 


uj; = a(v + p> is) - p> kin. 


We have uy = p,s and, referring to (2), we see that u; > pis forj > 1. 
As (1) vanishes for y = §, we can write 


(6) Dy(z) wri + Ds cul—Pi8 D(z) Wri .-- wim-n, i = Q. 


. mn 
j7=2 





_ In (3) and (4) below, is contained the Painlevé transformation mentioned in the 
introduction. 


* As also into Ai, -++ , Am—n below. 
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We see now, because S is not divisible by A, that, for two distinct values ty and 
te of t, with t. > t, (1) is the same except that the C; for ty are those for t, 
multiplied by S*~“.1® 


3. By taking ¢ as small as possible, we are led to a unique expression (1), [In 
all our later work it will be understood that the smallest admissible t is used. 

In actual calculation the smallest ¢ can be found as follows. If S is free of y 
we taket = 0. If S involves y, we first secure (1) with any admissible ¢ and then 
determine the highest power S? of S which is a factor of every C;. As F is 
algebraically irreducible, S‘ must be divisible by S*. A division by S? will thus 
give the unique representation sought. In this expression, any common factor 
of the C; will be a factor of S. 


The Condition 

4. If a system of forms, 21, holds a system 22, we shall say that 2, holds the 
manifold of D>. 

Suppose that F holds the general solution of A. Then there is no term in (1) 
free of A and its derivatives. Otherwise some C; would hold the general solu- 
tion of A. This is impossible, since the C; are of order n at most and not 
divisible by A. 


5. Let F hold the general solution of A. We are going to prove that for the 
general solution of A to be an essential irreducible manifold in the manifold of F, it 
is necessary and sufficient that (1) possess a term of the type C;A”’, which term, if 
(1) zs considered as a polynomial in A, A1, --- , Am—n, 08 of lower degree than every 
other term in (1). 


Sufficiency Proof 

6. Let the condition be satisfied. We shall prove that the general solution of 
A is an essential manifold. 

Suppose that this is not so. Then the general solution of A is a proper part of 
some essential irreducible manifold in the manifold of F. This essential mani- 
fold will be the general solution of a form B whose order exceeds that of A. By 
A. D. E., §74, given any solution @ in the general solution of A, there is a set of 
points, dense in the area in which @ is analytic, such that, given any point a of 
the set, any positive integer » and any e > 0, we can find a solution @ in the 
general solution of B which is analytic at a and does not annul A at a," with 


| G(a) — §;(a)| <e, j=0,1,--+ yh. 





16 We are now using the irreducibility of A. 

17 That is, for k # j, pj < pe tise +--+ + imon,k. If a term C;A%; exists, (1) must 
contain other terms, since m > n. 

18 In the statement of this theorem in A. D. E., it is not emphasized that 7 does not annul 
A at the special point a. This fact, however, stands out in the proof. Cf. A. D.E., Pp. 102, 
line 27. 
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7. Let C,A” be the term of lowest degree in (1). 

In choosing a solution @ as in §6, we take 7 so as not to annul C;. We take a 
so that the coefficients in A and the C; are analytic at a and so that C; does not 
vanish at a for the particular g with which we are dealing. 

Consider, for j = 2,---, 7, the fractions, with positive denominators and 
positive values, 


m—n 
>> kis; 
k=1 


P—-m+ Dd ix 


k=1 





(2) 


Let s be any number which exceeds each of these fractions. 
We denote by ¢ a positive real constant which will later be made small.’ Let 


rt—a 


(3) tien 





For any 7 approximating to g as in §6, A becomes a function of z, analytic at a 
and distinct from zero ata. Let 


(4) w(z) = c*A 


where 7 is understood to be substituted into A*® and where the z used in A is 
related to z asin (3). Then wis analytic at z = 0 and 


W, = ct14), ys Wm—n = c ote-94.. 
where the subscripts of w indicate differentiation with respect toz. Let 
D(z) = C; 


with 7 substituted into C;. 
The j** term in (1) goes over into 


(5) cul D(z) wri wiri pte wim—n, 7 


m—n 


where 
m—n mn 
uj = a(n +> ins) — p> kin; . 
k=1 [= 


We have u; = pys and, referring to (2), we see that u; > pis for j > 1. 
As (1) vanishes for y = §, we can write 


(6) D,(z) wr + » cul—P8 Dz) wri... wim—n, i = Q. 


7=2 





_ In (3) and (4) below, is contained the Painlevé transformation mentioned in the 
introduction. 


* As also into A;, -++ , Am—n below. 
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Each term in > of (6) contains a positive power of c. 

Taking a definite 7, which has been found for a definite u and ¢, we proceed to 
associate with it a definite value of c. 

Let the Taylor expansion of A (g, x)! at a be 


(7) by + bi(t — a) + ++» + be — ait... 


Then by ¥ 0 but if, in §6, « and 1/u are small, a large number of the b; beginning 
with bo will be small. This is because 7 approximates to 7 and g annuls A. 

Let v be the greatest integer less than s. We choose c so as to make the great- 
est of the quantities 


lobe |, ¢=0,1,---,0 


equal to unity. This is possible because bp 0. 
Then c tends towards 0 with ¢ and 1/u. 
For | z | small, we have by (3), (4), (7). 


(8) w(z) = DD byc~*ti 2, 
When u and 1/e increase, the coefficient of z‘ in (8), for a fixed 7 exceeding », 
will tend towards zero. For if 7 > v, then7z 2 s. 

It follows that we can select a sequence of approximating solutions g(x) for 
which w(z) tends toward a non-vanishing polynomial of degree v at most, in the 
sense that each coefficient in (8) tends toward the corresponding coefficient in 
the polynomial.” Let y(z) be such a polynomial. 

Let, for | — a| small, and for the particular solution 7, 


CA¥, x) = > h(x — adi, gm], «+ oF. 


i=0 


Then 
CG, z) = > h; (2 — adi 

i=0 

where, for each i, h: ; approaches h,; as e« and 1/y decrease. We have 
Diz) = Dh; ;c%*. 

i=0 
Turning now to (6), and remembering that all terms in >» of (6) contain posi- 
tive powers of c, we recognize that 
(9) ha vy. = 0. 


In short, if the first member of (9) did not have a vanishing expansion in powers 
of z, the first member of (6) could not have a vanishing expansion when c is small 
and w approximates closely to y. 





1 The result of substituting g into A. 
22 In this polynomial, the “coefficient of z‘’”’ with i > v is understood to be zero. 
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Because C,(g, x) does not vanish at a, we have ho # 0. Then, by (9), 
, = 0. This contradicts what precedes, so that the sufficiency proof is 
completed. 

Remark. It might be proposed to treat the sufficiency question by making 
the substitution A = ae, with h a positive integer, in the relation S‘F = 0. 
For h sufficiently large the resulting relation could be divided through by 
a's = Am and we would get a relation which could not be satisfied by a 
sequence of % for which the Taylor expansions of a at a tend to vanish. 


Unfortunately there is no assurance that such a sequence of @ exists. 


Digression on a Decomposition Problem 

8. We know that F can be decomposed into irreducible systems by taking the 
system & composed of F and a sufficient number of its derivatives, and resolving 
@, considered as a set of simple forms, into indecomposable systems. The 
method of §7 can be used to throw some light on the question as to how many 
derivatives of F are necessary. 

Let the general solution of A be an essential manifold. 

Let q be the greatest of the quantities (2). Let g be the smallest integer not 
less than pig where 7, is as in §7. 

Let F, Fi, --- , Fg, with F; the 7 derivative of F, be considered as a system 
of simple forms. We resolve this system into essential indecomposable sys- 
tems. There will be precisely one indecomposable system—call it A—which 
is not held by Si, the separant of F. Let the forms in A be considered as differ- 
ential polynomials, forming a system 2. Then = holds the general solu- 
tion of F. 

We say that 2 does not hold the general solution of A. 

Suppose that the contrary is true. Then if 7 is the solution of A used in §7, 


(10) Y; Hy, oT we Y m+g 


isasolution of A. Because AS, does not hold A, there is an area in which we can 
approximate to (10) with arbitrary closeness by solutions of A for which AS; is 
distinct from zero throughout the area. Let a be any point of this area. 

The solutions approximating to (10) furnish initial conditions for solutions. 
in the general solution of F which do not annul A at a and for which 


| g(a;) — 9(a)|, jg =0,---,m+Q 


are as small as one pleases. 

For such solutions G, the first g + m — n + 1 coefficients in the expansion of 
A at a will be small. This is because the expansion of §;, for i = 0, --- , n, 
approximates closely to that of 7; up to and including the term in (x — a)". 

Let s of §7 exceed q so slightly that v < q. In what follows, we keep u of §7 


SS 
3A. D. E., §87. 


— 


’ 
: 
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fixed at the value g + m, while ¢ will be given a succession of values tending 
toward zero. We proceed as in §7. We note that 


vsqsepqsg<g+m-n, 


so that bo, --- , 6, are small with e, and c approaches zero with «. 

We can thus select a sequence of w’s for which the sum of the first 
g + m —n + 1 terms in the expansion (8) tends toward a non-vanishing poly- 
nomial + of degree d S v. 

In the expansion of the first member of (6), the first g + 1 terms come from the 
first g + m — n+ 1 terms of w and terms of the D,(z). Hence the sum of 
the first g + 1 terms in the expansion of the first member of (6) tends toward 
the corresponding sum for hoyy”. The latter sum is thus zero. Now 


g+1l2pq+1> pw 2 pid, 


so that hovy® = 0. This contradiction proves our statement. 

Examp.e. Let F = y; — y. Then the only singular solution is y = 0. 
If we put A = y, (1) becomes AZ — A, so that y = 0 is an essential manifold. 
Now p; = 1 andq = 4. Then g = 4. Thus, if we use A and its first four 
derivatives, we can, by an elimination, secure a set of equations which com- 
pletely define the general solution of A.* 


Necessity Proof 

9. We assume now that, among the terms of lowest degree in (1), there is a 
term which involves one of the derivatives of A. We shall prove that the general 
solution of A is not an essential manifold. 

Our procedure will be as follows. Let the essential irreducible manifolds in 
the manifold of F be the general solutions of forms B,, --- , Ba. We shall pro- 
duce a form E, of order at most n and not divisible by A, such that every solu- 
tion in the general solution of A which does not annul E belongs to the general 
solution of some B; of order exceeding n. It will then be easy to see that the 
general solution of A is not essential. 

The first step in our work will be to present the form E. We shall then show 
that, given any @ in the general solution of A which does not annul E, we can 
satisfy F formally by a series 


(11) y=Ft+oe + goer +--- + yee +.--- 


in which c is an arbitrary constant; the p; rational numbers greater than unity, 
with a common denominator, which increase with k; and the gx functions of 2, 
all analytic at some point a independent of k. (This does not mean that the vx 
have a common area of analyticity.) The series (11) will have only formal sig- 
nificance, and no investigation of its convergence properties or asymptotic 
properties will be made.% The derivatives of y in (11) are calculated formally. 





*4 Actually only three derivatives are necessary. Cf. A. D. E., §15. 
25 Cf. §90. 
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We shall see that (11) is a formal solution of one of the essential irreducible 
systems into which F decomposes. The coefficient ¢; will have such generality 
as to require that the irreducible system just mentioned be the general solution 
of a form of order greater than n. Finally, it will be seen that 7 is a solution of 
this irreducible system. 


10. We introduce a new unknown wu and denote the 7" derivative of uo by uo;. 
We are going to replace y in (1) by y + uw and to examine the resulting form in 
yand uw. Such a replacement made in any form K in y, of order s, will convert 
K into 
(12) K + Kowoo + --- + Kuo, + terms of higher degree in the uo; , 


where K; is the partial derivative of K with respect to y;. 
For K = A, (12) will contain the term Sup, and for K = A; (12) will contain 


Suo, n+i- 
We see from (12) that if y is specialized as a solution 7 of A, the j* term of (1) 
becomes a form in Up whose terms of lowest degree in woo, Uo, --- » Yom are of 


degree at least 
Di t+ tay + ++ + tm—n,;- 


Considering (1) as a polynomial in A and the A;, we take its terms of lowest 
degree and select from them those terms which are of a highest degree (possibly 0) 
in A,_,». From the terms just taken, we select those for which the degree in 
An—n—1 is highest. We continue in this manner, through A;. Our process iso- 
lates a single term 


(13) C; A?i Aju... Ai m=n, i 
of (1). 


Suppose now that g is in the general solution of A but does not annul C;S. 
Then (13) becomes a form in up whose terms of lowest degree include the term 
(14) C;(9)S9(9) usi, Wig ove urm—m i 
with g = p; + ij; +--+ + im—nz. The term (14) cannot be cancelled by the 
terms in uv coming from any term other than (13) in (1). 

C;S will serve as the form E mentioned in §9. For the substitution y = 9 + wo, 
(1) goes over into a form in wu which we shall denote by H. The coefficients in 
H need not belong to the field underlying our work. H will contain no term 
free of up and its derivatives, and (14) will be one of the terms of lowest degree 
inH. We observe that (14) is of order higher than 7 in wu. 


11. We are going to determine, for H, a formal solution of the type 


(15) UW = gic + qc +--- + ocr + -- 


EN Fe ag 


** Because 7 annuls F. 
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with ¢ an arbitrary constant; the p; rational numbers greater than unity, with a 
common denominator, which increase with k; and the g; functions of a, all 
analytic at some point a.” 

It should be emphasized that we find only certain solutions (15), rather than 
all such solutions. 

Let L(uo)® be the sum of the terms of lowest degree in H. If (15) satisfies 
H = 0 formally, we must have 


(16) L(y:) = 0. 


We note that L involves derivatives of uo, in fact derivatives of order higher than 
n, so that (16) has solutions distinct from zero. Let ¢; be any such solution. 

It may be that gic causes H to vanish identically in zandc. If so, gic is a series 
(15) such as we are seeking. In what follows, we assume that gc is not a solu- 
tion. . 

Then H(¢ic) is a polynomial in c in which the lowest exponent of c exceeds the 


degree of L in woo, -++ , Wom. 

We put uw = gic + uw in H. Then H goes over into an expression H’ in 
2, Cc, uw. We arrange H’ as a polynomial in wo, ---, Wim. Then HA’ can be 
written 

Po oe / ee Pe 
(17) H' = a'(c) + >; (c) Uset UT oss UTms , 


Here a’(c) and the b’(c) are polynomials in c with coefficients which are analytic 
functions of x. The terms in >» are those which are not free of wo, «++ , Um 
and we understand that no b; is zero. We know that a’(c) = H(g.c) is not 
zero and that its least exponent of c exceeds the degree of L. As to 7, it ranges 
from unity to some positive integer. 

Let o’ be the least exponent of c in a’ and o; the least exponent of c in b;. 
Let 


- 
, / 
oC —O; 


05 ot Omi 


where ¢ has the range 1, 2, --- , which it has in >>. 

We shall prove that p2 > 1. 

Every power product in uo, --- , Yom in H of degree at least unity contributes a 
like power product to >> in (17) and the corresponding b; will have a a; equal 


(18) p2 = Max 








27 In what follows, we parallel the Newton polygon method for algebraic functions as 
presented in Hensel and Landsberg, Algebraische Funktionen, Chapters IV, V, to the degree 
which analogies permit. 

*8 In representing forms, we shall sometimes display only the unknown, and at other 
times derivatives as well. In each case our meaning will be clear. 

2° Differentiation of unknowns uw, will be indicated by a second subscript. 

%© Of course, we consider only exponents effectively present. 
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to zero. Thus, in choosing the maximum in (18), we have to consider quan- 
tities 
, Ul 


go —G; 


Aoi + ates + Ami 


jor which o, is zero and the denominator is the degree of L. As a’ exceeds the 
degree of L, we have pz > 1. 





(19) 


12. Let g’ represent the coefficient of c” ina’. Leth; denote the coefficient 
of cin b;, or denote 0, according as (19) equals pz or is less than pp. Let*! 


(20) L'(m) = 9g’ + - huis ee usin. 

Then L’ is not free of uo, --+ , Uim. We determine an analytic g: as any solu- 
tion of 

(21) L'(¢2) = 0, 


subject to the following stipulation. 

Let L’ be of effective degree f = 1 in wy, --- , Uim. Then certain partial 
derivatives of L’ with respect to wo, --+ , Uim, of orders f, will be non-vanishing 
functions of x. Let then f; < f be the smallest positive integer such that we can 
find a solution of (21) which does not annul some partial derivative of L’ of 
order f:. We understand in what follows that ¢g2 fails to annul some partial 
derivative of order f, .® ; 


13. It may be that gec” causes H’ to vanish inc and x. Then 


Up = gic + gocs 


isa solution of H of the type (15). Let us suppose that the vanishing does not 
occur. 


We make, in H’, the substitution 
(22) Uy = goc'? + Ue. 
Then H’ goes over into an expression H”’ in x, c, u2 which can be written 
(23) H” = a"(c) + >> bY (c)uses see US mi, 


Here a’’ and the b’’ are sums in which each term is the product of a rational 
power of c and a function of z. We know that a’’ ~ 0 and we understand that 
no b”’ vanishes. The sums >; in (17) and (23) do not necessarily involve the 
same power products. 


_ 





: Cf . (26) below for motivation. 
® Note that no corresponding condition was put on ¢; . 
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Let o’’ be the least exponent of c in a’’ and o, the least exponent in b!. Let 





of = ¢; 
(24) 1 


We are going to prove that ps3 > pe. 

Let y be an indeterminate which admits of differentiation with respect to z. 
We shall replace wu; in H’ by cy. The i** term in >> of (17) will produce a set 
of terms, each of the type 


Bery*" pra ae 
with 6 a function of z and with 
(25) q2 o; + P2( a; +++ + Oni) + 


By (18),q¢ =o’. Wewill have g = o’ only if 6 is an h; in (20). On this basis, 
we may write 


(26) H'(c'p) = ce” L' ly, ee Vn] + c’M'tc, Y, Tee Vn, 


where, relative to L’, M’, r’, the following statements apply. 

L’ is as in (20), with uw, replaced by y. M’ isa polynomial in y, --- , Yn whose 
coefficients are sums in which each term is the product of a non-negative rational 
power of c by a function of x. As to 7’, which we understand to be taken as 
large as possible, it is a rational number greater than o’. 

We now put ¥y = g +c¢ "ue. Then (26) gives, by (22), 


H’’(u2) = c7’L' [goo + CU, +++ 5 Pam + C Um] 


(27) 
+ c'M'[c, po + CU, «++ 5 2m + C “Urn. 
Suppose that, for some set of non-negative integers ly), --- , lm, 
lot***+lm / 
(28) d L'(u) 





a” wu eee aim Uim 


does not vanish for uw: = g2.** This implies that at least one | is not zero. We 


shall see that uw}, --- us" is present in (23) and we shall determine the g, a8s0- 
ciated with that power product. 
The coefficient of uit, --- udm, for any Ip, ---, lm, in the second member of 


(27) is the quotient by lh! --- Ll, ! of 


o’—p,(lo+***+lm) 7’ 
™ Lip 4-++ tg ( 9205 aS » 92m) 


(29) , ow ’ ) 
ph Pllotee tlm) MET. (Cy Pans °° 1 Pam)s 





33 Differentiation of g2 is indicated by a second subscript. 
34 T’(u1) is as in (20). 
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where L/,...7,, i8 (28) with w replaced by g2 and where 


get tim 


M(c, : Ym) 


| a 
atin ae ee 


with y replaced by ¢e . 
Our hypothesis* as to ¢g2 implies thus that 
” 


(30) og = o’ tas p2(lo + <r + Sen) 


On the other hand, if gz annuls (28), then, if u34 --- wim is present in >> in 
(23), we shall have, for the associated «7, 


(31) a; > 0’ — pally + +++ + Im). 


We can now study p3 in (24). We have, for any 7, representing ao; + --- 
> Ami by B:, 


” a” a” / / ” 
go —-¢O; ¢o¢-—¢@ og — 6; 


ti? ae. 








(32) 


By (30) and (31) we have 








o * e. 
(33) B, ~ = Pg 
or 
(34) a Sh 


according as (28) with 1; = a;; does not vanish or does vanish. From (33) and 
(34) we see that («’ — o,) /B; is a maximum, 1amely p2, for those z for which 
(28) does not vanish. Such 7 exist, as was seen in connection with the stipula- 
tion made above in regard to go. 

From (29) with every 1 zero, we see that o’’ > o’. Turning now to (32), we 
see that there are 7 for which the first member of (32) exceeds pe. 

This proves that ps3 > pe. 


14. We now form, for H’’, an equation 
L''(g3) = 0 


analogous to (21) and take 3 with a stipulation similar to that made for ¢2. 
We continue this procedure. It may be that at some stage we reach an 
H"~) which is annulled by ¢,c’*. In that case 


w= get: + ec 


a 


* The hypothesis that (28) does not vanish. 
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is a solution of H of the type (15). We suppose, in what follows that our process 
does not terminate in a finite number of steps, so that we are led to form ay 
infinite series of the type (15). 

We shall prove that the p; have acommon denominator. This will mean that 
the p; become infinite with k. We shall prove also that (15) annuls H. One 
sees easily that the g; can be taken so as to have a common point of analyticity, 


15. We begin by proving that the degrees of the L™ as polynomials in the x, 
do not increase with k. Let us compare the degree of L’ with that of L”’. Let 
fandf, s f be as in the stipulation relative to gz, with f the degree of L’. 

In (32), (o’’ — o’)/B; is less for B; > fi than for 6; S fi. On the other hand, 
(c’ — o;)/B; attains its maximum value p2 for some 6; equal to f,. This shows 
that the first member of (32) cannot be as great as p3 for B; > fi. We see now, 
referring to the description of the coefficients in (20), which description is sim- 
ilar to that of the coefficients in L”, that the degree of L’’ does not exceed fi. 

Thus there is an integer e such that, for k = e, the L™ are all of the same 
degree, say s. Consider any k =e. Given any solution ¢ of L™, every partial 
derivative of L™ of order less than s must vanish for uz = ¢. 

Certain partial derivatives of L™ of order s — 1 are effectively of the first 
degree. Let Q be one of them. Then Q holds L™. It follows that if L® is 
resolved into irreducible factors in the domain of rationality of its coefficients, 
every irreducible factor whose order in wu, is not less than that of Q is the 
product of Q by a function of x.%* Let then 


L® = QiR 


with R of lower order than Q. Suppose that 7 < s. Let p be the order of Q. 
Let ¢g annul Q but not R. We have 


a L® 
dui, 





(35) ial 


with » a function of z. Thus the first member of (35) is not annulled by g. We 
infer that 


(36) L® = rQ 


with \ a function of z. In the expression of L analogous to (20), there is a 
term like g’ in (20), free of wo, --- , Wem. This means that Q has such a term, 
so that, by (36), L™ has terms of the first degree. Thus, in the relation for 
pi+1 analogous to (18), there will be, among those 7 which give a maximum, 
certain 7 for which 


Qoi + eee + Qn = 1. 





56 Cf. A. D. E. §21. 
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In other words, the denominator of the rational number p;,; can be taken as the 
common denominator of o and the o*). For that common denominator, we 
ean use the common denominator of p2, --- , px. 

This shows that the p; have a common denominator, so that they approach 
with k. 


16. It remains to show that (15) annuls H. Because a“, for any k,*" is the 
result of substituting the first k term of (15) into H, it suffices to prove that o 
approaches « with k. That is so because the o™ increase with k and have a 
common denominator. 


17. We have thus established the existence of the solutions (11) of F. In 
forming such solutions, we can take ¢; as any solution of the differential equation 
(16), which equation is of order greater than n. Let F be decomposed into 


essential irreducible systems 21, --- , 2¢. Given a solution (11), it must be a 
solution of some 2;. Otherwise, let R;, 7 = 1, --- , d, be a form in 2; which 


does not vanish for the solution. Now 7 = R, --- Ra holds F. Thus some 
power of T is a linear combination of F and its derivatives with forms for 
coefficients. We obtain the contradiction that 7 vanishes for (11). 

Let the manifold of 2;, 7 = 1, --- , d, be the general solution of a form B;. 
We say that there is a solution (11) which is a solution of some 2; whose B; is of 
order higher than n. Suppose that this is not so. Let 2,, --- , 2, be those 2; 
whose B; have orders not exceeding n. Then every solution (11) annuls 
T = B,--- By. Under the substitution y = 7 + uo, T goes over into a form 
V(uo) which is annulled by every (15). Then ¢; must annul the sum of the 
terms of lowest degree in V. As those terms are of order at most 7 and as ¢) 
is any solution® of an equation of order higher than n, we have a contradiction. 

Thus there is a 2; with B; of order higher than n which admits some solution 
(11). Let R be any form in 2;. If R goes over into D(w) for y = 7 + wo, 
then D(uo) = 0 for uw = 0. Otherwise (15) could not annul D. This means 
that R(g) = 0, so that g is a solution of %;. 

We shall now complete the proof that the general solution of A is not essential. 
Let 21, --- , 2» be those 2; among =, --- , 2g whose B; are of order higher than 
n. We say that the general solution of A is part of the manifold of some 2; 
with i < p. Let this be false, and let R; in 2;,7 = 1, --- , p, not hold the 
general solution of A. Then T = ER, --- R,, with E as in §10, does not hold 
the general solution of A. But we saw above that if E(g) ¥ 0, some R; is 
annulled by g. This completes the proof of the sufficiency of the condition 
stated in §6. 


A Special Case 
18. On the basis of what precedes, we can record the following special result. 
Let F be algebraically irreducible.® Let y = 0 be a solution of F. Let the terms 





57 Cf. (28). 
8, = 0 gives the solution y = 9 of F, of type (11). 
** This condition is not essential and can easily be removed. 
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is a solution of H of the type (15). Wesuppose, in what follows that our process 
does not terminate in a finite number of steps, so that we are led to form an 
infinite series of the type (15). 

We shall prove that the p; have acommon denominator. This will mean that 
the p; become infinite with k. We shall prove also that (15) annuls H. One 
sees easily that the g; can be taken so as to have a common point of analyticity. 


15. We begin by proving that the degrees of the L™ as polynomials in the 1, 
do not increase with k. Let us compare the degree of L’ with that of L’”’. Let 
f and f, S f be as in the stipulation relative to g2, with f the degree of L’. 

In (32), («’’ — o’)/8; is less for 8; > fi than for 8; S f,. On the other hand, 
(c’ — o,)/B; attains its maximum value pe for some 8; equal to f,;. This shows 
that the first member of (32) cannot be as great as p3 for B; > fi. We see now, 
referring to the description of the coefficients in (20), which description is sim- 
ilar to that of the coefficients in L’”’, that the degree of L’”’ does not exceed f,. 

Thus there is an integer e such that, for k = e, the L™ are all of the same 
degree, say s. Consider any k =e. Given any solution ¢ of L™, every partial 
derivative of L™ of order less than s must vanish for u; = ¢. 

Certain partial derivatives of L™ of order s — 1 are effectively of the first 
degree. Let Q be one of them. Then Q holds L™. It follows that if L® is 
resolved into irreducible factors in the domain of rationality of its coefficients, 
every irreducible factor whose order in wu, is not less than that of Q is the 
product of Q by a function of x.** Let then 


L® = QR 


with FR of lower order than Q. Suppose that 7 < s. Let p be the order of Q. 
Let g annul Q but not R. We have 


af L® 
dui, 





(35) =u 


with » a function of z. Thus the first member of (35) is not annulled by ¢. We 
infer that 


(36) L® = dQ 


with \ a function of z. In the expression of L analogous to (20), there is a 
term like g’ in (20), free of wo, --- , Wem. This means that Q has such a term, 
so that, by (36), L® has terms of the first degree. Thus, in the relation for 
px+1 analogous to (18), there will be, among those 7 which give a maximum, 
certain 7 for which 


oi + +++ + Omg = 1. 





36 Cf. A. D. E. §21. 
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In other words, the denominator of the rational number p;,; can be taken as the 
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We say that there is a solution (11) which is a solution of some 2; whose B; is of 
order higher than n. Suppose that this is not so. Let 21, --- , 2, be those 2; 
whose B; have orders not exceeding n. Then every solution (11) annuls 
T = B,--- B,. Under the substitution y = 7 + uw, T goes over into a form 
V(u) which is annulled by every (15). Then ¢g; must annul the sum of the 
terms of lowest degree in V. As those terms are of order at most n and as ¢ 
Q). is any solution® of an equation of order higher than n, we have a contradiction. 

Thus there is a 2; with B; of order higher than n which admits some solution 
(11). Let R be any form in 2;. If R goes over into D(u) for y = 9 + w%, 
then D(up) = 0 for uw = 0. Otherwise (15) could not annul D. This means 
that R(g) = 0, so that @ is a solution of 3;. 

We shall now complete the proof that the general solution of A is not essential. 
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n. We say that the general solution of A is part of the manifold of some 2; 
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A Special Case 
18. On the basis of what precedes, we can record the following special result. 
Let F be algebraically irreducible. Let y = 0 be a solution of F. Let the terms 
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*7 Cf. (23). 
38 - 0 gives the solution y = 9 of F, of type (11). 
** This condition is not essential and can easily be removed. 
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of lowest degree in F involve a yp with p21. Then y = 0 is not an essential 
manifold in the manifold of F and y = 0 1s contained in an essential irreducible 
manifold which is the general solution of a form of order at least p. 


Part II. Equations oF SECOND ORDER 


Generalities 

19. We deal with a form F in y which is of the second order, and algebraically 
irreducible. Our problem is to study the distribution of the singular solutions of 
F among the irreducible manifolds in the manifold of F. 

Considering the system 


(37) F, 8, 


where S is the separant of F, our first step is to decompose (37) into irreducible 
systems by the method of A. D. E., Chapter V. We obtain algebraically 
irreducible forms, none divisible by any other, 


(38) B,,---, By; Ci, +++ Cg, 


where the B are of the first order in y and the C of order zero, such that the mani- 
fold of (37) is made up of the general solutions of the B and of the manifolds of 
the C. 

The general solutions of the B will necessarily be essential manifolds for (37). 
The first question which arises is whether the C are all essential. This amounts 
to asking, for every 7 and j, whether the manifold of C; is contained in the general 
solution of B;. One would determine first whether B; holds C;. If B; holds C;, 
the theorem of §5 decides whether the manifold of C; is contained in the general 
solution of B;. It may thus be assumed, after certain C are suppressed, that 
the manifolds of the C are essential. Then no C will have a solution in common 
with the general solution of any B.” 

The theorem of §5 enables us also to determine the singular solutions of any 
B; which belong to the general solution of that B;. 

We have thus an accurate separation of the manifold of (37), that is, of the 
singular solutions of F, into irreducible manifolds. One might wish in addition 
to know whether, for some 7 and j with 7 # j, the general solutions of B; and 
B; have solutions in common. The manifold of the system B;, B; consists of 
the manifolds of certain irreducible forms of order zero. These irreducible forms 
may be tested, as above, to see whether their manifolds are in the general solu- 
tions of B; and B;. 

The above simple classification of the singular solutions of F leaves out of con- 
sideration the relation of the singular solutions to the general solution of F. 
There arises the problem of determining those singular solutions which belong to 





“ If C; has a solution in common with a form D, the remainder of D with respect to Ci; 
which is of lower rank than C;, will admit the solution and will therefore vanish identically. 
Then D holds C;. 
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the general solution of F. The theorem of §5 permits the determination of those 
(in (38) whose manifolds are essential in the manifold of F and of those B whose 
general solutions are essential. The remaining C have manifolds which belong to 
the general solution of F“ and the remaining B have general solutions which 
belong to the general solution of F. This settles the question as to which 
irreducible manifolds in the decomposition of (37) belong to the general solution 
of F. Suppressing those forms in (38) whose general solutions® are not essential 
for F, we have the manifold of F decomposed into the general solutions (all 
essential) of forms 


(39) F; Bi, ---, Bes Gi, +--+, Cs. 


20. We come now to the raison d’étre for our investigation of equations of 
order 2. The question arises as to whether the general solution of B; in (39), for 
any particular 27, has any solutions in common with the general solution of F. 
A form D; of order zero can be determined which is necessarily annulled by such 
common solutions.“ The problem then amounts to the following: Given an 
irreducible form of order zero, is the manifold of the form contained in the general 
solution of F? 

The form of order zero may, without loss of generality, be taken simply as y. 
The reduction of the general case to this special one is made in §88. Our prob- 
lem may thus be formulated: Let F vanish for y = 0. It is required to determine 
whether y = 0 is a solution in the general solution of F. 

The important case, of course, is that in which y = 0 is not an essential mani- 
fold and in which y = 0 belongs to the general solution of one or more B in (39).* 


Series Solutions 

21. Let us suppose that y = 0 is in the general solution of B,. Then, accord- 
ing to §5, if B, is considered as a polynomial in y and y:, y: must be present in one 
or more of the terms of lowest degree. 

Let the degree of B, in y; be n. If we consider the relation B,; = 0 as an alge- 
braic relation between y; and y, B,; = 0 admits n solutions y:, each of the form 


(40) Yr = oy(c)y" + +++ + oy(a)y*§ + +> 





“No C has its manifold in the general solution of any B. 

” The general solution of a C; is the manifold of C; . 

SrSpss q. 

“ Putting A = B;, we consider (1). As the manifold of A is essential, a solution common 
to the general solutions of A and F must annul C; of §7. The resultant of C; and A with 
respect to y; can be taken as D; . 

* Evidently D; can be replaced by a set of irreducible forms each of which has its mani- 
fold in the general solution of B; above. It is somewhat more convenient at this point to 
leave the B out of the discussion. 

“ If y = 0 is not an essential manifold and is not in the general solution of any B, y = 0 
belongs to the general solution of F. 
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of lowest degree in F involve a yp with p21. Then y = 0 is not an essential 
manifold in the manifold of F and y = 0 is contained in an essential irreducible 
manifold which is the general solution of a form of order at least p. 


Part II. Equations oF SECOND ORDER 


Generalities 

19. We deal with a form F in y which is of the second order, and algebraically 
irreducible. Our problem is to study the distribution of the singular solutions of 
F among the irreducible manifolds in the manifold of F. 

Considering the system 


(37) F, S, 


where S is the separant of F, our first step is to decompose (37) into irreducible 
systems by the method of A. D. E., Chapter V. We obtain algebraically 
irreducible forms, none divisible by any other, 


(38) Bi, +++, Bp; Ci,-++,Cy, 


where the B are of the first order in y and the C of order zero, such that the mani- 
fold of (37) is made up of the general solutions of the B and of the manifolds of 
the C. 

The general solutions of the B will necessarily be essential manifolds for (37). 
The first question which arises is whether the C are all essential. This amounts 
to asking, for every 7 and j, whether the manifold of C; is contained in the general 
solution of B;. One would determine first whether B; holds C;. If B; holds C;, 
the theorem of §5 decides whether the manifold of C; is contained in the general 
solution of B;. It may thus be assumed, after certain C are suppressed, that 
the manifolds of the C are essential. Then no C will have a solution in common 
with the general solution of any B.” 

The theorem of §5 enables us also to determine the singular solutions of any 
B; which belong to the general solution of that B;. 

We have thus an accurate separation of the manifold of (37), that is, of the 
singular solutions of F, into irreducible manifolds. One might wish in addition 
to know whether, for some 7 and j with 7 ¥ j, the general solutions of B; and 
B; have solutions in common. The manifold of the system B;, B; consists of 
the manifolds of certain irreducible forms of order zero. These irreducible forms 
may be tested, as above, to see whether their manifolds are in the general solu- 
tions of B; and B;. 

The above simple classification of the singular solutions of F leaves out of con- 
sideration the relation of the singular solutions to the general solution of F. 
There arises the problem of determining those singular solutions which belong to 





“ If C; has a solution in common with a form D, the remainder of D with respect to Ci, 
which is of lower rank than C;, will admit the solution and will therefore vanish identically. 
Then D holds C;. 
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the general solution of F. The theorem of §5 permits the determination of those 
(in (38) whose manifolds are essential in the manifold of F and of those B whose 
general solutions are essential. The remaining C have manifolds which belong to 
the general solution of F*' and the remaining B have general solutions which 
belong to the general solution of F. This settles the question as to which 
irreducible manifolds in the decomposition of (37) belong to the general solution 
of F. Suppressing those forms in (38) whose general solutions® are not essential 
for F, we have the manifold of F decomposed into the general solutions (all 
essential) of forms® 


(39) F; Bi,---, Be; Ci, +--+, Cs. 


20. We come now to the raison d’étre for our investigation of equations of 
order 2. The question arises as to whether the general solution of B; in (39), for 
any particular 7, has any solutions in common with the general solution of F. 
A form D; of order zero can be determined which is necessarily annulled by such 
common solutions.“ The problem then amounts to the following: Given an 
irreducible form of order zero,* is the manifold of the form contained in the general 
solution of F? 

The form of order zero may, without loss of generality, be taken simply as y. 
The reduction of the general case to this special one is made in §88. Our prob- 
lem may thus be formulated: Let F vanish for y = 0. It is required to determine 
whether y = 0 is a solution in the general solution of F. 

The important case, of course, is that in which y = 0 is not an essential mani- 
fold and in which y = 0 belongs to the general solution of one or more B in (39).* 


Series Solutions 

21. Let us suppose that y = 0 is in the general solution of B;. Then, accord- 
ing to §5, if B, is considered as a polynomial in y and y;, y: must be present in one 
or more of the terms of lowest degree. 

Let the degree of Bin y; be n. If we consider the relation B,; = 0 as an alge- 
braic relation between y; and y, B,; = 0 admits n solutions y:, each of the form 


(40) th = oilz)y + ++ + eplz)y"t + + 





“No C has its manifold in the general solution of any B. 

“” The general solution of a C; is the manifold of C; . 

Bi: s Pp, § = q. 

“ Putting A = B;, we consider (1). As the manifold of A is essential, a solution common 
to the general solutions of A and F must annul C; of §7. The resultant of C, and A with 
respect to y; can be taken as D;. 

“ Evidently D; can be replaced by a set of irreducible forms each of which has its mani- 
fold in the general solution of B; above. It is somewhat more convenient at this point to 
leave the B out of the discussion. 

“ If y = 0 is not an essential manifold and is not in the general solution of any B, y = 0 
belongs to the general solution of F. 
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where the p; are rational numbers, with a common denominator, which increase 
with k, and where the g; are functions of x all analytic in some area. These 
power series solutions can be determined by the Newton polygon method. 

We wish to show that either there is a solution (40) of the type y; = 0 or else 
that, for some solution (40), p: 2 1.7 If B, is the product of y: by a function of 
x, the only solution (40) is y, = 0. Otherwise, let B, be considered as a poly- 
nomial in y:. If yj is actually present in B,, let o; denote the least exponent of 
y in the coefficient of yj. Because B, is algebraically irreducible, there is a op. 
According to the Newton polygon method, the greatest possible p; in (40) is the 
greatest value of 

00 — Oj 
(41) wr 
where 7 ranges over all of its positive values. Because y; occurs among the terms 
of lowest degree in B, considered as a polynomial in y, y:, there will be at least 
one zt > 0 for which 07 =o; +7. For such an 7, (41) is not less than unity. 

We examine a solution (40) with p, = 1. The second member of (40) is 
analytic in x and y for y small and distinct from zero, x remaining in a suitable 
area. If for a suitable x, we attribute to y a small value distinct from zero, then 
(40), considered as a differential equation, will define a function y(z) belonging to 
the general solution of B,, hence to the manifold of F. The successive deriva- 
tives of such a function y(x) can be obtained from (40) by termwise differentia- 
tion. In particular, we find for y2(z), 


Y2 = guy® +--+» + omy +--+ + y(ppiy + --- ) 


and, using (40), we have 


(42) yo = pyr t---+ypye*+--- 


where the 7; have the same denominator as the p; and increase with k, and 
where 7; = 1. We secure similar series for the higher derivatives of y(x), each 
series, if it does not vanish, beginning with a term in y of exponent at least 
unity. 

Because of the arbitrariness of the initial value of y(x), it must be that the 
second members of (40) and (42), when substituted into F for y; and yz, annul F 
identically in x and y. 


22. Let F now be any algebraically irreducible form in y, of the second order, 
which vanishes for y = 0. We make no assumptions as to the types of irre- 
ducible manifolds in the manifold of F or as to the irreducible manifolds to 
which y = 0 belongs. 

We shall consider formal differential equations of the type 


(43) Y= giy” ob eee a gry aa . 





‘7 If the second member of (40) is not zero, we understand that ¢, ~ 0. 
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where the pz are as above, with p, 2 1, and where the ¢; are functions of z all 
analytic at some point a. We do not assume that the ¢; have a common area of 
analyticity and, what is then natural, we make no assumption as to the con- 
vergence of the series in (43). We differentiate (43) formally, securing a series 
for yy as in (42). If the series for y; and yz annul F,* we shall call the series in 
(43) a y-solution of F’. 

We have seen that y-solutions exist in the case in which there are B to whose 
general solutions y = 0 belongs. 

We are going to investigate a large class of the y-solutions of F. It will turn 
out that y = 0 belongs to the general solution of F when and only when F has a 
y-solution which does not annul any B which may be present in (39).” The 
investigation of the y-solutions will furnish a method for determining, by a finite 
number of operations, whether or not y = 0 is in the general solution of F. 


A Partial Differential Equation 
23. Let F be asin §22 and let it admit the series in (43) asa y-solution. Let 
u represent the series in (43). If ys is the series in (42), we have 


(44) ’ Yo = UUy + Uz, 


the partial derivatives being taken formally. Thus the series u formally satis- 
fies the partial differential equation 


(45) H(x, u, Uz, Uy) = 0 


obtained by replacing y; and yin F = 0 by u and wu, + uz respectively. 
On this basis, we call wu a y-solution of H. As F and H have the same 
y-solutions, it will serve our purposes to investigate the y-solutions of H. 


Multiplicities 
24. A y-solution of H will be said to be of multiplicity p, where p is a positive 
integer if 


0H #H ar 


au’ au?’ > uP 


vanish for the y-solution, but @?H /éu? does not.®! 

Ay-solution of H of multiplicity p will, considered as a y-solution of F, also be 
said to have multiplicity p. 

It must not be thought that the above definition provides a multiplicity for 





* “a. it is assumed that a lies in the area in which the coefficients in F are mero- 
morphic. 

In §90, we give an example of a y-solution which diverges for every y # 0. 

“ When there are no B the existence of a y-solution of F is necessary and sufficient for 
— 0 to belong to the general solution of F. Of course, when there are no B, the theorem of 
)) tells whether y = 0 is in the general solution. 

"For p = 1, this means simply that 0H/du does not vanish. 
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every y-solution. Thus, if F = y2, then H = wu, + uz and every a*H/ay: 
vanishes for u = 0. 


Sets of Solutions 

25. Let F be as in §22. We represent by 2 the area in which the coefficients 
in F are meromorphic. 

Let n denote a positive integer. We shall call n the y-solution number of F if 
there exists a set of points &,® contained in %& and having no limit point in the 
interior of 2, such that, given any simply connected area YI, in % which contains 
no point of &, F has a finite set of distinct® y-solutions which satisfy the follow- 
ing conditions: 

(a) The coefficients in the y-solutions are analytic throughout %,. 

(b) Each y-solution has a multiplicity, and the sum of the multiplicities, for the 
y-solutions of the set, 1s n. 

(c) Every y-solution of F with coefficients analytic at a point in %, coincides with 
some y-solution of the set. 

It is evident that if n exists as above, n is unique. 


26. If F has y-solutions and if no n exists as above, we shall call « the y-solu- 
tion number of F. The following situation will be shown then to exist. 

There exists a rational number p = 1 such that, given any area A, in A, there 
exists an area %2, contained in %,, which has the following properties. F has a 
certain infinite set of y-solutions, each of which has all its coefficients analytic at 
some point in A> .°4 For pi S p, the coefficient of a term in y* in any of these 
y-solutions 1s analytic throughout A.. Each of these y-solutions has a term in y? 
and any two of them coincide in their terms of degree less than p in y, but differ in 
their terms of degree p. 

It is easy to see that the situation just described cannot be realized when 
exists as in §25. 

If F has no y-solutions, we shall define the y-solution number of F as 0. 

The formal counterpart of what precedes is as follows. When the y-solution 
number is infinite, we shall, in a certain process, meet a differential equation. In 
the finite case we encounter only algebraic equations. 


Theorems on Solution Numbers 

27. We formulate some theorems whose proofs will occupy many sections. 
We take F as any algebraically irreducible form, of the second order, which 
vanishes for y = 0. 





52 & may be vacuous. 

*8 Wherever we have occasion to refer to y-solutions as distinct or coincident, our mean- 
ing will be that which is natural under the circumstances and will be clear without special 
comment. 

4 The point may be different for different y-solutions. 





ter 


TI) 


{ol 








Duk 


] 





ALGEBRAIC DIFFERENTIAL EQUATIONS 573 


Let F be considered as a polynomial in y, y:, ye. 

TuzoreM I: If one or more of the terms of lowest degree in F involve ys, the 
y-solution number of F 1s 0. 

TuzoreM II: Let no term of lowest degree in F involve y2, while one or more such 
terms involve yi. Let n be the greatest exponent of y, in the terms of lowest degree. 
Then the y-solution number of F isn or . 

TuroreM III: If the terms of lowest degree in F involve neither y2 nor y:, the 
y-solutzon number of F is 0. 

Theorems I and III are not important as far as applications go,® but they 
form a natural complement to Theorem II. 


Polygons 
28. We shall have occasion to consider various expressions in x, y and two 


other letters 0; , ¥2 of the type 


(46) De Gy vfF 0} 
where the a; are non-negative rational numbers and the 6;, y; non-negative 
integers. The a; are functions of x distinct from zero. 

Let G be an expression (46). We are going to form a polygon for G, of the 


Newton type. 
For each 7, let 4; = 8: +7:. Ina plane referred to rectangular axes, we plot 
the points (A;, ai), = 1,---,7. Wesecure thus r or fewer points, each point 


being associated with one or more terms of G. 

We consider those of the plotted points which have a least abscissa—say the 
abscissa {;—and choose from them that point which has a least ordinate—say 
the ordinate o;. For all points (A;, a;) with \; > 61, if such exist, we form the 
ratio 





(47) i ae 
i — 


which is the slope of the straight segment joining ({1, 01) to (\;, a). Let us sup- 
pose that there are segments whose slopes (47) do not exceed —1. Taking those 
segments whose slope is a minimum, we choose the longest of them. Let its 
nght extremity be denoted by (¢2, ¢2). 

Arithmetically, what we have done amounts to taking the least ratio (47), 
assumed not to exceel —1, and picking the largest \;(= £2) which gives a least 
ratio, 


It may be that there are points with \; > £2 for which 


(48) eet ih, 
fo — 
ee ee 
‘ * The hypothesis of Theorem I implies directly that y = 0 is in the general solution of F. 
hat of Theorem III implies that y = 0 is an essential manifold. 
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If so, we take those points which minimize the first member of (48) and choose 
from them that point (¢3, 03) whose abscissa ¢3 is the greatest. When (¢», a») is 
joined to (¢3, ¢3) we secure a segment which, seen from (2, a2), slants downward 
and has a greatest possible angle of depression, the angle being at least } 7. 

We continue this construction as long as it is possible to secure such angles of 
depression. The polygon formed by the segments obtained will be called the 
polygon of G. 

On a geometric basis, it is obvious that each segment after the first has a 
smaller angle of depression, that is, a greater slope, than its predecessor. 

If there are no points with \; > ¢ or if there are no such points for which (47) 
does not exceed —1, the polygon of G is defined as the point (1, 01). 

When we speak of the points (A;, a;) lying on a side of a polygon, the extremi- 
ties of the side will be included. 

By the polygon of F (F as in §27), we mean the polygon of the expression 
obtained from F putting yi: = 1, Y2 = U2. 

A point (\;, a), plotted for G and lying on the polygon of G, willbe called an 
a-point or a b-point according as there are not or are terms involving v2 associated 
with the point 


' (i, 8) 


(1,6) 






(2,4) (9 


C#, 1) 
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Example 1: Let 
G = yr, + ye + yrs + yt + yvive + yot + ye + 24. 


The (\;, a;) and the polygon are shown in Fig. 1. The point (3,2) is associated 
vith two terms, namely y’o} and y*vjve. The points (1,6) and (4,1) are 
a-points, while (2,4) and (3,2) are b-points. 

Example 2. Let 


G = yr; + y*ve + v}. 


The polygon consists of the point (1,2), which is a b-point. 
é 
Polygon of H. 
29. Let H of §§23, 24 be written 


(49) H= 4, ayy uP urs wei 


where the a; are functions of x distinct from zero. Let 
a; = wi — 4, Ai = Bit yi t 4. 


We plot all points (A;, a;) and form a polygon, which may consist of a single 
point, exactly as in §28. This polygon will be called the polygon of H. 

A point (\;, @;), plotted for one or more terms of H and lying on the polygon of 
H, will be called an a-point, or a b-point, according as there are not, or are, terms 
involving at least one of uz, uy associated with the point. 


30. Let P be the polygon of F and 2 that of H. We are going to compare 
Pand 2. It will turn out that Pand 2 are identical,® except in special cases. 
Our principal object is to compare the b-points of 2 with those of &. 

We consider first the case in which Y has no b-points. 

Let us suppose first that consists of a single point, (f1, 01). As (f1, 01) is an 
a-point, it comes from a single term in F,a term in y y{:. The corresponding 
term in y% wf: in H* will contribute the point (¢1, 01) to the set of points which 
we have to plot for H. 

Consider any other term of F, in y*y8y}. This produces a point (A, a), where 
\= 84+, which either lies above (£1, 01), or else, when joined to that point, 


- a segment of slope exceeding —1. The corresponding terms in H come 
rom 


(50) y7u®(uuy + Uz)?. 


Y This adjective will be made precise. 
"It is easy to see that this term is not cancelled. 
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They will yield the points 
(51) (A+ p,a — p), p=0,1,---,¥7. 


All of these points lie on a line sloping downward from (A, a) at an angle of } rz, 
One of these points, namely (A, «), may possibly lie vertically above (¢, «;), 
Any of the points which is not so situated will yield, when joined to (¢1, o;), a 
segment of slope exceeding —1. Thus 2 is the single point (¢, 01). 

Suppose now that Y consists of a single side. What precedes shows that 9 
and 2 have the same first point (1,01). Consider a point (A, a), plotted for F, 
which is not on 9. It will have related with it, among the points for H, points 
of the type (51). None of these points, joined to (1, 01), will yield a slope as 
small as that of the side of 9. On the other hand, every a-point of * is a 
point plotted for H. This shows that Pand 2 are identical, carrying the same 
plotted points, which are a-points for both of them. 

Continuing in this way,” we see that when Phas only a-points, 2 is identical 
with %. 

The whole situation can be grasped intuitively as follows. Let us visualize 
%, together with all points plotted for F not on Y. The points plotted for H 
are obtained by adding, to those for F, points on 45° lines sloping downward 
from points which, for every side of 9, lie in the upper half-plane determined by 
that side. Such new points cannot influence the formation of 2. 

We now examine the case in which Phas b-points. First let (f1, 01), the left- 
most point of #, be a b-point, and let a term in y*y{y}, 7 > 0, be associated 
with (1, 01). Then H will have a term in y*u®u?, which will give (f:, 01) as 
the leftmost point, indeed a b-point, of 2. Suppose now that (f, ¢), with 
¢ > t, associated with y*y{yz,7 > 0, is the leftmost b-point on ¥. Among 
the vertices (extremities of sides) of P which lie to the left of (¢, c), let (¢:, 0) 
be the rightmost. Then, from ({1, o:) through ({;, o;), P and & are identical. 
The term in y*u*u? in H gives the point (¢, o). If a point plotted for F yields 
points (51) of abscissa exceeding ¢;, such points (51), joined to (£;, a4) give 
slopes no less than that of the segment from (f;,0;) to (f, 0). Thus (¢,¢) is 
on 2 and is a b-point for 2. We observe that no term involving wu, is associated 
with (¢, o).© 

A closer examination® would show that, except for two cases, P and 2 are 
identical (that is, have the same a-points and the same b-points), and that the 
b-points of 2 are associated with terms involving u, but not u,. The two excep- 
tions are: 





58 In fact, every point plotted for F. 

59 For the case of two sides, the first side of Pis seen as above to be a first side of 2. We 
have then to consider points (51) whose abscissas exceed ¢2 of §28. Such points, joined 
to (f2, o2), will give slopes greater than that of the second side of &. 

© No point plotted for F of abscissa less than ¢ can yield a point (51) coinciding with 
(f, ¢). 


61 Not important for what follows. 











its 
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(a) If P terminates in a side of slope —1 which has b-points, P and Q will 
wincide in all their sides, except perhaps their last sides. The final side of 2, 
also of slope —1, may have on it b-points which are either a-points for Y or do 
not occur on 9. 

(b) If the final side of Pis of slope less than —1, and if its right extremity is 
a b-point, 2 will consist of P and of a final side, of slope —1, adjoined to 9. 


A Polygon Process 

31. We are going to show that if 2 has b-points the y-solution number of F 
is ©. 

Let us show that this will imply the truth of TheoremI. Lef F have a term of 
lowest degree involving y*yiyz with y > 0. Let \ = 8 + y. Suppose that 
(\,a) is not on. Let (¢, ¢) be the rightmost point of 9. Then ¢ + a is the 
degree of a term of F, so that 


(52) f+o2zrA+a. 


Then \ ¥ ¢, for if \ equaled ¢, the point (A, a), since it is not on Y, would have 
to lie above (¢, ¢) and we would have a > a, a contradiction of (52). Sup- 
pose that \ < ¢. Then (A, a) lies above Y, that is, a half-line directed down- 
ward from (A, a) intersects 9. Then the slope from (A, a) towards (¢, c) is less 
than —1. This contradicts (52). Finally, let \ > ¢. Then the slope from 
({, ¢) towards (A, a) exceeds —1, a contradiction of (52). We conclude that 
(\, a) isa b-point on 9. Then 2 must have a b-point (§30). This proves our 
statement relative to Theorem I. 


32. If 2 has a b-point, 2 cannot consist of a single point. We therefore con- 
sider the side 1 of 2, carrying the leftmost b-point of 2. This leftmost b-point is 
not associated with terms involving u, (§30). 

We write 


(83) H=L+M 


where L consists of those terms of H which are associated with points on I. 
Let —p, be the slope of l, where p; = 1. Suppose that, in H, we put 


5 wij 
(54) u= wy", Uz = wy", Uy = wey”! 





Where wy , W,, We are indeterminates. Then a term 
(55) ay*u®utus 
in H goes over into 


(56) awswiwiye—P+eib+rt 8), 


ee eee 
® Let (5, @), a b-point, be the only point on 9. Then (f, ¢) is a b-point of Y, so that F 
asa term in yy¢y8 with a+ =¢,8>0. This term produces, for H, points on a line 


of slope —1, sloping downward from (¢, ¢). We secure the contradiction that 2 has more 
than one point. 








Eh hate allie — 
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The exponent of y in (56) is the intercept, on the axis of ordinates, of a line of 
slope —p: passing through the point associated with (55). This intercept will 
have a common value, say ¢, for all terms in L in (53) and will exceed ¢ for all 
termsin M.® For the substitution (54), L goes over into 


y’ R(x, Wo, Wi, We) 


with R a polynomial in the w; whose coefficients are functions of x. Also M goes 
over into 


y’ S(a, Y, Wo, Wi, W2) 


where S is a polynomial in the w; whose coefficients are sums of terms ay with 
a a function of x and yp rational and non-negative; and where 7, which we take 
as large as possible, is a rational number greater than ¢. Then 


(57) H(z, Y, Wo y", Wi y", We y"™) — y’ R(x, Wo, Wi, We) + y’ S(2, Y, Wo, Wi, We). 


33. Consider the differential equation for an unknown function ¢; of z, 
(58) R(x, g1, Gu, pigi) = 0 


where R is as in (57) and where gu is the derivative of g:. We wish to show that 
¢u figures in (58). The leftmost b-point on 1 yields, when (54) is used, a set of 
distinct terms of the type ay’w?w,’, with q > 0 in some terms and with p + q 
the abscissa of the b-point. These produce, for (58), terms ag{g{, which we 
shall show are not cancelled. Any other point on 1 produces, for (58), terms 
ayg{g{; with p + q the abscissa of the point. This shows that the cancellation 
is impossible. 

We take ¢; as any solution of (58). Given any area %{; contained in Y of §25, 
there is an %» in %; in which an infinite number of such solutions are analytic. 


34. If gy”, with g; the special function just determined, annuls H, then gy” 
is a y-solution of H. In what follows, we assume that H is not so annulled. 
We put, in H, 


(59) u=qy + um. 


Then H goes over into an expression H’ in u;, wiz, Uy Which is not annulled by 
u = 0. We write 


(60) H’ =a! + >) buh ‘us uf . 


Here a’ and the b’ are sums (non-vanishing) of terms ay“ with a a function of 
x and y rational and non-negative. The least exponent of y in such a sum will 
be called the order of the sum. The range of 7 is from unity to some positive 
integer. 





8 Points plotted for H which are not on / lie in the upper half-plane determined by l 
produced. 
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We represent by o’ the order of a’ and, by o;, the result of subtracting 4; 








of P 
‘ill from the order of 6;. e 
all Let p2 be the greatest of the quantities 
o’ — a, 
(61) Be vi + 5 
yes One of the objects of what follows is to prove that p2 > p.. 
35, Let y be an indeterminate which can be differentiated partially with 
respect tox and y. We put, in H, 
th 
ke (62) u=py", U= ey", wy = yop + yw). 
Then, by (57), 
2). (63) H(py") = y’R(2, VY, v2, mv + yy) + y* S(a, Y,V¥, V2, mv + yy). 
We put 
(64) Y=eaty "wu. 
“ Then (63) gives 
| 
of — A (wm) = wR, i + 1, Gu + YP ae, pigi + YT ty) 
cs (65) 
ve : + y S(2, Bike 3 
ns Let us suppose that for certain non-negative integers ly , 1, , le, 
on 
(66) getits R(z, Wo, Wi; We) 
5, dws’ dw{' dw? 
Ic. does not vanish for 
y? (67) Wo = $1, Wi = gu, We = pig. 
d. This implies that Ib, 4, l2 are not all zero. We shall show that uj’uj', uj¥, is 
present in DK in (60) and we shall calculate the corresponding o, _ 
For any ), l,, lg, whether (66) is zero or not, the coefficient of uj°uj',uj%, in 
the second member of (65) is the quotient by lo! i! lz! of 
vv 
(68) y rey Ry,1,1,(2, Yi» Pi» Pi 91) 
yt te eile) Siun(Z Yr Pr» Puy Prvr)- 
of The R term in (68) is (66) with the substitution (67) performed. The S term has 
ill asimilar meaning. 
ve Our hypothesis as to the non-vanishing of (66) implies that™ 
Pa hw re ses 
; SSSA 


“ One should recall the meaning of a, . 
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On the other hand, if (66) vanishes, then, if uj°uj',uj¥, is present in >>, we 
will have, for the associated o;, 
(70) ¢,>o—p(h+h +h). 
We can now study pz. We have, for any 2, letting \; = 6; + 7: + 4;, 
ne, mt. 2 ee: 


(71) .ait aa 


By (69) and (70) we have 





/ 


(72) t= a 
or 
(73) “= <t <p 


according as (66), with = 6;, 1 = v:, le = 6; does not vanish or does vanish 
when (67) holds. The last term in (71) thus has p; for its maximum value.® 

By (68) with = l, = l, = 0, we see that o’ > o. It follows from (71) that 
there are 7 for which the first member of (71) exceeds p;. This proves that 


p2 > pr. 


36. The expression (60) of H’ can be written in the form of the expression of 
H in (49), with the difference that we may have to use fractional p;. We con- 
struct a polygon 2’ for H’, exactly as in §29, and define a-point and b-point as 
in §29. 

From §34 we see that the leftmost point on 2’ is (0, 0’). The quantities (61) 
are negatives of slopes of segments joining (0, o’) to points plotted for H’. The 
least such slope is —p2, which is less than —1. Thus 2’ has at least one side, 
and its first side has — pe for slope. 


« 


37. We wish to see under what circumstances 2’ can have b-points. Towards 
this end, we examine the relation between F and H’. 

Let § = giy". Then H’ is obtained from H by the substitution u = § + wu. 
Thus H’ comes from F by the substitution 
(74) y= E+ U1, Y2 = gi + & + (Uz + Ey + uy + U1 Uy). 
Let 


(75) “1 = WM, Vo = Une + Ey + Et + Uy. 
Let 


G = F(a, y, & + 11, &&y + & + 02). 
Then H’ is found from G by means of (75). 





65 It is easy to see that there are |; for which (66) does not vanish. 





~~. eed tt —— po. | 


ao = @&|> cr 








ve 


of 
l- 
is 





ALGEBRAIC DIFFERENTIAL EQUATIONS 581 


Let a polygon ’ be constructed for G as in §28. Consider a term of G in 
y'vjvy. The corresponding point plotted for G is (A, wa) where \ = 6 + y. 
Consider, for H’, the terms coming from 


(76) y*us (Wz + fyui + Edy + Uuy)’. 


Atypical term obtained from (76), written without its numerical coefficient is 
(77) youturs (Eur) (Eury)? (ureery)” 


where pi + P2 ++ Ps + Pa =. We write (77) 


. B+p,+ +p 
(78) ye ye Er Pate wh wPat Pe 


The exponents of y in &, and & are p; — 1 and p; respectively. Then the point 
plotted for H’ for (78) is 


(79) (A + pa, a — ps + (pe + Ps)(m — 1)). 


For pp = ps = pa = O, (79) is (A, a). Also if p: = 1 and py = 0, (79) is (A, a). 
Any point (79) distinct from (A, a) either is vertically above (A, a) or else, when 
jomed to that point, produces a slope not less than —1. 

One sees now, as in §30, that 2’ has b-points only when Y’ does. If #’ has 
b-points, the leftmost such point—call it p—will be a b-point (and the leftmost 
one) for 2’. There is one term of H’ associated with p to which we wish to call 
particular attention. Among the terms of G associated with p, let ay*v?v} have 
a maximum degree in ve. Then (76) will yield for H’ a term 


ay*uful,. 


Any other term of H’ associated with p has a degree in uw, less than y. A term 
associated with a point whose abscissa exceeds that of p has a degree in 
lh, Uizy U1y Which exceeds B + y. These facts will be important in §38. 


38. We return to the formation of a y-solution of H. Using the first side of 
2’ as the side 1 of 2 was used in §32, we put, in H’, 
(80) Uy = Woy", ts. = wy? ’y Uy = wey, 


The intercept on the axis of ordinates of the first side of 2’ is o’. We have 
thus a relation, analogous to (57), 


(81) H'(a, Y, Woy", --- ) = y” R'(z, Wo, W1, We) + y's’ 
with 7’ > s. 

We determine a function g2(z) as a solution of 
(82) R'(x, 92, 92, payee) = 0 


Which has an area of analyticity in common with ¢1, the solution being subject to 
a stipulation which will be made in a moment. 
It is important to know that (82) is not free of g: and ga. This is certainly 
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true if we does not appear in R’ in (81). If we appears, the final remarks of §37 
show that there is a term aw$w7] which will yield effectively, for (82), a term 


apse. ; 
Now for the stipulation. Let f be the degree in wo, wi, we of 
(83) R'(a, Wo, W1, We). 


Then certain partial derivatives of (83) with respect to wo, wi, we, of order f, do 
not vanish when 


(84) Wo = $2; Wi = $21; We = pre, 


for any solution of (82). Let fi be the smallest integer for which a solution ¢, 
of (82) exists such that some derivative of (83) of order f; does not vanish for 
(84). We understand ¢g to be so taken that some derivative of order f; does not 
vanish. 


39. Now let g be the degree in wo, wi, we of R in (57). We shall show that the 
degree of R’ in (81) does not exceed g. We inspect (71). For certain ; < 4, 
(o — o,)/d; attains its maximum value pi. Now (c’ — o)/d; is less for \; > g 
than for \; < g. This shows that (61) cannot be a maximum for 


Bo+7it5i >. 


Now every term in R’ comes from a term in H’ which is associated with a 
point on the first side of 2’. To a term in H’ of this type, in 


yous uy eUiy, 
with B+ +7 + 6 > 0, there corresponds a maximum quantity (61) with 
o; =~ — 56,8; = B, vi = vy, 6; = 6. This proves our statement. 
40. If poy" annuls H’(u;) then 
u= gry + poy” 
is a y-solution of H. Otherwise, we put 
Ui = pay”? + Ue 


and H’(w) goes over into an expression H’’(u2). We give H”’ the treatment 
accorded to H’ in §§34-39. Considerations perfectly parallel to those of §§34, 
35 furnish a p3 > p2. To (63), there corresponds a relation 


(85) H’ (py) = y"R'(2, ¥, Vz, px + yy) + y"S’. 


We discuss the b-points on the polygon of H’’ as in §37, with the difference 
that now 


E= giy® + yoy” 
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and that, When p2 and ps are not both zero in (78), we get, for (78), in addition 
to the point (79), one or more points lying vertically above that point. Using 
a relation analogous to (81), we secure an equation similar to (82) 


(86) R''(z, 935 P31, ps¢s) _ 0, 


and take ys with a stipulation similar to that in §38. 
In the continuation of this process, it may be that we reach an H“-» which 


is annulled by gxy’*. If so, 
U%= guy” + eee + eKy’* 


isa y-solution of H. 
We assume, in what follows, that we are led to an infinite series 


(87) guy”! + en + gry + eee < 
The gy, are taken so as to have a common point of analyticity. 
41. We shall prove that the p; in (87) have a common denominator. This will 


show that the p; increase toward «. 
There is an integer e such that, for k = e, the expressions 


(88) R® (x, wo, Wi, We) 

analogous to (83) have a common degree, say s, in wo, Wi, We."© We choose a 
i 2e. Then every partial derivative of R™ of order less than s vanishes for® 
(89) w=% W=9', We= py 

if y satisfies 


(90) R® (x, 9, 9", P90) = 0. 


If R® in (88) involves we, it involves w. (§38.) Let R® inyolve w. 


Among the terms involving wy, let w)°w}'wi? be one of highest total degree. 
Then 


Gott, Re 


dwie awit! aw: 


(91) 





contains a single term involving w:. This term is of the first degree in w; and is 
iree of w, we. If we make the substitution (89) in the expression (91) and 
equate the result to zero, we obtain a differential equation 


T(x, 9, ¢’) = 0 
een 


. The degree of R’’ does not exceed f; in §38. Cf. §15. 
'¢ 18 the derivative of ¢. 
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satisfied by every solution of (90). In 7, ¢’ appears in a single term, a term 
which is free of y. Every irreducible factor of the first member of (90) which 
involves g’ is T multiplied by a function of x.® Let, identically in z, g, ¢’, 


(92) R® (x, 9, 9, Pyy) = UT! 

where U is free of g’. We are interested in the result of making the substitution 
(89) in 

HR” (x, wo, Wi, We) 


awj 





(93) 
The same result is obtained on putting w; = ¢’ in 
a 
(94) — U(T (x, ~, W1))?. 
Ow; 


Now (94) equals 
wU 


where u is a function of z. Suppose that 7 < s. If we take ¢ so as to annul 
T(x, ¢, ¢’) but not U, we shall have a solution of (90) for which (93), withj < s, 
does not vanish. Thusj = s. Then U is free of yg, and we have an identity 


(95) R® (a, Y; ¢’; Pi?) == pl’ 


with v afunction of z. R®™ in (95) is not annulled by g = 0. This means that 
T contains a term in z alone, so that J* contains a term which is of the first 
degree in yg’ and free of yg. Then (88) must have a term which is of the first 
degree in w; and free of wo, we. 

It follows that for some maximum quantity 


o®) — o\*) 


Bi + vi + 4; 
we have ¥; = 1, 8; = 0,5; = 0. Then the denominator of p41 can be taken as 
the common denominator of ¢ and the o\*’. For that common denominator, 
we can use the common denominator of pi, --- , px. 
Suppose now that R in (88) is free of w:, we. It follows easily that 


R® (a, Y; ¢’, Pri?) 7 u(y = v)* 


with uv and » functions of z and »y ¥ 0. This shows that R™ in (88) has a term 
of the first degree in wo and we see as above that the denominator of px+: can 
be taken as the common denominator of p;, --- , px. 


42. As o™ increases with’k and as the o™ have a common denominator, o” 
must become infinite with k. Since a® (analogous to a’ in (60)) is the result of 
substituting into H the sum of the first k terms in (87), (87) is a y-solution of H. 





88 Cf, §15. 
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This completes the proof of the result stated at the head of §31. 


43. It must not be imagined that, for every y-solution of H, p; is the negative 
of the slope of some side of 2. For instance, let F = y2. For every positive 
integer Pp, 


(96) y = cP? + cPtly 
with c constant is a solution of F. For (96) we have 


Yi — cpt. 
Also, (96) gives 
c= ye + py?/P + coe 


where ny, --- , are functions of z. Then 


(97) y, = yrDlr + pyr ip 4... 


and (97) is a y-solution of F. Thus there are an infinite number of possibilities 
for p:. This cannot happen when 2 has no vertex which is a b-point. 


Proofs of Theorems II and III 

44. We investigate the case in which 2 has no b-points. 

According to §31, yz does not occur among the terms of lowest degree in F. 
Let the vertices® of 2, arranged according to increasing abscissas, be 


(98) (f1, 01), Pairs (f, Or). 


let n be the greatest exponent of y; in the terms of lowest degree in F con- 
sidered as a polynomial in y, y1, y2. We shall prove that ¢, = n. 

As 2 has no b-points, P and 2 are identical. Let F have a term of lowest 
degree involving y’y?. Suppose that n < ¢,. Then (n, p) is either on # or 
above ?, so that 


alin. aD 

N— fp 
Then p + n >, +¢,. As Fhasaterminy’y{f',p+"=0,+¢,. Then 
nis not the highest exponent of y; in the terms of lowest degree. If n > ¢,, we 
see easily that P does not terminate at (¢,, ¢,). Thus = ¢,. 

Because yp does not occur in the terms of lowest degree in F, uz and u, do not 
occur in the terms of lowest degree in H considered as a polynomial in y, u, Uz, Uy. 
The highest exponent of wu in the terms of lowest degree in H is n = §;. 
eis 





“If Q consists of a single point, that point will be called a vertex. 
“nmay be zero. 








SaaS ee cae : 
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45. Suppose that, in (98), 21. Then u = Oisay-solution of H. We shall 
prove that the multiplicity of this y-solution is ¢;. Consider a term in H in 


(99) y*ururus . 


If y + 6 > 0, the partial derivatives of (99) with respect to u, of all orders, 
vanish foru = 0. If8 < o:,wehavey+6>0. 

For any term in H involving u to a power greater than {1, the first ¢, deriva- 
tives with respect to uw vanish for u = 0. Finally, H contains terms in y and u 
alone, of degree ¢; in u, of the sum of which the first : — 1 derivatives vanish 
when u = 0, but not the derivative of order (1. 


46. Let r = 1in (98). We are going to show that H has no y-solution except, 
possibly, u = 0. Let us assume the existence of a y-solution @ # 0 of H and let 
us substitute @ into a term of Hin 


(100) y*ururtue . 


There will result a series in y which will vanish only if a7, = 0 and y > 0. 
Otherwise, the lowest power of y obtained will equal 


(101) u—6+ p(B + y + 4) 


if g, is not a constant and will exceed (101) if y ¥ 0 and g, is a constant. Now 
(101) is the intercept on the axis of ordinates of a line of slope —p, passing 
through the point associated with (100). Because p; = 1, this intercept is less 
for y''u”! than for any other expression (100). This proves our statement. 
If r = land ¢& = 0, uw = 0 does not satisfy H. This proves Theorem III. 
If r = land ¢, 21, u = Ois the only y-solution of H, and its multiplicity is 


o) = n. 


47. Suppose now that, in (98),7 > 1. We are going to determine the possi- 
bilities for the first term ¢,y”' in a y-solution of H distinct from zero. 

We prove first that p; must be the negative of the slope of a side of 2. Sup- 
pose that this is not so. If there are sides of 2 of slopes greater than — pu, let 
(¢;, o;) be the first point from the left in (98) which is the extremity of such a 
side. Otherwise, let 7 = r. We consider a line through (f;, o;) of slope —pi. 
Then all points plotted for H other than (¢;, o;) lie above this line. It follows, 
as in §46, that the y-solution of H whose existence was assumed does not annul H. 


48. Now let p: be a number such that —p1 is the slope of some side lof 2. We 
form the relation (57) of §32. R will be free of wi, we. We write it R(x, v). 
It is easy to see” now that ¢: must be a solution, distinct from zero, of 


(102) R(x, vs) = 0. 





1 Note that y’R(z, ¢:) is the sum of the lowest powers of y obtained from the terms 
of H putting u = giy +---. 
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The degree of (102) in ¢: is the abscissa of the right extremity of 1. The number 
of solutions of (102) which are distinct from zero equals the length of the hori- 


rontal projection of 1. 


49, We have thus formed two conditions which the first term in a y-solution 
must satisfy. We now undertake to prove that these conditions are sufficient 
and to determine the possibilities for the terms after the first. 

In working, below, with a solution ¢; of (102), we stay in some definite area in 
which ¢: is analytic. Later we shall use the obvious fact that ¢ is analytic in 
% of §25, except for poles and isolated branch points of finite order. 

For any ¢,y" With g; and p; as in §48, we form H’(u;) as in §34. Now, how- 
ever, H’ may vanish for wu, = 0. We examine 2’, particularly those sides, if 
any, Whose slopes are less than —p. 

Let v: be a solution of (102) of multiplicity p. ‘Then (69), which holds even 
if H’ vanishes for wu, = 0,” shows that H’ has a term bu? for which, if the order 
of bis denoted by s, we have® 


(103) Ss = 0 — pip. 


For R as at present, (66) vanishes for wo = giifl, > Oorl, > 0. The vanish- 
ing also occurs for 1, = le = Oif b < p.4 Using any lo, l, ls for which (66) 
vanishes, let s; be the order of the coefficient in (60) of uj°uj{!,uj%,, assumed to be 
present in (60). By (70), 


(104) s > o — pill +h + bl). 


Our conclusion from this is that (p, s) is the lowest point of abscissa p plotted 
for H’ and that (p, s) is associated only with the term bu?. 

From (103), we see that the line joining (0, c) and (p, s) has slope —p,;. From 
(104) and the remarks at the head of the preceding paragraph, it follows that 
any point of abscissa less than p, plotted for H’, lies above this line. 

letnowh +h +l,>p. We have by (69), (70), 


(105) s 2o — pill +h + lb). 


Thus every plotted point of abscissa greater than p lies on the line through (p, s) 
of slope —p,, or above that line. 

The above considerations make it geometrically obvious that if 2’ has sides 
of slope less than —p,, the right extremity of the rightmost such side is (p, s). 


SS 

7 fact that o’ has no meaning of u, = 0 annuls H’ does not interfere with our present 
work, 

is as in (57). 

‘ This detail will be used somewhat further on. 








eee PR Ra ahape 
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50. There will fail to exist sides of slope less than — p; when, and only when, p 
is the least abscissa of the plotted points. In that case, uw: = 0 annuls H’ and 
aH’ a”-'H’ 
du; ’ ” aur 





(106) 


vanish for wu; = 0, while @?H’/du? does not. One sees, in that case that u = ¢, y" 
is a y-solution of H of multiplicity p. 


51. We study 2’ to the right of (p, s). 
A term of H in 
(107) y*wuluy, 


associated with the point (6 + y + 6, u — 4), contributes to H’ terms coming 
from 


(108) y* (ur + gy”)? (ure + ony”) (Uy + prigiy?™)?. 
The terms coming from (108) will involve certain 
(109) yt eiert ert PMs ay? yt P24 ts 


with 0 < p; S B, etc. With each expression (109) is associated the point 


(110) (@+7+65— (pi+ po+ ps), m+ pilpi + po + ps) — 4). 


One of the points (110) is (@ + y + 6, u — 6). The others lie on a line sloping 
upward from that point, with slope —p. 

This shows, firstly, that the right extremity of l, call it h, is a point plotted 
for H’. Also, every plotted point on 2 to the right of h is a point plotted for H’. 
If, then, we can prove that h is a vertex for 2’, it will follow that 2’ coincides 
with 2 to the right of h. 

The line joining h to (0, c) has slope —p,. Thus, if the abscissa q of h exceeds 
p, the line joining (p, s) to h has slope —p,;._ What precedes shows that h is the 
lowest point of abscissa q plotted for H’. Hence, if gq > p, 2’ has a side of 
slope — ; which starts at (p, s) and terminates at h. This side can have no 
b-points, for (105) is an inequality if one of 1,, l, is not zero. To the right of h, 
2 and 2’ coincide. 

If q = p, his (p, s) and, as above, 2 and 2’ coincide to the right of h. 

In any case, such b-points as 2’ may have lie on sides of slope less than — 1. 


52. Suppose that 2’ has sides of slope less than —p;. Let us imagine that 
there are b-points on such sides,” and let 1’, of slope —p2 < —pu, be the leftmost 
side containing a b-point. Letting @ denote the intercept of 1’ on the axis of 
ordinates, we form a relation, analogous to (81), 


(112) H'(x, y, wy”, ---) = y’R’ + y"'S’ 





75 It will be seen later that this situation can be realized. 
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vith R’ involving wi. We determine ¢» as any solution of 


(113) R’(a, G2, P21, p2¢2) = 0, 


which has an area of analyticity in common with ¢;. We can find an infinite 
number of solutions g2 with a common area of analyticity.” We then continue 
as in §§40-42.7 For every gx with k > 2, we make the stipulation described in 
connection with (82). We obtain in this way an infinite set of y-solutions of H 
of the type described in §26. Obvious considerations relative to the analytic 
continuability of ¢: show that we can find an area 2 as in §26, contained in any 
area %. Thus, when 2’ has b-points, the y-solution number of F is «. 


53. Suppose now that 2’ has no b-points. Let p: S p be the least abscissa 
of the points plotted for H’. If p, > 0, we see, as in §50, that u = giy’' isa 
y-solution of H of multiplicity pr. 

Suppose that pi < p. We have just seen that g:y’' may be a y-solution of H. 


For any other y-solution with first term giy”', 


Wu = gy"? + --- 


must annul H’.”8 Proceeding as in §47, we find that pz must be the negative of 
the slope of a side of 2’. Also, p2 having been selected, ¢2 satisfies an algebraic 
equation, analogous to (102) and of degree not greater than p, 


(114) R'(z, ¢2) = 0. 


54. We are going to complete the proof of Theorem II. 

Employing the hypothesis of Theorem II, we have, in §44,n = ¢, 21. Let 
i stand for ¢; in (98). 

If; = n, it follows from §§45, 46, that u = 0 is the only y-solution of H and 
has multiplicity n. For this case, then, Theorem II holds. In what follows, 
we assume that t; < n. 

We shall call p, defined as in §49, the multiplicity of 1. 

By §45, H will have t, (possibly 0) y-solutions® « = 0. There will perhaps 
be certain possibilities gy’! for first terms of other y-solutions.” The sum of 
i and of the multiplicities of the ¢; is n. 

For each gy, we find an H’ as in §49. If some H’ has a b-point, the y- . 
‘olution number of F is ©. If no b-points are met, we proceed with each H’ 
as in §53. We find that H has a certain number, say t2 = t,°! of y-solutions 
SS 


" For the proof that ya: appears effectively in (113), see §38. 
"For H”’, ete., we use the first sides of the corresponding polygons. 
"We understand that v2. = 0. 
f The language is clear. 
We are dealing with various p; as well as various g:. We take the ¢; with a common 
area of analyticity. 


"' As above, multiplicities respected. 


~ 
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u = Oor u = gy” and also, perhaps, a certain number of possibilities gyy* + gay’: 
for the beginnings of other solutions. The sum of t2 and of the multiplicities® 
of the ge is n. 

At the third step,®* we form an H” for each giy” + goy”. We continue in this 
manner. There are two ways in which our process, having been carried through 
k steps, may terminate at the (k + 1) step. Firstly, we may meet an H® 
with a b-point.* In that case, the y-solution number of F is ~.% Secondly, 
it may be that no H™ has a side of slope less than the — p; associated with that 
H®, Inthat case H will have precisely n y-solutions of the types u = 0 or 


(115) u=qy+--» + oy (h Shy, 


in harmony with Theorem II.* 

Let us assume that the process does not terminate in a finite number of steps. 
Then, from some step on, no new finite solutions appear. That is, if k is large, 
we will, in the first k steps, have isolated a fixed number ¢ of y-solutions composed 
of a finite number of terms, and there may be in addition a finite number of 
possibilities 


(116) gy +--+ + eny"* 


for the beginnings of y-solutions with an infinite number of terms. The sum 
of ¢ and of the multiplicities of the g;, for every large k, is n. After the finite 
y-solutions have been isolated, the number of distinct expressions (116) cannot 
decrease as k increases. Thus, after a certain step, there will be a fixed number 
of distinct expressions (116) and when H™ is formed for any of these expres- 
sions, we get a gxi1 with the same multiplicity as g,. For k large, H™ does 
not vanish for u, = 0 and its polygon has just one side of slope less than —p,. 
We are thus carrying out a process entirely similar to that in §§34—42, and 
forming a certain number of y-solutions of H, 


(117) ery? oe fb EYPE poe 


each consisting of an infinite number of terms. 





82 Definition as for ¢). 

88 The details are as for the second step. 

84 Such b-points will lie on sides of slope less than —p,. Of course, p; may be different 
for different H™. 

8° The matter of the areas %2 in §26 is handled as follows. Consider any set of ¢;, J = 


1,-+-, k. We know thus far that the 9; are analytic in some definite area. Every ¢; is 
determined by an algebraic equation. The coefficients in this equation are polynomials 
in gi, -*: , gj-1, and their first derivatives, with functions in the underlying field for coeffi- 


cients. By an induction, we can prove that ¢; satisfies an algebraic equation with coeffi- 
cients in the field. It follows that the y; can be continued along any path in 2% which con- 
tains no point of a certain point set which has no limit point in %. This is enough to give 
the areas Y%. 

6 For any y-solution (115), the y; can be continued over any simply connected area 
which contains no point of the point set mentioned in the preceding footnote. For © in 
§25, we take the logical sum of these sets for the various y-solutions (115). 
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Let us study the g; in any y-solution (117) from the point of view of analytic 
continuation. We work with a particular y-solution (117) and, in speaking of 
expressions H®, understand them to be associated with that y-solution. 

We denote by p the common multiplicity of the ¢; with k large in (117). Let, 
jor k large, « be the order of H(0). We have a relation, analogous to (65), 


(118) H®(u,) = yX? R&O(a, gy + yh Uy) + yt"? SO, 


The equation 
R&V(x, go) = 0 


is of degree p and its roots are all equal. If the coefficients of 9? and ¢}~" are 
respectively a, and b;, we have 


bi. 
119) a" ~—, 
( | P “4 
Here a, and b, are polynomials in ¢1, --- , gx. and their first derivatives, with 


functions in the underlying field for coefficients. 
We wish to show that a; does not depend on k. By (118), H™ has a term 
a,y’ur with 


(120) s = o*) — pp,. 


The point (p, s) is the right extremity of the first side of the polygon of H. By 
$51, (p, s) is also the right extremity of the first side of the polygon of H+, 
and the details of that section show that H“*» has a term a,y’u?,,. Thus 
Aisi = Ap. 

We represent the equal functions a, by d. We see now, by (119), that there is 
a positive integer h such that for k > h, gx is rational in g, --- , g and their 
derivatives of various orders, the denominator of ¢; being a power of d. Now 
vi, *++ ,g, and their derivatives, as was seen above, can be continued along any 
path which avoids the points of a certain set which has no limit point in %. The 
same is true of 1/d. It follows that all g; in (117) can be continued along any 
path which avoids a certain set with'no limit point in %{. The yg, can be con- 
tinued, as uniform analytic functions, over any simply connected area containing 
no point of the set. 

Let us think of the ¢ finite y-solutions and of the y-solutions (117) as having 
been constructed with’ their coefficients all analytic in some definite area. If 
these coefficients are continued over some area 1, we get a set of y-solutions with 
one of which any y-solution of F with coefficients analytic at a point in %,; must 
comeide, 

To complete the proof of Theorem II, we take a y-solution (117) and show 
that p, the common multiplicity of the g; with k large, is a multiplicity for the 
ysolution. The fact that the equation 


R(x, wo) = 0, 
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with k large, has p roots all equal to g:41 in (117), shows that the first side of the 


polygon for H has on it points plotted for H™ of abscissas 0, - - - , p, associated 
with terms in uj, 1 = 0, --- , p. Thus the coefficient of uj in H®, for 
l= 0,---, p, has an order equal to 


This means that if wu; is replaced by 0 in 


a! H® (uz) 

au} ? wl 
1 = 1,---, p, we get an expression in z and y in which the least exponent of y s 
is o) — Ippys. is 

i We have seen that s in (120), which is the ordinate of the right extremity of 
the first side of the polygon of H™, is the same for all large k. We have thus id 
: s =o — pps. (1 

Thus 

| wi 
ti (121) o® — Ip, = s+ (p — I) pryr- fo 
| The expression in x and y mentioned above is obtained again if we replace u ' 
in d'H(u)/du' by ( 
ay '+---+qy"*. wl 
Now the second member of (121) is large when k is large, for 1 = 1, --- , p — 1, ze 


but has a fixed value s for! = p. This shows that (117) annuls the first p — 1 

derivatives of H with respect to u, but not the pt» derivative. Thus the y- 

solution (117) is of multiplicity p. Wi 
Theorem II is thus proved. We proceed to show how this theorem can be 

used to test for the presence of y = 0 in the general solution of F. Following 

the indications in §22, we shall develop a method for determining whether F 


has a y-solution which does not annul any B; which may be present in (39). eff 

no 

Multiplicities and Vanishing Derivatives in 
55. Let there be B; in (39) and let B represent some one of them. 

A series (40) which either vanishes identically or else has pi = 1, will, if it th 

annuls B, be called a y-solution of B. Every y-solution of B is a y-solution of F. re 


Let B have a y-solution @. We shall show that certain partial derivatives of 

H are annulled by a. Also we shall prove that @ has a multiplicity and we shall 
i¢ determine that multiplicity. | 
Ade According to §5, there is at = 0 such that, S being the separant of B, we have pr 


(122) S'F = CoB? + C,B™ Bl 4 ... 4 C, BB! 


with B’ the derivative of B, where the C are forms of order one at most, not 
divisible by B, and where 





p> 0; pP<DB+4H, t= 1,---,7. 
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We are going to prove that @ has the multiplicity p. Also, we shall prove that 
giotitis H 


du” aul aul? 
is annulled by @ for lb + 1, + le S pif at least one of l;, /2 is not zero. 
We have 
(123) S'H = C,B?+C,B"B% 4+... 
where, in S, B, B’ and the C, the substitution 
(124) Y= UU, Yo = Uy + Uz 
is supposed to be made. 
Then H, B and B’ are annulled by @, but S and the C are not.” In the 
identity (123), we put 
(125) u=uU+W, Uz= Uz+ W1, Uy = Uy + We 
where the w are indeterminates. Because @ does not annul S or any C, we have, 
for (125), 
S = a+ aw + a2wp+---, 
C; = bo: + biwo + bows + ---, 
where the a and b are expressions in x and y, a and the bo; being distinct from 
zero. Also, for (125), 
B = aywy + dw} + dw} + + 
with a as in (126); and 


B’ = fwo + gui + hwe + kw + ---. 


Thus, for (125), the second member of (123) becomes a polynomial in the w;, 
effectively containing a term in w? but no term in w) withj < p. Furthermore, 
no power product of degree less than p + 1, in which w; or we is present, appears 
in the polynomial. 

Because a) ¥ 0, (123) shows that H also becomes, for (125), a polynomial with 
the properties just described. This implies the results stated above with 
respect to the partial derivatives of H and the multiplicity of a. 


(126) 


Final Criteria 

56. Let F be as in the hypothesis of Theorem II. Let one or more B; be 
present in (39), and let y = 0 belong to the general solutions of certain of them, 
say to the general solutions of® 


(127) | oe 


ee 


: sg and the C, as forms in y, are not divisible by B, and B is algebraically irreducible. 
* This assumption holds through §65. 
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Our present object is to determine whether F has y-solutions which anny! 
none of® B,, --- , Be. 

Let each B;, 7 = 1, --- , t, be considered as a polynomial in y, y; and let 9; 
be the highest exponent of y; in the terms of lowest degree in B;. One can see, 
from the Newton polygon for B;, that, for x in a suitable area, B; has q; distinct » 
y-solutions with coefficients analytic throughout the area. Let p; be the value of 
of p in (123) for B = B;. Let 


{u 
ti 


m= pPigi + +++ + Ped. 


We compare m with n as in Theorem II. 

Suppose that n > m.® Then, whether the y-solution number of F is n or ~, 
F must have a y-solution which annuls no B; in (127). 

Suppose that n < m. Then n cannot be the y-solution number of F, so that 
the y-solution number of F is © and F has y-solutions which annul no B; in 








F (127). ( 
| Now let » = m. In the sections which follow, it will be shown how to de- \ 
termine for this case, by a finite number of operations, whether the y-solution of 
ee number of F isn or «. If the y-solution number is ~, F has y-solutions which gr 
HL dea annul no B;. If the y-solution number is n, we know that any y-solution of F . 

with coefficients analytic at a point not contained in & of §25 annuls some B,. 

Now the work in §54 connected with (119) shows that when F has a finite y- 

solution number, the coefficients in any y-solution, if they are all analytic at a 

point a, are analytic together in some neighborhood of a. Thus when the y- 
solution number is n, every y-solution of F annuls some B,. t 
57. Assuming that m = n, we undertake to decide whether the y-solution 0 
number of F is n or «. " 
We start by showing how to determine a positive integer k such that, given b 
two y-solutions of the same or different B in (127), all coefficients in both y- T 
solutions having a common area of analyticity, the two y-solutions do not coin- . 

cide through their first k terms.% 
Let A = B,B,--- B,. Let A be of degree gin y:. Then, for z in a suitable " 
area, A is annulled by precisely q distinct power series : 
a 
(128) Y= giy™ + yoy” aa eee ol 
with increasing rational p;, for some of which p; may be less than 1. One of s 
these series may be identically zero. ‘ 
th 8° The remaining B have no y-solutions. 

% Examples with n > m,n = m,n < m, will be given in §89. . 
*t Two distinct y-solutions of which one is y; = 0 will be considered not to coincide P 


through their first terms. If a y-solution consists of a finite number, say g, of non-vanish- ” 
ing terms, those terms are supposed to be the first g terms and we imagine an infinite number 

of vanishing terms to follow. Otherwise, we allow only non-vanishing terms. When we 

refer to k as above in a case in which there is only one B; , with only one y-solution, k will be 
understood to be any positive integer. 
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The product é of the q(q — 1) differences of pairs of solutions (128) is a rational 
function of y which it is possible to calculate by the theory of symmetric func- 
tions. 

The least possible value s of p; in (128), for the solutions (128) distinct from 
wero, can be found by inspection from the Newton polygon of A. The difference 
of any two solutions (128) is thus a series 


(129) a + fa" + --- 


with o, 2s. If, then, the expansion of £ in ascending powers of y begins with 
the g" power of y, we have, for any o; in (129), 


o1+sla(q—1)-I1] Sg 
or 
(130) 1.59 —s(" —q-1). 


We denote the second member of (130) by v. Then no two of the y-solutions 
of the B coincide through a power of y as high as the vt" power. Let w be the 
greatest of the degrees of the B in y;. Then the common denominator of the 
pin any y-solution may be taken not greater than w.* It suffices then to take 


k=(¢—1)w+1. 


58. Let k be any integer such that no two y-solutions of the B in (127) coincide 
through their first k terms. 

We return to the process described in §§31-—54 for seeking y-solutions (not all) 
of H. Let g be any positive integer not greater than k. If the process termi- 
nates at the g** step,®* it must be that either we have encountered an H&—” with 
b-points, or that no H“-» has a side of slope less than the corresponding™ — p,-1. 
The manner of termination would indicate whether the y-solution number of F 
isnor #, 

To test whether the process terminates at the k step, or at an earlier step, 
requires a finite number of rational operations, differentiations and resolutions 
of polynomials into irreducible factors. To be sure, we may have to solve 
algebraic equations like (102), but all that is necessary for handling a solution 
of such an equation is the knowledge of an irreducible equation which such a 
solution satisfies. It is then possible to calculate with the solution and its 
derivative by the methods of abstract algebra. 


59. Let us suppose that the process does not terminate at the k‘* step or at 


an earlier step. We shall prove, in §§60-65, that the y-solution number of 
Fis n, 


CC 


” B; = 0 defines y; as a function of z, y, of at most w branches. 
® See §54. 


“Forg = 1, this means that either H® = H has b-points or 9 consists of a single point. 
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60. The non-termination means that we have met certain H@ with sides of 
slopes less than the associated —px-1 and with no b-points.® There will have 
been isolated a certain number ¢; of y-solutions which either are zero or possess 
at most k — 1 terms. The sum of ¢, and the multiplicities of the ¢; which the 
H*-» yield is n. é 

Thus t, <= m. Then the B; must have y-solutions with at least k terms® 
and the p; of the kt» terms must be negatives of slopes of sides of the H-», 

Let 


(131) giy” > shai a ony a tee, 


consisting of at least k terms be a y-solution of some B;,say Bi. Let (131) have 
multiplicity p for H. Then px in (131) is the negative of the slope of a side of 
some H“-», which, for the substitution 


Urr = pry? + Ux 
yields an H™ which is annulled by” 
(132) Gry Pr + oe 


61. If H™ has sides of slope less than —p;, let q be the abscissa of the right 
extremity of the rightmost such side. Otherwise, let q be the least abscissa of 
the points plotted for H™. As was seen in §§49, 50, q is the multiplicity of g;. 
We shall prove that q = p. 

In the above, H“-», H™, (131), p and q were fixed entities. In the paragraph 
which follows, but not beyond, we consider various H“-» etc. 

The sum of ¢; and of the various q for all H® obtained from all H“” is n.® 
The sum of t, and of the =p for all possible (131) for the various B; is at least 
m= n. Two distinct (131) associated with the same H- differ either in p: 
or in g; and hence are associated with distinct H™. 

It follows that, for the particular p and q which we are using, it will suffice to 
prove that q = p.%® 


62. Suppose that q < p. By §49, the point on the polygon of H“ of which q 
is the abscissa is associated with a single term, namely a termin uj. We denote 
this point by h. If his joined to any point plotted for H of abscissa exceeding 
q, we get a slope not less than — p,. 

Let K represent 9H /du%. Because q < p, K is annulled by (132), as His. 





* If k = 1, this means that Q has a side of slope not greater than —1 and has no b-points. 

% If a B; has a y-solution which is zero or has fewer than k terms, that y-solution must 
be among the ¢; y-solutions mentioned above. 

97 (132) may be zero. 

*8 Here we are including even those H which may not be related as above to a (131). 

*® When this is shown, we shall know also that every one of the ¢; y-solutions mentioned 
above annuls some B;. 
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Let points be plotted for K by the method used for the various H®. A point 
jor H®, associated with a term involving u; to the g'* power at least, yields a 
point for K by a translation to the left of q units. All other points for H™ dis- 
appear. Thus h produces, for K, a point h’ on the axis of ordinates which is the 
lowest point for K on that axis. Also, if h’ is joined to any point for K of positive 
abscissa, we get a slope not less than —p;. Because K has a point on the axis 
of ordinates, K is not annulled by (132) if (132) is zero. Because of the slope 
situation just described, K cannot be annulled by (132) with pis: > pe, geri ¥ 0. 


(§§46, 47.) 


63. Thus,g = p. If pis the least abscissa for the points of H™, (132) is zero 
and H® can be discarded in the search for y-solutions of H. Suppose conversely 
that (132) is zero. We shall prove that p is the least abscissa for H™. 

Otherwise H® would have a term in 

l l k 
bad bed bad 
withh +1, +l. <p. The coefficient of that term would be 
Aotitl, He 


(133) Fi 1 l 
du? Ou) du? 





with uz, Use, Uky Yeplaced by zero. However, §55 shows that (133) will vanish 
for these replacements, because the corresponding derivative of H vanishes 
for (131). 

Thus, for (132) to be zero, it is necessary and sufficient that p be the least 
abscissa for H™, 


64. We suppose that (132) is not zero, so that H™ has at least one side of slope 
less than —p.. We shall prove that H™ has a single such side and that this 
side has slope —px41 (as in (132)) and has a horizontal projection of length p. 
That is, the side joins the point h to a point on the axis of ordinates. It will be 
seen also that this side has no b-points. 

We begin by showing that the rightmost side of slope less than — px, call it J, 
has a slope not less than —pz,:. Let the contrary be assumed. Then a line 
through h of slope — px41 will have every point other than h plotted for H™ lying 
above it. It follows that (132) cannot annul H™. 

We prove now that / contains no b-point. Suppose that / has a b-point and 
let the rightmost b-point on | be designated by hi. The abscissa of h; is less than 
p. Let one of the terms associated with h, be a term in 


(134) Uy Ue 
with |, and l, not both zero. Let 


gutit, AO 





OT 1 eg 
Ou ,° du,* du, 
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According to §55, K is annulled by (132). We plot points for K in the customary 
manner. Then a point for H™ yields a point lb + i, + lL: units to the left and l, 
units higher up, or yields no point for K, according as the point for H does or 
does not have a term associated with it which is divisible by (134). In par- 
ticular, h; yields a point hz on the axis of ordinates (the lowest such point for K) 
and no point on | to the right of fA yields a point for K. On this basis, we see 
that if he is joined to any point for K of positive abscissa, we obtain a slope 
greater than the slope of /, that is, greater than —pz 1. It follows that (132) 
cannot annul K. 

Thus, / has only a-points. We show that the slope of 1 is —pii1. Suppose 
that the slope is greater. Let h,, of abscissa p; < p, be the left extremity of |. 
Let 


an H® 


ap? 
du’. 


K 





We see that K has at least one point on the axis of ordinates and that when the 
lowest such point, obtained from hy, is joined to a point for K of positive abscissa, 
we get a slope greater than —p;z4:. It follows that (132) does not annul K,a 
contradiction. 

We prove finally that the horizontal projection of | is of length p. Otherwise 
the multiplicity of ¢:41 in (132) would be less than p and H“*» would have a point 
h,, analogous to h, of abscissa p,; < p, which is either the rightmost extremity of 
sides of slope less than —p;4; or else a least abscissa. Then h; would be asso- 
ciated with a single term, namely a term in u?,, and a% H®/du? , could 
not vanish for 


Une = Gesay"* + -->, 


a contradiction. 


65. What we have shown, in the preceding sections, is that-if the process does 
not terminate in k or fewer steps, then, if the process terminates at the (k + 1)" 
step, H has precisely n y-solutions (for a suitable area), each consisting of a finite 
number of terms. Now k + 1 is an integer of the type described in §57. It 
follows that the process cannot terminate by the appearance of b-points, so 
that the y-solution number of F is n. 


A Special Case 

66. We consider a case, of frequent occurrence, in which the y-sqlution number 
of Fis nrather than «. 

Let F be as in the hypothesis of Theorem II. We make no assumption as to 
the existence of forms B as in (127) and, if such B exist, nothing is assumed rela- 
tive to m, 
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Suppose that H has no b-points and that the various ¢; found for the first 
terms of y-solutions all have multiplicity unity."° The number of y-solutions 
y = 0, that is, the abscissa of the leftmost point of H, is of no importance. 

We shall prove that the y-solution number of F is n. It is seen under the 
assumption made, from §§49, 50, that every H encountered, k 2 1, has a term 
in the first power of uw; whose associated point, an a-point, is either the leftmost 
point on the polygon of H™ or else is the right extremity of the only side of slope 
lessthan —pz. Because the a-point mentioned has unity for abscissa, H can 
have no b-points. This proves our statement. 


Series in the General Solution 

67. Let F be an algebraically irreducible form in y, of the second order. We 
denote the general solution of F by M. 

If F has y-solutions which annul every form’ holding 2, such y-solutions 
will be said to be in I. Suppose that there is a y-solution in Mt. Then y = 0 
isin MN, for a form containing a term in x alone cannot be annulled by a y-solution. 

In the sections which follow, we shall establish the converse of this fact, namely 
that if y = 0 belongs to M, there is a y-solution in J. More definitely, if y = 0 
is in I, there is a set of points, dense in the area in which the coefficients in F 
are analytic, such that, given any point a of the set, there exists a y-solution in I 
whose coefficients are analytic at a. 

Let us prove that if there are B in (39), no y-solution in 92 can annul any B. 
Consider any B; and, with it, D; of §20, which is annulled by all solutions in 
which annul B;. D;isof order zero. If Gi, --- , G,isa finite set of forms whose 
manifold is I, some power of D;is a linear combination of B;, Gi, --- , G, and 
the derivatives of those forms, with forms for coefficients. Any y-solution in 2 
which annuls B; would thus annul D;. As D; does not involve y,, D; cannot 
vanish for a y-solution. 

We prove now that a y-solution of F which annuls no B in (39) is in M.'” Let 
R be the product of the B; in (39) and T the product of the C;. Let U = RT. 
Then U and R are annulled by the same y-solutions of F, namely the y-solutions 
ofthe B;. If Q is any form which holds M, UQ holds F. It follows, as above, 
that every y-solution of F annuls UQ. Hence, a y-solution of F which annuls 
no B; annuls Q and is in M. 

Thus, after it has been proved that 2 contains y-solutions if it contains y = 0, 
the problem of determining whether y = 0 is in 9 will have been reduced to the 
problem of determining whether or not F has y-solutions which do not annul 
any B which may exist in (39). This question is covered by the preceding 
sections, 


eee 


™ For an example, see §89. 
! The successive derivatives of the y-solutions are calculated formally as in §21. 
“ If there are no B, every y-solution is in the general solution. 











ee 





600 J. F. RITT 


Indecomposable Systems 

68. In A. D. E., §64, we proved the following theorem: 

Let = be an indecomposable system of simple forms in yi, --+ , Yn. Let Bbe 
any simple form which does not hold =. Given any solution of 2, analytic in an 
area %,, there is an area X’, contained in %,, in which the given solution can be 
approximated uniformly, with arbitrary closeness, by solutions of 2 for which B 
is distinct from 0 throughout %’. 

We are going to establish here the following stronger result: 

Let = be an indecomposable system of simple forms in yi, --- , yn and B any form 
which does not hold =. Let y; = ¢:,7 = 1, --- , n, be any solution of 2, and %; an 
area in which this solution is analytic. There exist n functions ¢; (x,h),i =1,---, 
n, of x and a parameter h, analytic for h small and for x in some area contained in 
%,, such that g(x, 0) = £:,7 = 1, --- , n, and such that the y; annul every form in 
L, but not B, identically in x and h, when substituted for the y;. 

To prove this we take up again the considerations of §§56—61 of A. D. E., and, 
beginning with §§62, 63, introduce some modifications. 

Let £1; --- , &, be any solution of V, analytic in some area %,. Let H be any 
non-vanishing simple form in 2, ---, 2g. We shall show the existence of n 
functions ¢;(z, h), 7 = 1, --- , n, analytic for h small and for zx in some area in 
%,, such that ¢.(z, 0) = &; and such that every form in 2, vanishes identically 
in x and h for z; = ¢;(x, h), while H does not. 

If H does not vanish for z; = ~;,7 = 1, --- , n, we take g; = &;. In what 
follows, we assume that H vanishes for z; = &;. We proceed as in A. D. E., §63. 
Starting with the equations (43) of that section, which we rewrite here 


(135) zi = & + Djh, i= 1,---,q, 


we observe that R = 0 will admit as solutions for w, when (135) holds, g distinct 
series of the type 


bh” aa doh? oo pois 


convergent for | h | small, where the p; are non-negative rational numbers, with a 
common denominator, which increase with 7, and where the 6 are functions 
of z.™ 

These g expressions for w give, by means of the equations (39) of A. D. E., 9 
distinct sets of power series for 2,41, --- , 2n Which, together with the second 
members of (135) above, annul every form in ;. This is because the power 
series furnish solutions of 2; for | h| small. Because each z;, 7 > q, satisfies an 
equation with 2, --- , 2, in which the highest power of z; has unity for coefficient 





103 We use the letters n, B and H in this section as in the corresponding sections of 
A.D.E. Noconfusion with the notation of the present paper will result. 
104 Because the coefficient of w? in R is free of z1, --- , z,, there can be no negative pi. 
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(A. D. E. §57), the power series for 2,41, --- , 2, cannot contain negative powers 
of h. Let the g sets of power series be represented by 


(136) oe a k=1,---,g. 


For | h | small, if (185) holds, Z of A. D. E., §60, will vanish if 
(137) v= m= mer te fue, k=l, --- yg. 


Since the g expressions v; are distinct from one another, we have, representing by 
8 the polynomial in v and the u; which Z becomes when (135) holds, 


B = (v — 9) --- (v — %). 


Let v, with h = 0 be denoted by v,. Representing Z, for z; = &:,7 = 1, --- ,q, 
by y, we have 


vy = (v — 04) --- Y — m). 


As &,---, &: is a solution of ¥, 
v — Ukgut — ++ — Upgn 
must be afactor of y. This shows that, for some k, (136) reduces to £41, «++ , &n 


forh = 0. Using the set (136) for this k, and replacing h by a suitable integral 
power of itself, we obtain, from (135) and (136), a set of y;(z, h), analytic in x 
and in the new parameter h, which fulfill our requirements. 

We continue as in A. D. E., §64. Equation (51) of that section shows that 


(138) D+C — N 


with w replaced by ayZ41 + --- + Qp2nisaformin 2;. Let H be formed as in 
A. D. E., §64, (52). We determine ¢;(z, h), 7 = 1, --- , n, as above, so as to 
reduce to the £; for h = 0 and to annul every form in 2; but not H. Then, as 
the y; annul R (with w replaced as above), they do not annul N. We see by 
(138) that the g; do not annul C. As the y; are linear i in the z;, we have the 
desired modification of the result in A. D. E. 


Approximate Series Solutions 

69. We take F algebraically irreducible and of the second order. Let y = 0 
belong to the general solution of F. 

For any positive integer p, we consider 


(139) F, Fi, ---, Fp; 
where F; is the j'* derivative of F. Let S be the separant of F. Denoting y 
by yo, we consider S and the forms in (139) as simple forms in yo, y1, --- » Yp+2- 


In the decomposition of (139) into essential prime systems, there is precisely 
one prime system—call it A—which is not held by S. Then y; = 0,7 = 0,---, 
P+ 2,isasolution of A. This is because a form G in A, if considered as a differ- 
ential polynomial, vanishes for all normal solutions of F and hence for y = 0. 
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We are going to show the existence of certain functions y,(z, h), i = 0, ... , te 
p + 2, analytic for x in some area and for |h| small, and reducing to 0 for h = 0, b 
such that every form in A, but not S, vanishes identically in z and h for y; = y;,, 10 


i=0,---,p+2. The function y will not be identically zero and the y; will G 
be such that, when they are expanded in powers of h, the lowest power of h 





present in the set of them is present in Yo. That is, we shall have N 
; P 
(140) Wi = Sih? +--+ + Sech* + ---, (¢ = 0,---,p +2) tC 
with the ¢ analytic in x, with r a positive integer and with ¢,0 ¥ 0. Y 
For the proof, we put ys = youi,t = 1,---,p +2. Then A goes over into a p 
system <A; in 
(141) . Yo, U1, +++ » Upye- 
A, has solutions with yo # 0, because A has. If G; and G2 are forms in the un- 1 
knowns (141) such that G,G_2 vanishes for all solutions of A; with yo ¥ 0, then G, | 
vanishes for all such solutions or Gz does. This is because A is indecomposable. . 
Therefore the totality of forms which vanish for all solutions of Ay with yy # 0 
constitute a prime system A’. The manifold of A; consists of that of A’ and of 
solutions with yo = 0. 
We shall prove that A’ has solutions with yo = 0. Let this be false. Let I 
(142) Gi, ---,G, | 
be a finite subset of A’ with the same manifold as A’. Then the system 
Gi, --- , G-, yo has no solutions. There exists thus a relation 
(143) Kyo + K,iG, + see + K,G, = 1, 
where the K are simple forms in yo, w, --+ , Up2. Then 1 — Kyo is a form in ' 
A’. This means that 
(144) 1— wK(25y ss suit) y 
, 4 “* ° j 
vanishes for all solutions of A with yo # 0. K as in (144) cannot be free of 
Yi, °++ » Yp+2, for Ais not held by a form in y alone. Let K in (148) be of degree | 
g = 1 asa polynomial in w, --- , upy2. Then 
, WK (20,4, ---, YH) = Lesa, ++ 5 Ypse) ; 
: Yo Yo 1 
where L is a simple form, each of whose terms is of degree at least g in 


Yo) ***yYp+2. From (144) we see that 
y§ speid L, 


which we denote by M, vanishes for all solutions of A with yo # 0. Because yo 
does not hold A, M does. Then some irreducible factor N of M holds A. The 
term y%~' in M has a lower degree than any other term in M. Hence N has & 
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term in yo alone, which is of lower degree than any other term in N22 Let N 
be considered as a differential polynomial. By §5, y = 0 is an essential mani- 
iold in the manifold of N. But N holds the general solution of F so that y = 0 
cannot be essential for N. 


Thus A’ has solutions with yo = 0. Let (0, a, --- , %.2) be such a solution. 
Now yoS, with ys = yous in S for 7 = 1, 2, does not hold A’. By §68, there are 
p+3 analytic functions ¢;(z, h),7 = 0, --- , p + 2, which reduce respectively 
to 0, 1, --- » &py2 for h = 0 and which annul all forms in A’, without annulling 
yoS, When substituted for yo, U1, ---, Upr2. The failure of yoS to vanish im- 
plies that go(x, h) is not identically zero. 

Let 


Yo(2, h) - go(z, h); Vi(z, h) = go(2, h)g tx, h), i= 1, oss 5 D 4. a 


Then the y reduce to 0 for h = 0 and annul all forms in A without annulling S. 
Let the y be expanded in powers of h. Then the lowest exponent in yo does not 
exceed the lowest exponent in any other y;. The y are thus as described above. 


70. Let a be a value of x such that: 

I. The coefficients in F are analytic at a. 

II. Every ¥:(a, h) is analytic for x = a and for | h| small. 
III. {4 (a) as in (140) is not zero. 
IV. S does not vanish identically in h for 


c= a, ¥i = Vi(a, h), i= 0, 1, 2. 


We let ai(h) = pila, h),i = 0,---, p+ 2. 

For x = a, F vanishes identically in h if we put yx = a;,7 = 0,1,2. Because 
of IV above, the equations F; = 0,7 = 1, --- , p, witha = a, y; = a, 7 = 0, 1, 
2, determine y3, +--+ , Y¥py2 in succession as the a; for 7 > 2. 

Let F; represent for 7 > p, as above for j S p=, the j derivative of F. Taking 
yi equal to a; fori < p + 2, we can now solve the (algebraic) equations F; = 0, 
j=p+3,p +4, --- , in succession for ypi3, Ypi4, +: - Foreveryj > p+ 2, 
we find y; = a;(h) where a; is either analytic, or else has a pole, for h = 0. Then, 
for |h| small and distinct from zero, 


(145) ah) + ay(h)(a — a) +--+. + ore —a)F4+... 


isa normal solution of the differential polynomial F..% 

By III above, the lowest exponent of h in ap is r of (140). That in a, for 
0<k< p44 2is atleast r. Fork > p + 2, the lowest exponent may be less 
than r and may even be negative. 





“S The sum of the terms of lowest degree in N must be a factor of y{'. Because N 
vanishes for y; = 0, i = 0, --- , p + 2, N cannot have a term free of the y;. 

a We are dealing with a definite value of p and with a definite set of ¥; as in §69. 

"” zis restricted to a neighborhood of a which may, for all we know, depend on h. 
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71. Let & be a finite system of differential polynomials, containing F, whose 
manifold is the general solution of F. We assume a as in (145) so to be taken 
that the coefficients in @ are analytic at a. For |h| small, and not zero, (145) 
is a solution of ®. 

Let q be the highest of the orders of those derivatives of y which appear in 6, 
We assume p= of §§69, 70 so taken that p > g. Now, referring to (145), let 


Apio(h) 
(146) B = ao(h) + ar(h)(a — a) + ++» + @eai* — a)Pt?, 
We write 
(147) p= x g(x — a)h*, 


with each ¢ a polynomial in z — a of degree p + 2 at most. As a contains hr’, 
¢, is not zero for x = a. 
When 8 is substituted for y in any form G in ®, G goes over into a series 


(148) 1= ¥ valoda 


k=r 


with the y analytic for z = a. We say that any y which is not identically zero 
has a zero at a of order at least p — q. 

Replacing y in G by 8 + », with v a new unknown and 6 written as in (146), 
we get a polynomial G’ in v and its derivatives whose coefficients are of the type 


> 8:()(e — a)* 
k=0 


with each 6 analytic for h = 0. G’ vanishes when » is replaced by the remainder 
after p + 3 terms in (145). When v is thus replaced, a term of G’ involving v 
or a derivative of v yields a series in x — ain which the lowest exponent of x — a 
is at least p — g + 3. Consequently the term in G’ free of v and its derivatives, 
which is the result of substituting 6 into G, contains no exponent of z — a less 
than p —q+3. This proves our statement. 


72. We shall derive a differential equation of the first order which is satisfied 
by 8 in (147) for |h| small. Representing 8 by y, we write 


(149) y = > ele — adit. 


Because ¢, is not zero for z = a, the r* roots of y are analytic for x = a, h = 9. 
We choose some r** root of y and write it 


(150) yr = > Eh* 
k=1 
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with the ¢ analytic at x = a and &(a) ~ 0. The implicit function theorem 
shows that h is analytic in xz and y'" forz = a,y'/" = 0. Let then 


(151) h = p> i y*!* 


where the are functions of x analytic at a. The absence of a term free of y 
in (151) is explained by the fact that (150) is satisfied by y'/” = 0, h = 0, for any 
z close to a. 

The derivative of y is given by 


(152) vn = Do ex(e — a)hi 


with y, the derivative of g,. Replacing h in (152) by its expression in (151), 
we find a differential equation 


(153) Yi = Moy + my + es + yy + --- 


with the » functions of x analytic at a, which is satisfied by 8 for | A| small. 


73. Differentiating (153) with respect to x and replacing y in the result by 
its expression in (153), we obtain an expression for y2 as a series of powers of y'/* 
which contains no power of y lower than the first power. We obtain similar 
expressions for y3 , --- , Yq, Where q is as in §71. 

Let these expressions be substituted into any form Gin ®. Then G becomes an 
expression 


(154) mY + myytr4 ... 


with each vy analytic at a. We regard the v as expanded in powers of x — a. 

We shall prove that the lowest exponent of x — a in any % # 0 is at least 
P— q. 

Let this be false for ». Then, when we replace y in (154) by its expression in 
(149), we obtain a series in h in which the coefficient of h’, as a series in x — a, 
has a least exponent less than p — g. This is because ¢, in (149) is not zero for 
«=a. We have thus secured the contradiction that the series in (149), sub- 
stituted into G, does not yield a y, in (148) with a zero of order at least p — q. 
This accounts for vp. 

Suppose that the least exponent in 1, is less than p — g. Then the second term 
in (154) yields a term in h*+! whose coefficient has a least exponent less than 
Pp —q. The only other term in (154) which yields a term in h’*' is the first. 
The least exponent in y is too great for cancellation to be possible. This ac- 
counts for »;, and we proceed similarly for the other »;. 


74. We shall later have occasion to use a sequence of values of p, say pi, 
Pa, +++, increasing to ©. Let us show that it is possible to use a single a, 
ED 


“* &, and hence gq, will stay fixed. 
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as above, for all of the p;. In choosing a for p1, we are free to take a anywhere 
in some area. In considering pz, we limit the domain of z to this area and, in 
this domain, find an area any point of which will serve for pe as well as for pi. 
It is now obvious how an a can be obtained which will serve for all p;. There is 
a set of such points a dense in the area in which the coefficients in F are 
meromorphic. 

Of course, r in (153) may depend on 7;. 


75. For p large, the series in (153) comes close, in a certain sense, to being a 
y-solution of F in the general solution of F. We know that if the y-solution 
number of F is , there is a y-solution in the general solution. In the sections 
which follow, we shall show that if F has a finite y-solution number, F has a 
y-solution which is approached in a certain manner by the series in (1538) as p 
increases. That y-solution will be in the general solution of F. 


Expansions 
76. An expression 


i) 


(155) > vey"! 
k=0 
with r a positive integer and the » functions of z all analytic at some point a, will 
be called a y-expansion. Consider, in (155), a term vy‘ with v not zero. If v has 
s = 0 zeros at a, the term will be said to be of degree t and of order s. 
All y-expansions occurring in any particular discussion will be understood to 
involve the same a, but r may be different for different y-expansions. 


77. We shall frequently denote y-expansions by a single letter. Let 
(156) V1, V2, --* , Uk, °° 


be an infinite sequence of y-expansions. The value of r may change with k and 
need not even be bounded. 
The sequence (156) will be said to converge to zero if, given any positive numbers 
s and t, a positive integer g can be found such that, for k > g, either v; has no 
term of degree less than t, or else such terms exist and their orders all exceed s. 
If there is a y-expansion v such that 


V— U,+++ 50 — VE, +e 
converges to zero, (156) will be said to converge to v or to have vas a limit. There 


can be at most one limit for (156). 


78. We consider a sequence (156) which does not converge to zero. There 
must exist a positive number é for which a positive integer s can be found such 





109 The numbers ¢ which are being described need not be integers. 
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that there are v,; with k arbitrarily large containing terms of degree less than ¢ 

which are of order less than s. The greatest lower bound of such numbers ¢, 

which, of course, is non-negative, will be called the characteristic of the sequence. 
If (156) converges to zero, its characteristic will be defined as + «. 


79, Let the two sequences of y-expansions 
Vi, +++) Ue, °°? 


and 
Wi, tae » Wk, eee 


have respectively the characteristics a and 8. Let 8 > a." Then the charac- 
teristic of 
v; + WwW), eee » Ue + Wk, ° 
is a. 
The proof is trivial and will be omitted. 
The characteristic of (156) is not greater than that of 


Ov; OVE 
ax’ >On’ ‘ 


Let no v; in (156) contain a term of degree less than unity. Then the charac- 
teristic of (156) exceeds by unity™ that of 


” ay 


gore 


ay’ 2% 


80. Let (156) have a finite characteristic a. If, for every « > 0, there is an 
s, > O such that every v; with k sufficiently large has a term of degree less than 
a + ¢ which is of order less than s,, we shall call a a strong characteristic of the 
sequence. 

If (156) converges to 0, then + © will be called a strong characteristic of (156). 

We are going to prove that every sequence of y-expansions has a subsequence 
which possesses a strong characteristic. 

Let the least upper bound of the characteristics of all subsequences of (156) 
be denoted by 8. 8 may be + «©. We shall prove first that (156) has a sub- 
sequence of characteristic 8. Let y be any number less than 8 and s any positive 
integer. By the nature of @, there are v; in (156) with k arbitrarily large in which 
every term of degree less than y is of order greater than s. Letting y increase 
toward 6 and s increase toward ©, we secure easily a subsequence of (156) whose 
characteristic is not less than 6 and is therefore equal to 8. 

We shall prove that B is a strong characteristic for the subsequence. Let 6 
LSS 


"° This means that a is finite. 
lll . 1 =o 
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be finite and let there be an e > 0, such that, for every s, there are y-expansions 
arbitrarily far out in the subsequence for which all terms of degree less than 8 + ¢ 
have orders greater than s. Letting s increase, we can form a subsequence of 
the above subsequence whose characteristic is at least 8 + ¢«. This contradicts 
the fact that B is the greatest characteristic for all subsequences. 

If a sequence has a strong characteristic a, each of its subsequences has a as a 
strong characteristic. 


81. Let the two sequences of y-expansions 


(157) V1, olan Vk) ee 
and 
(158) ee ee 


have strong characteristics, equal respectively to a and to 8. We shall prove 
that 


(159) tienen 


has a strong characteristic a + £8. 

Let one of a, B, say a, be infinite. Then, in v; with k large, all terms have 
either a large degree or a large order. The same is therefore true for v,w;, so 
that (159) converges to 0. 

In what follows, we assume that a and £ are finite. 

If « > 0, a term of v; whose degree is less than a — ¢ will have a high order if k 
is large. The same holds for terms of w; of degree less than 8 — ¢«. A term in 
v; We Whose degree is less than a + 8 — 2eis a sum of products of terms of v; and 
w; , With either the degree of the v;, term less than a — ¢ or that of the w; term less 
than 8 — e. This shows that the characteristic of (159) is not less than a + 8.1” 

To show that the characteristic of (159) does not exceed a + 8, and is strong, 
is more difficult. Let ¢ be a fixed positive number. Let s > 0 be such that for 
k large, v; and w; have terms of orders less than s whose degrees are less respec- 
tively than a + e€ and 8 + «. We shall produce an integer s’ such that wx 
with k large has a term of degree less than a + 8 + 3 whose order is less than s’. 

Let 6 be a number not less than a + 6 + 3e. Let v, and w; be respectively 
the sums of the terms of degree lower than 6 in », and w;,. Then v,w;, coincides 
with v;,w; through terms of degree less than 6. 

If v;,, with k large, consists of a single term, that term, by the hypothesis, is of 
degree less than a + ¢ and order less than s. As w, has a term of degree less 
than 8 + e and order less than s, v,w, will have a term of degree less than 
a + B + 2e and order less than 2s. The same result is obtained if w, with k 
large has only one term. In what follows, we assume k to be such that v ;, and w; 
each have more than one term. 





112 This holds even when the characteristics are not strong. 
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The equation v, = 0 is an algebraic equation in y'/" of degree less than ré in 
yrs The solutions of this equation can be expanded, for x close to a, in as- 
cending rational powers of z — a. Given a solution distinct from zero, we shall 
call the lowest exponent of x — a present effectively in its expansion the order 
of the solution. 

We form a Newton polygon which gives the orders of the solutions of v, = 0. 
This is done by plotting, for the terms »;y“é in v,, the points (u;7, o;), where o; is 
the order of v;; and forming segments of least slope, starting with the leftmost 
plotted point. : 

Let the solutions of v, = 0 distinct from zero be arranged in a sequence so that 
their orders do not increase. Let the leftmost point’ on the polygon be (¢, o). 
let (¢’, o’) be any point on the polygon whose abscissa is an integer. We do not 
ask that (¢’, o’) be a point plotted for v,. Then the sum of the orders of the 
first ¢’ — ¢ solutions in the above sequence is o — a’."5 This is because a side 
of the polygon whose slope is —p and whose horizontal projection is of length g 
yields g solutions of order p.™® 

Let (£, 7) be the left most point on the polygon of w,. Then the leftmost point 
on the polygon of v,w; is (¢ + & o + 7). 

Because v, has a term of degree (in y) less than a + ¢ and of order less than s, 
there must be, on some side of the polygon of v;, a point (¢1, 01) with ¢, an integer 
less than (a + €)r and o; < s."7 The point (f1, 01) is not necessarily a point 
plotted for v;. 

Similarly, on the polygon of w;, there must be a point (£, 71) with & an integer 
less than (8 + e)r and 7, < s. If the solutions of w, = 0 distinct from zero are 
arranged in a sequence so that their orders do not increase, the sum of the first 
§ — solutions will be 7 — 74. 

If now the solutions of v,w, = 0 distinct from zero are arranged as above, the 
sum of the first 


(+4 —-(¢+28 


solutions will be at least (o + 7) — (01 ++ 71). This means that the polygon of 
»,W;, has a point,"8 call it h, of abscissa ¢; + & and of ordinate no more than 
11+ 7. We observe that 


(160) A+thii< (a+ 64 20)r, a+ < 2s. 


The point h lies on one or on two sides of the polygon of v,w,. Let l be such 
aside. Suppose that the slope of I is less than 


2s 
ree 
EE 
"’ Note that r depends on k. 
> The plotted point of least abscissa. 
“ If t’ = ¢, this means thato — o’ = 0. 
ws p may be negative. 
“’ t: can be taken as the product by r of the degree of the mentioned term of ».. 
"s Not necessarily plotted. 
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Then, if A; is the right end of l, the abscissa of h; cannot be as great as 
(a + B + 3¢e)r. 


If it were, the ordinate of h; would be less than that of h by more than 2s 
and would be negative. Thus, our assumption as to the slope of 1 implies that 
vw, (also v, wz) has a term of degree less than a + 6 + 3¢ and order less than 2s, 

Suppose now that the slope of J is at least —2s/re. Let us see how great the 
ordinate of the left end of 1 can be. By (160), the intercept of 1 on the axis of 
ordinates is less than the quantity s: given by 

2s 
s = 2s + — (a + B + 2e)r. 
Then the ordinate of the left end of lis less than s,. That is, v,w, contains a term 
of degree less than a + 8 + 2e and of order less than s;. 

We notice that s:, which is actually free of r, depends in no way on k. Let s’ 
be an integer greater than 2s and s;. Then vw; with k large has a term of 
degree less than a + 8 + 3¢ and order less than s’. Thus a + @ is a strong 
characteristic for (159). 


Completion of Proof 

82. We proceed now to carry out the plan sketched in §75. Taking F as in 
§69, with y = 0 in the general solution, we examine the case in which the y- 
solution number of F is finite. We use ® as in §71. 

According to §73, there exists an infinite sequence of y-expansions 


(161) ia sh aiid 


with no terms of degree less than unity, such that, when the v; are substituted 
into any form G in , we get a sequence of y-expansions converging to zero. 


83. Suppose first that (161) converges to zero. We shall prove that y: = 0 
is a y-solution of F in the general solution of F. 

It will suffice to prove that if G is any form in ®, G is annulled by y: = 0." 

We shall establish a more general fact, which will be of service later. 

Let K be any form in y. Let ¢ be a y-expansion with no terms of degree less 
than unity and t, ft, --- , a sequence of such y-expansions converging to 0. 
Suppose that, when ¢ + t,, k = 1, 2, --- , is substituted into K, we obtain a 
sequence which converges to 0. We shall prove that ¢ annuls K. 

We know how to substitute 


(162) y= 





119 Every form which holds the general solution has a power which is a linear combination 
of the forms in # and their derivatives. 
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to K. Let us compare the result with the results obtained by making in 
succession the substitutions 


(163) y= t + te. 


To distinguish between (162) and (163), let y: in (163) be designated by jj. 
We have 


A=ntkh 
so that 
‘ 7) ) 
yr = ay ut + ti) + (at &) ay (tt + tr) 
=nt Penta +a, 
or 
(164) Yo = Y2 + We 


where the w,; approach zero as k increases. 
From (164) we find 


js = - (yo + we) + (ya + 0) = + wr) 


= Ys + % 


where the z, approach zero as k increases. Similar results are obtained for the 
higher derivatives. 

On this basis, we see that the y-expansions obtained by substituting ¢ + ¢, 
into K converge, as k increases, to the result obtained by substituting ¢. This 
shows that ¢ annuls K. 

The result stated at the head of this section follows. 


84. We assume now that (161) does not converge to zero. Then the charac- 
teristic of (161) is at least unity. 

If, in the H(u) associated with F, we replace, for each k, u by vz, uz by v,/dx 
and uy by dv,/dy, we obtain a sequence of y-expansions converging to zero, 
namely the sequence produced by F. 

The y-solution number of F is n as in Theorem II. In choosing a point a 
for the formation of (161), we take a in-an area in which F has n y-solutions 
(multiplicities counted) with coefficients analytic throughout the area. 

Without loss of generality, we assume that (161), the sequence of the dv;,/dx 
and the sequence of the dv;/dy all have strong characteristics.'° Let the 


antiga 


™ The sequence of 8v,/ay will have a strong characteristic if (161) does. 
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characteristic of (161) be p: = 1. Thena term in yu? in H produces a sequence 
of characteristic u + 8p: and a term in 


y* uburué 
gives a characteristic no less than 
uw — 6+ p(B + 7 + 4). 


It is easy now to prove that the polygon of H has sides and that — p, is the 
slope of aside. If, for instance, the polygon had only one point, say (¢, ), the 
related term in y’uf would yield, for (161), a characteristic ¢ + p.f, which, ac- 
cording to its interpretation as an intercept, would be less than the character- 
istic obtained from any other term. The proof that —p, is the slope of a side is 
analogous to the corresponding proof in §47.!?! 

Let the sum of those terms of H which are associated with points on the side 
of slope — 1, written with increasing exponents of u, be 


(165) biy*uhs 5 a boyd, 


with the b analytic at a. Then o; + pif; has the same value, say A, for all 7. 
Each term in (165) produces, for (161), a sequence of characteristic \. The 
other terms in H give characteristics greater than \. Hence the sum in (165) must 
give a sequence with a characteristic greater than X. 
Let g = { — f, and let ~i, --- , ¥, be the solutions of the algebraic equation 


bi + bei +... + by? = 0. 


Then the y; are the coefficients of y” in the y-solutions of F which start with 
terms in y*. The y; are thus analytic at a. We may write (165) in the form 


(166) beytuti(u — pry) --- (u — yoy”). 


Every subsequence of (161) has p; as a strong characteristic. (§80.) Re- 
placing (161) by one of its subsequences if necessary, we assume that, for 
a= 1, --- ,g, when yy” is subtracted from the terms of (161), we get a sequence 
with a strong characteristic. 

Because (165) yields a characteristic greater than , there must be a factor 
u — Wy" in (166) which yields a characteristic greater than p:.1% Taking such 
a factor, we represent Y; in it by g:. Let 


Ve = Ue — gry", k= 1,2, ---. 
Then if H’(u;) is obtained by putting 


u= gy" + WY 





121 H has no b-points, because the y-solution number of F is finite. 
22) = @, + pigs = os + pigit Pig. 
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in H, H’(w) yields, for the sequence 
(167) TS aa 


which has a strong characteristic greater than p;, a sequence converging to zero. 


85. It follows from §83 that if (167) converges to zero, y; = giy” is a y-solution 
of F which annuls every form in 9, that is, a y-solution in the general solution 
of F. 

If (167) has a finite characteristic p2, the polygon of H’ must have a side of 
slope —p2 and we find a gey” with ¢g» analytic at a, which, when subtracted from 
the terms of some subsequence of (167), produces a sequence 
(168) Dis +43 ¢ Mas *** 
with a strong characteristic greater than pz. The expression 


(169) guy” + gay” 


isa segment of a y-solution of F. If (168) converges to zero, (169) is a y-solu- 
tion in the general solution of F. 

We continue in this manner. The process may terminate at some stage with 
the isolation of a y-solution of F in the general solution of F, consisting of a finite 
number of terms. Otherwise, we find that there is a y-solution, call it v, of F, 
with an infinite number of terms and with all coefficients analytic at a, such that, 
foranyt > 0,s > 0, we can find av; in (161) with k arbitrarily large, such that 
» — ¥; has no terms of degree less than ¢ which are of order less than s. This 
means that some subsequence of (161) converges to v and that v is a y-solution 
in the general solution of F. 

We have thus completed the proof of the fact that, if F is an algebraically 
irreducible form of the second order, containing y = 0 in its general solution, F 
has a y-solution which belongs to the general solution of F. 


86. The y-solution obtained by the above limiting process may annul the 
separant of F, in spite of the fact that (145) does not. Let 
F = yy3 — yj. 


Then the manifold of y; belongs to the general solution, so that y = Odoes. The 
only y-solution is y; = 0, which annuls the separant. 


Summary of Test 

87. Let us summarize the method for testing whether y = 0, supposed to annul 
a given algebraically irreducible form F of the second order, belongs to the gen- 
eral solution M of F. 

If the terms of lowest degree, in F considered as a polynomial in y, y1, yz, are 
free of y:, ye, then y = 0 is an essential manifold. 

If the terms of lowest degree in F involve y2, y = 0 is in M. 
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Let the terms of lowest degree involve y: but not y2. Let n be the highest 
exponent of y; in the terms of lowest degree. If there are no B; in (39) which 
contain y = 0 in their general solutions, y = 0 is in Mt. If such B; exist, we 
determine m of §56. Ifm+#n,y=OisinM. Ifm =n, y = 0is or is not in 
IN according as the y-solution number of F is © or n; whether ~ or n is the 
y-solution number is decided by the method of §§57-59. 


The General Case 

88. We return to §20, where it was a question of deciding whether or not the 
manifold of a given irreducible form of order zero is contained in the general 
solution I of F. 

Let D be the form of order zero. Let 7 be any solution of D.%4 We adjoin 7 
to the underlying field and decompose F into a product F; --- F, with the F; 
algebraically irreducible in the enlarged field. The F; are all of order 2. The 
factorization is accomplished by the methods of abstract algebra. 

Mt will contain 7 when and only when 7 is approximable in the usual manner 
by normal solutions of F. A normal solution of some F; which annuls no other 
F;is normal for F. A normal solution of F is normal for some Fj. 

It follows that 9 contains 7 when and only when 7 is in the general solution 
M,; of some F;. 

To test whether 7 is in 2t;, we put 


y=y' +, 


whereupon F; goes over into a form G; in y’. It then becomes a question of 
determining whether y’ = 0 is in the general solution of G;. 
This closes the investigation undertaken in §19. 


Examples 

89. We give first some examples which illustrate the possible relations between 
m and n in §56. 

Example 1. We present a case in which 2 has no b-points and n < m. Let 


A = y (yy2 + yy. — 2yi) — (wm — y)’. 
Let F be defined by 


$ 2 
(170) F = yA? — ( a y ). 
y Y1 I] "wu—yt 24+ 





a 


Because the second member of (170) vanishes identically in x, y1, y2 for y = 9; 
(170) defines F as a differential polynomial. We use the field of all rational 
functions of x. The algebraic irreducibility of F is seen as follows. F, which 1s 





123 One might prefer, before examining (39), to see whether © has b-points. 
124 Cf. footnote “. 
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of the second degree in y2, cannot have a factor of the first degree in yz, for F = 0, 
considered as an algebraic equation, defines y2 as a function of 2, y, y: of two 
branches. A factor of F free of y2 would have to be a factor of yj, which is a 
term in F. As F does not vanish identically in all its arguments for y; = 0, F 
is algebraically irreducible. F has y = 0 as one of its solutions. 

The separant of F is 2yy, A. By (170) the common solutions of F and A 
annul one of 

y? 
t+j 
For every J, ‘ 
(171) A = y'B; + CB; 


where B; is the derivative of B; and C; is of the first order. Hence A holds every 
B;. By (170) yF holds every B; and as F holds y, F holds every B;._ By (170) 
a common solution of F and y; annuls one of the B;. All in all, the singular 
solutions of F constitute the manifolds of the B;. 

Using §5 and (171), we find that the manifolds of the B; are essential and that 
the y-solutions 





Be=y—-—yt j=0,---,4. 





have multiplicity unity. 

Thus m = 5. 

The terms of lowest degree in F make up (y: — y)*. This shows that ?con- 
sists of one side, which joins (0, 4) to (4,0). Also # (and therefore 2) has no 
b-points. 

We haven = 4 < m. Thus, y = 0 belongs to the general solution of F. 

Example 2. We present a case in which n = m and 2 has no b-points, but 
in which the y-solution number of F is ©. Let 


A = yy2 + yy — 2y}. 
Let 
2 
(172) F=A?+ JJ y—y+t+iy?. 
j=0 


We use the field of all constants. The singular solutions are seen to constitute 
the manifolds of 


Yy—ytsy’, j=0,1,2 


Which manifolds are essential. The y-solutions 


w=y-— jy 
have multiplicity unity, so that m = 3. The terms of lowest degree in F make 
Up (i — y)® so that n = 3andQhasno b-points. Carrying out the substitution 
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u = y + wm, we find that (2, 2) is a b-point for 2’, so that y = 0 is in the general 


solution. 
Example 3. We consider a case in which m = n and the y-solution number of 
F is n. 
Let A = y? — y® and let A; be the derivative of A. Let 
F=Aj-—A | 
The singular solutions form the manifold of A, which is irreducible, and essential 
for F. The y-solutions i 
y= + y*? 


are seen immediately to have multiplicity unity. Thus m = 2. The possi- 
bilities for the first terms of y-solutions are found to be + y*/?._ As the coefficients 
+ 1, which are the roots of gj — 1 = 0, have multiplicity unity, it follows from 
§66 that the y-solution number of F isn = 2. Thus y = 0 is not in the general 
solution of F. 
Example 4. We present a case in which n > m and in which the y-solution 
number is n. , 
Let F = y3 — (yi + y)y:. The singular solutions form the manifold of y, 
which is essential. Thus m = 1. There are no b-points on 2. We see by §66 
that the y-solution number of F is 2. Of course, y = 0 is in the general solution 
of F. ; 


90. We give an example of a y-solution with constant coefficients which f 
diverges for every value of y except y = 0. Let 


F=y;-mty. 
We shall find a y-solution u with constant coefficients.’ We must have 
(173) wur —u+ty=0. . 
Let J 


u=ay+ ay? + .--- + ayy*® + bee 


with constant a;. Then 





Uy = 0 + Zaey + --- + kayy** + --- : 
g 

Thus 
Uy = ay +--+ [(k+ lam +---)y*t+---, f 
where, in the coefficient of y* with k > 2, the terms omitted have positive d 
coefficients. Then 0 
e} 
wu? = afy? + ... + [Qkata, + ---Jy*+---. : 





125 It can be seen from §66 that the y-solution number is unity. 
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4 
Thus a; = 1, @2 = 41, and 
a, = 2ka} aps 


fork > 2. Thusa, 2 k!fork > 2. This proves the divergence for y ¥ 0. 


91. We shall show by examples some of the possibilities, for a singular solution 
which constitutes an essential manifold, as an envelope of solutions. If there 
are B in (39), a theorem of Hamburger can be used to show that the solutions 
in the general solutions of the B are usually envelopes of normal solutions of F, 
with contact of the second order. 

Example 1. Let 

F = (6yy2 — 5y{)* + 729y'. 


The only singular solution is y = 0, which is an essential manifold. The general 
solution, found by putting y = u’, is given by 


y = [(@@ — a) + d(x — a)" 


with a and 6 constants. Thus every solution in the general solution has con- 
tact of the second order with the singular solution. 
Example 2. Let 
F = ys — 216y. 
The only singular solution is y = 0, an essential manifold. The singular solu- 
tion has contact of the second order with the solutions of the two one-parameter 
families +(2 — a)’. F = 0 gives 


Yo = by), 

We multiply by 2y; and integrate. Then 

yi = 9% + ¢ 
with ¢ constant. It follows that no solution of F different from the solutions 
+(r — a)’ can vanish at a point together with its first derivative. Thus the 
singular solution envelops only the above one-parameter families. 

Example 3. Let 

F = yiys — 8y. 
Then y = 0 is the only singular solution and is an essential manifold. F = 0 
gives 

yi = 16y?+ 


from which we see that the only solutions which vanish together with their first 
derivatives for some x are y = +(x — a)*. Thus y = 0 is not an envelope of 
other solutions with contact of the second order. The fact that y = 0 is an 
fnvelope with contact of the first order is noteworthy only because F is of the 
first degree in ys. 


CoLuMBIA UNIvERsITY, 
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PROJECTIVE SCALAR DIFFERENTIAL INVARIANTS 
By Jack LEVINE 
(Received June 17, 1934) 


1. The differential invariants of affine and metric spaces have been studied by 
means of the differential equations satisfied by these invariants. For such in- 
variants the differential equations form a complete system and this fact is used 
in obtaining the number of functionally independent absolute scalars. When 
the components of the normal tensors are used as the independent variables in 
the differential equations for the affine scalars the number of differential equa- 
tions remains the same for invariants of any order; a similar remark applies to 
the use of the components gag of the fundamental metric tensor and its exten- 
sions in the case of the differential equations satisfied by the metric differential 
invariants. Such independent variables were used in two papers by T. Y. 
Thomas and A. D. Michal in the Annals of Mathematics, vol. 28 (1927), pp. 
196-236 and pp. 631-688, in the second of which there is to be found a bibli- 
ography of the more important papers on this subject; for convenience of refer- 
ence in the following we shall refer to these two papers as I and II respectively. 
The above choices of the independent variables is of advantage, since in the dis- 
cussion of earlier writers the number of differential equations increased with the 
order of the invariants. 

In this paper the projective scalar invariants of an affinely connected space are 
studied by a method which is in general analogous to that used for the affine and 
metric invariants. It is shown that the differential equations defining these 
invariants form complete systems, the independent variables being taken as 
the components of the projective normal tensors; the number of differential 
equations is the same for invariants of all orders as in the cases previously treated. 
We have determined the number of projective scalar invariants of any order and 
have found in this connection interesting results concerning the non-existence 
of projective invariants of certain particular orders. Whenever possible the 
treatment has been shortened by reference to the two papers I and II above 
mentioned. 

The author wishes to express his appreciation to Professor T. Y. Thomas for 
his encouragement and advice during the preparation of this paper. 


2. Differential equations for projective scalars. The term projective scalar 
will be used to denote an absolute scalar *S which is a function of the 
3 5(a', --- , 2")! and their derivatives, and which remains unaltered in form 
by the projective change of affine connection 





1 Unless otherwise indicated, Latin indices can take on the values 1,2, --+ , »; and Greek 
indices the values 0, 1, 2, --- , n. 
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Pi, = Ti, + digo + dhe, 


g, representing the components of an arbitrary covariant vector. 
It has been shown? that *S can be expressed as a function of the 


',(z!, --- , 2") and their derivatives, where 
t i 1 t 7 Fy " 
1 bars - Tap = n+1 Seg 4+ airs.) . 


Also, it has been shown* that the latter components II and their derivatives in 
*§ can be replaced by the components *A of the projective normal tensors. 
The components *A3 BY, +15 and *A? 8y,--- yp Ivolve derivatives of order 
r(< p) of the II’s. A scalar *S which involves derivatives of order < p in the 
l’s and hence in the II’s will be said to be of order p. It is understood that 
the derivatives of order p must be present. Then, any *S of order p (21) can 
be expressed in terms of components *A of order r (S p), so *S (of order p) can 
be written in the form 


* * AST . 7 *AS ~*Am 
S( Agar) rae g a By, Toa? aby, --7,) . 


To obtain the required differential equations for *S we proceed as in I p. 204, 
and assume *S(*A) retains its form as a function of the *A under the infini- 
tesimal transformation 


ue = £* + e€*(Z,--- , H*), 
where by definition 
dz! dx! 
az! oz” 
(2) = log) 
az! ox” 








On expanding *S(*A) about « = 0, we obtain 


de 


In the above expansion, the coefficient of ¢ is obtained from 


Eck =2 a kak 


re a 


*J. M. Thomas, Trans. Amer. Math. Soc., vol. 28 (1926), p. 667. Also, J. Douglas, 
Annals of Math., vol. 29 (1927), p. 160. 


my Y. Thomas, Annals of Math., vol. 28 (1927), p.549. This paper will be referred to 
as R, 


*S(*A) = *§(*4) + Ein 0 Od oe 
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where the > represents the terms obtained by summing on the indices of the 

components of the various *A’s entering in *S. The values of (d*A/de),.y are 

obtained by differentiating the law of transformation of the *A with respect to ¢ 
Due to the scalar character of *S we must have 


*S(*A) = *S(*A), 


and on setting the coefficient of « equal to zero we find the above invariant con- 
dition on *S is obtained if, and only if, the differential equations 


o—% * 
, _ . t a*s 
—s 2; (Com om ) Pare, .. 
(2.1) ) 





Vm 


*/¢ t a*S 
s ae =0, 


aBy,-+ 7, 


are satisfied. 
These equations are for *S of order p(= 1). The coefficients in these equa- 
tions are defined by 


* a t a a a 
22)" (F acces Oyo AF reeen Sh AB pee Bla Abner 
For the affine invariants the corresponding calculations are carried out in | 
pp. 203-205. 
To show that (2.1) form a complete system, we form the commutator 


[X,, X7]*S = X{(X7*S) — X}(X,*8), 
and by a calculation similar to that in I p. 207, it is found that 
(XS, X3]*S = 8 XS*S — 85 .X6 48, 
which shows the completeness. 


3. Independence of the differential equations. We shall now prove the two 
theorems. 

[3.1]. If the equations (2.1) for p = 2 are independent, those of order p + 1 are 
independent. 

[3.2]. If the equations (2.1) for p = 2 are dependent, those for p = 1 are de- 
pendent. 

The proof of [3.1] follows that of theorem VII of I, and depends on the fact 
that the number of equations is the same for p and p + 1, the value of n being 
the same in each case. Also those of order p + 1 are obtained from those of 
order p by adding terms which do not affect the independence of the equations 
of order p. 
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To prove [3.2], consider (2.1) for p = 2 and p = 1, (n > 2), ie., 











+*/y t a*s */7 t a*S 
(3.1) apy Co O* AL By + aBy6d o O*A says _ 
*/ 7 t\ as 7 
(3.2) abe s/ d*Ai,, — 
By the hypothesis that (3.1) are dependent, the equations 
* 
o (eh t\_ 
(3.3a) di a. ‘) a 0, 
o ft t\ _ 
(3.3b) ri wn ‘) sc 0, 
have solutions Af not all identically zero. For » ¥ 0, the equations (3.3a) 
reduce to 
<ae. Sb... 
In obtaining (3.3¢) we use the fact* that 
opy = 0, (a, B, or y = 0). 


Now if (3.3e) are satisfied with A; not all identically zero, then (3.2) are de- 
pendent. So we assume then that Aj = 0. Then (3.3a) for » = 0 becomes 


ok 0 t 
0 ” 
Ne ol i) % 
which reduces to 


(3.4) */ abe" At = 0. 


Now for the general manifold, i.e., one for which the *A},, are not connected 
by any relations except their complete set of identities, there will exist for n > 2, 
i determinant A of order n formed from the matrix || *A {,, ||, such that 


(3.9) A #0, 


and hence \? = 0, which contradicts the hypothesis that (3.1) were dependent. 
Hence, under (3.5) the equations (3.3c) possess a solution \j with these quan- 
tities not all zero. That is, assuming (3.5), there exists a set D of determinants 
of the matrix of the coefficients of the unknowns in (3.3c) which vanish. As 
this set of determinants and A are polynomials in the *A, and the set D vanishes 
whenever R does not, it follows by a theorem in algebra® that the set D vanishes 
whether A does or not. This proves the theorem. The case n = 2 will be 
treated later, 
LS 

*R, p. 560. 

* Bocher, Introduction to Higher Algebra, p. 8. 
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The following theorem will now be proved. 

[3.3]. If the equations (2.1) for p = 1 are independent for the general affine 
space of n dimensions, they are independent for the general affine space of n + | 
dimensions. 

From the matrix of the coefficients of the equations (2.1) for p = 1 with 
reference to n + 1 dimensions, namely 





wT; 1 ee. 3 | 
aioe a ‘) AAG 0, (2, j, k, 1, t, s = 1, 2, --- »n,n+1), 


we can select a determinant M of order (n + 1)? which is not identically zero as 
shown by the following considerations. 


Choose 
*ATHL = 0, 
*A ik nu = 0, 
(3.7) “Asti atic =U, 


~ 


0 
a+ a = 0 
*At nat nut = 0, (i not summed). 
These imply on account of the identities satisfied by the components *A in (3.7) 
og. ss @ OG, *At sts = 0, (¢ not summed). 


(In these latter equations and in (3.7), 7,7, k, = 1, --- , .) 
The other *A are to be arbitrary subject to their identities. From the above 


choices we obtain 
*/i ot */ 4 t 
Ur a1) 7° age om* 
( ae ; (i is 
nt+1n+1js ? jkl s oe 
it <2 9 id nti)=0 
jk nt+1n+1 ' jel nt+1) |’ 


*(a t . . 
Pia wisn (i, j, k,l, t,s = 1, +++, 7). 


(3.8) 


The determinant M is chosen as shown in Table I. 


In this table the position of the element % ) is indicated by the symbol 
s 


ike 
(i) at the left which designates the row, and the symbol (‘) at the top 


which designates the column. Similar remarks apply to the remaining elements 
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TABLE I 
(‘) ( t ) ou n+1 
8 n+1 8 n+1 
*/¢ 
tne A; 0 0 0 
* 1 0 
(i ve ” " 
(? ) 0 0 A 
nt+1n4+1.j , 











of M. The squares marked A, As, A; represent determinants of orders n?, 2n, 
and 1, respectively. The letters 7, j, k, l, t, s in Table I correspond to values 
1,2,--- , nin (3.6). The zeros in Table I follow from the relations (3.8). 

We choose A; to be a non-vanishing determinant of order n? for n dimensions, 
the existence of A; being implied by the hypothesis of the theorem. 


* 
, a 
For A, we pick 2 aad 


#/] */9 ¥/n * 1 
— E ee or “a wal S oe 
*/2 */n 
e Po a ve 


With the aid of (3.7), As now has the form shown in Table II. 
To get a non-vanishing A; we take 7 = 1, j = 2 for the last row of Table I, 
giving 


corresponding to the indices 


*/1 n+1 = *x Al = 
De duieaaee ae" An+i nti2 = As. 


The determinant M then has the value A,-A:-A; # 0 which shows the inde- 
pendence of the equations (3.6) and thus completes the proof of [3.3]. 


4. Number of independent projective normal tensors. It has been shown® 
that the identities existing between the components of the projective normal 
tensors *A can be found by the use of a set of non-tensor invariants Q. The 
Q’s are the coefficients in the power series expansion of the projective connec- 
SS 


*R, p.560. This section follows that paper. 
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tion Ii, in projective normal coérdinates. From this fact it is shown that the 
0's satisfy the complete set of identities 


(4.1a) a ee 
(4.1b) Gicssne ™ Qiaaz.- 2s 
(4.2) S(Qivca....) = 0, 
(4.3) Brea... = 0. 


In (4.1b), (ef --- #) represents any permutation of (cd --- s), and in (4.2), S 
denotes the sum of all terms obtainable by permutation of subscripts from the 
term in parentheses, only such new terms being added which are not identical 
on account of (4.1). 

The first Q of the set, Qi, ,, is a tensor. 

If Pi,(y', --- , y”) represent the components of the projective connection in 
normal codrdinates, then 


_ 0? Pi,(0) 


an ’ P;,(0) = 0. 
Pp oy” —- oy’? 


(4.4) Gi... 
Also, let *C3,(y', --+ , y") and *V(y', --- , y") denote the gomponents *Ig, and 
*4 respectively in normal coérdinates. The expressions for the *A in terms of 
the Q’s are now found by evaluating at the origin of the normal codérdinates 
the relations which define the *V in terms of *C§, and the derivatives of *C%3 
using 


(4.5) *A(q) = *V(0). 


From the identities (4.1), (4.2), (4.3), it follows that the number of func- 
tially independent Q components of order p(= 1), (p + 2 subscripts), for n 
dimensions is 


(46)  N(n, p) = nK(n, 2)K(n, p) — nK(n, p + 2) — nK(n, p), 
where 


K(n, p) = me +) a > Dd 1) 





The number N(n, p) of (4.6) gives the number of functionally independent *A of 
order p(> 1). It is for this reason that the use of the Q’s is so convenient. 


d. The case n = 3, p = 1. It will be shown that for n = 3 and p = 1 the 
*quations (2.1) are independent, and then from [3.2], [3.1], [3.3] it will follow 
that (2.1) are independent for n = 3 and p = 1. 
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The relation between Q‘,, and *A‘,, is found from 
*Cis 


*GVi *AYt Yi avi x 
ay? = Cove — ab Cie — Cre ies 


(5.1) as sie = 


where 





i 1 a*Ci, a*Ci. aC’. 
*iYt = 
abc ~ ( aye + a + ay? ) 
(5.2) ? . 


4s . (*C5°CS, + Cis°C%, + °C! ,°C%,) 


(5.3) Qive = *Aase- 
From (4.6) we get 
(5.4) N(3, 1) = 15 
and from the identities 
Qise =Qiaci Vive + Qica + Vas = 0; Qis. = 0, 
ti is found that we can take the independent components *A‘,, to be 
*Ai.,=ai, *Aiie =e, 
(5.5) *Aig, =0', *Ais1 = BD, *Al.. = 
*Abes =f’, *Ages = f*. 
The remaining distinct components different from zero are 
*Alis = — 2a‘, *Ate1 = — 2c, *A3s1 = — 2’, *Aiis = 20°, 
*Ases = 2e', *Aies = 2° —f', *Aies = 2'-¢, 
—~@, “*Aiss=—at, *Aize=—e, *Ajss=-@; 
—(P+f%), *Ads, = 2c? —B', *Adg = 2c? al, 
2fs—@, *Ajig=— (+e), *Agis = Qa'-C’, 
2b', *Aies = —2d?, *A3,, = —2e*, *Adss = — 2f', 
2d, *Alss=—2f!, *Alsg = —2f?, *Ais = — 2. 


In the differential equations 
*/¢ t\ aS _ 
snake cai ) a 


we express the coefficients in terms of the 15 independent components and con- 
sider *S to be also thus expressed. 
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These equations then are represented by Table III. bh 
TABLE III it 
i ee 
H.. £1 2 3 1 2 3 1 2 3 tab 
(‘) ” (i) (7) (7) (3) (3) (2) (3 3) (3) Raat 
aja! a —a* —e —ce! a’ 0 d? — 2f% bt 0 af 
@ | 2a 0 0 |-@+e}o0}] -a@ ja+e| bw | 0. | fi | 
a® | 2a 0 0 —c a’ 0 c? — 3a!| —2a? ~a? t th 
at) » | OB —b? a? fi—2@ | 0 al —el 0 bi pig 
| 2b 0 0 e? — 3b' | —b?| 2a? —e 0 |B ei hf 
cl 0 | —(a' + c?) —c 0 2c! 0 d} d?+ f?| 0 
c c —a’ 0 —c! c? —c3 d? bi — 2e?/ 0 
rd cs —a' 0 0 2c 0 —2c! a! — 3c?| —c? 
ad | -d | f* — 3d Qc! 0 2d! 0 0 —fi ja 
da 0 e? — 2b! c? —d} d? cl 0 e! d? 
e | 0 -: |-@+e)) fp o|@+p} o 0 | 2e 
é e? 0 —b? —2e} —e* | b! — 3e? 0 0 2e? 
é e 0 a? f 0 ja! — 2c*| —e! —¢ e 
p|—p Qe} d? — 3f3 0 pol -a 0 0 jon 
fF 0 e c? — 2a! 0 f? c} —fi e} f? 
= 2a", To show the existence of a non-vanishing determinant of order 9, we select the 
’ last 9 rows and put each variable equal to one. This gives 
ae 0 1 -1 0 1 1 -1 1 1 
-1 2 -2 0 1 -1 0 0 2 
1, 1 0 1 1 0 -1 -1 -1 1 
, 1 0 -—-1 -—-2 -1 -—2 0O 0 2 
a 0-1-2102 0 0 2 |= 4. 
. 2f%, 0 -1 1 -1 #1 1 0 1 1 
—-1 -2 2 0 2 0 0 -1 1 
- 2°. 1 -1 0 0 2 0 —-2 -2 -1 
1 -1l 0 -1 1 -1 1 -1 =O 
6. The case n = 2. From (4.6) we find 
(6.1) N(2, p) = 2(p — 1). 
1 con- Hence we have 


[6.1] For n = 2 there are no projective scalars of the first order. 
Since there are now 6 differential equations in (2.1), and N(2, 2) + N(2,3) = 6, 
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It is found that for a general n 


*xAt ee t 
abc Qate» 

















*(TB po. 
Caby,-++1, — 





og (een 
(6.5) 


its lower indices. 


"Cites (0) = 0 ? 


(6.6) 
*C d000 (0) = 0, 


system, that 


equations 
wpe, 9 7Ces ace _ Cae sae _ 
apys ay? ay? apys ay? Bs 
(6.4) = O*C rs + x O°Ca8. s¢° + 
ay? nis ay” . 
where 


a*Ce #12 FCs. « 
a a 





By the use of (6.5), (4.2), and (4.4), it is found that 
*Coaca(0) = 0, 


ir i Lf we must consider these equations for at least p = 2 and p = 3. We first take 


? ae n+ 1 
(6.2) A abe ee Q 
*A%,, = 0, (otherwise) 
; 1 : 
(6.3) *A i cd = Vite — nai @<4t4 & “4%. 


To determine the remaining *Ai,,3 in terms of the Q’s, we must use the 





o 
C54 


as : ay? 


AIK ko *KYK #KGTO 
Cee" Ci — Cre ays 


+ . ay ge + ” ie Ue + cok Neue *C55 + *Cos Coy): 


°° Vn— * * T 
p-l CT lrs++- 9s Ci. — no 


-and P denotes the sum of all the terms obtainable from the one in the parentheses 
by cyclic permutations of the indices (aBy: - - - yp); 0 *C%3,...5 is symmetric in 


"Coes (0) = 0, 


*C brea (0) = 0, 
and thus by evaluating (6.4) at the origin of the (y°, y', --- , y”) codrdinate 


-1 5: -6 
*A bea = n+1 cdb 9 « = ma 1 ’ 
*A boca = 0 *Aiin = 0 
(6.7) 00cd ’ , 600 - 
. *A dood _ a pi a = n+1 ai 
*A doo = 0, *Adug = 0. 
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ike The remaining *A%,,, With at least one lower index zero are found from those 
given above with the aid of the fact that *A%,,; is symmetric in a, 6 and y, 5. 
By the use of (4.1), (4.2), and (4.3) for n = 2, it is found that we can take as 

independent 


1 _ 2 _— 
(6.8) Qiu = a, Qooo1 = b, 
and the remaining distinct components are 
1 a q} pak. b Q? ae i =@ 
Qo = —4, isi = —9,; 211 — VY, Qiin = 0, 


0 

Qiu2 = —4@, Qisee = —b, Qiree = @, Qoove = 0, 
0 
0 





(6.9) 
h Qooi1 =a, Qiiee = 6b, Qin. eV, 
he 
Qi so = 3a, Qoo = 3b, Qooo1 ” 
Also 
(6.10) ‘. = 0, (n = 2). 
So from (6.2) we get 
*, ae id 0, (n = 2), , 
(6.11) "Ain - 0, “ oes _ 0, 
4%. = —6a, *Ave —_ —6b, *, - = 12a, O47. = 12b; 
and then from (6.3) 
) “hiss = —da, . las = 0, *Aton = 3a, *Aiteu = 0, 
(6.12) *Atoo =, *Ajen = 4, *A iis = —da, *Aliee = b, 
c *Aben = b, *Abess = 0, *A den _— —3b, *A 120 = 0, 
*Abiee = 3b, “4... = —5b. 
On putting —6a = a, —6b = 8, the differential equations (2.1) for p = 2 
take the form 
1 7) 7) 
2 “ comes — = 0, 
" X 0 ed + 0 3B 
1 0 0 
; — —=0 
XxX; 2a Ba + B ap ? 
, 0 re) 
X3: Pe Oe Me 
(6.13) 
72 ) 0 
: -—+0-—=0 
Xo 0 Da + 3B , 
2 rs) 0 
: -———a—=0 
ai da op ; 


: a a 
X3: -— + 28— = 0. 
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From X} and Xj, it is seen that 
a*s a*s 
= 0, 
Oa ap 
from which we have 
[6.2]. For n = 2 there are no projective scalars of the second order. 
The case n = 2, p = 3 will now be discussed. 


We must first obtain some relations holding for a general n. The expression 
for the components *V%,,5, in the system of codrdinates (y°, y', --- , y") is 


..« Sees 
aByse ay? ay? ay* 

Ss (- a *C os #0 a*C., *OT 0 O° *C ar *C 
nie\ Oyray™ —°* ayvay® ~"* — ayray? 


e.. a*C a. . 0 hed e 
Chie — 
“ay? oy? 


*NO 
xe * a*C 
Capyte an *C hate ae a ovis *C hs —* ote yr 








Cae + SOU 
(6.14) 


a*C% “ah * *K/VT 
+ ——— ay? Che Cyst 


ie 








C ie *C 1s Crs 


CMC Cs + Gas *Chral + PV cas one + "FT ee" *c:.), 


where S_ denotes the sum of all terms obtainable by permutations of the 
7, 6,€ 


subscripts y, 6, « which do not give equivalent terms. 
From (4.4), (5.2), and (6.5), we find 








— 263 
*(Va ae 8 
C$00(0) (n we 1)? ’ 
BY 3(0) - 0, 
a*C° (0) os n a 1 
(6.15) ay? .— eo abci» 
a*C24(0 1 er ee 
eee = MT Ohsccs — Or Olas — VacOra): 
a*C2 0 (0) be (0) .! P (Soe) so) 
 ayd 3 a,b,c oy* ay4 


from which follow by (4.1), (4.2), and (4.3) . 


(6.16) *C25-a(0) = — 5-2 E Qin Qte; + Qs esQbe; + OlaQies)- 


By the use of (6.5), we obtain 
(6.17) a a cd (0) = zB (TesrelO)) 
oye 
which after a rather lengthy calculation reduces to 


—2 


(6.18) a ee .(0) = Ba +1) n+ 1) 


- P(d) *Ct cd -(0)) 





PROJECTIVE SCALAR DIFFERENTIAL INVARIANTS 631 


From (6.14) we now get 





; i 2 t 
. abede ™ abede + Fat fy” P(8, *C) cae(0) 
(6.19) ae | 
+ Tp 12" ca e(0) + 85*Co.ae(0)) — rei e (55*A°, oe), 
ion and from (6.4) 
- *Areca = Sheds 7 ibe * Qlaa — QiacQi va) 
7 (6.20) 1 n4l 
, n . ° ° 
6° ic 7 (Qa: . Sar + Qi; - Qba; + Qaai -Q3.;). 
Be 
Finally by (6.5) we calculate 
*C0 5 ea(0) - 0, . 00 ca(0) = 0, *Cb00a(0) = 0, 
(6.21) 7 
*C.000(0) _ (n + 1) ? 
i and from these and (6.4) 


*Absea = —— Oban» y- voce = O, *Atoog = 0, 
(6.22) *Adooo ~ 0, *Avo00 = 0, *Aob00 = 0, *Adbog = 0, 
2 ni 
Pe is Pa . 


Thus by (6.16), (6.19), (6.20), and (6.22) we have expressed the desired *A in 
terms of the Q’s. 
To obtain the relations between Q‘,.4, for n = 2, we select 


(6.23) Qiii2 =A, Qreee1 = B, Qiri22 =C, Qre211 = D, 


from which results 


3 
Qinu1 = — 54, Qrieee = — 5B, Qi1112 = —A, 
Qiise = —C, Qiei12 = —D, Qisiss = -—B, 
3 
Qiiese = 6C — 3D, Qie111 = 6D — 3C, Qrer1 = 5A, 
(6.24) 3 3 3 
Qiise: = 5 ? Qiste2 = 5 ’ Qre211 = 5B, 


Qeiii4 = 0, Qise22 = 0, Qir112 = 0, Qieon1 = 0, 
Qii111 = O, Qroo22 = O. 
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From (6.19) and (6.20) we now obtain for n = 2 Ww 





i 1 i i i 
abcde ~ 3 50" Aanea + 85*Asse. + 65* Asse.) > 


i —_ 
abcde ~— 


(6.25) 
*Acbea =3- Qaredi , 
On substituting from (6.24) in (6.25) there results 
*Atiie = — 44, *Ateis1 = 6A, *Aisoos = 0, 
*“Atii2 = 0, *Ajei11 = 0, *Ajoooe = 6B, 
*Aliiee = 83D—6C, *Aierts = 2C+D, *Adeii1 = 6C — 15D, 


7 
=-5A4, 







(6.26) *Ai 1122 


3 
2 


* Al = 
Aj1oee = 


* A 2 
Ajeiie2 


w 


=54, 


3 


*x4l a 
B, Ajie1e2 = =B, 


bo 


ww 


* 42 = 
Ageitt =<sA, 


“I bo 


*x Al - 
Ase1i2 = —<s8, 


bo 


*Alise2 = 6D — 15C, *Alsies = 2D+C, *Assi12 = 3C —6D, 















"Abies = 0, *Abeies = — 4B, *Atiii = *Aseses = 0, 
and 
Mis = SA, *Alies = 21C — 9D, . tui =- 54, 
(6.27) *ASs1e = —3C—3D, *A%gs, = — = 8, *4°,,, =21D-%, 
15 
2212 = > B, *Atii1 = 0, *Aoeee = 0. 
Finally from (6.22) we get 
—l 
*Aliuse = 0, *A der = —26, *A dius = es 
—1 
(6.28) *Alin = —2a, *Aoon = 0, *A tas = a 8: . 
*A toro =a, *Aoim = 0, *A diss = 6, 
*A Soo = £B, *A den =a, *A dees = 0, 
where a, @ are defined under (6.12). 1 
On putting 0 
15 15 , ‘ 
(6.29) ~gA = A, -ZB= 8B, 21D—9C =C’, 21C—9D=D, 
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we obtain from (2.1) the desired differential equations 








= 7 
71, yd - 
Xo: 9% 5A? a 0, 
71 a. A’ , 9’ ’ A 
Xj ~ +8 at3 agit B et 2" 7 + 2D! =, 0, | 
te eR i ee _ oR , oO 
X3: ae + 5 5A? 2B aon + 2B a 0, 
(6.30) 5, a i. 7 @ 
; - a 
+2. pak D’—C’' a : , 
Ad ‘ee at s@ 24’ ay 9 
ee wo et =a 1 Oo a 
xs: ‘—+at- 5a + 8B apr t 26 aq” + 2D aD’ 0. 
' The determinant of the coefficients is 
5 4 
0 0 5% 0 ~20 58 
2a 8B 3A’ B’ ad 2D’ 
—-B O (C’—D’) 0 —2B’ 323’ 
5 3 7 
0 0 0 38 5 * _ 
I 0 -a 0 #(D'—C’) 2A’ —2A’ 
a 26 A’ 3B’ 2C’ 2D’ 








Putting a = 0 the determinant has the value — 506*A ” which shows 

[6.3] For n = 2 there are no projective scalars of the third order. 

However, since as just. shown, (6.30) are independent, we have from [3.1], 
[6.4] For n = 2 and p > 3 there exist projective scalars. 


7. Number of independent scalars. If we let *N(n, p) represent the number 
of functionally independent solutions of (2.1), then it follows that 


Pp ea 1 
*N(n, p) = 2, N(m,r) — n(n +), (eee ») 





*N(n, p) = N(n, 1) — n’, (n = 3, p = 1). 


Then *N(n, p) gives the number of projective scalars in a first fundamental set 
of order p, the proof of this being the same as in I, p. 217, except for p = 2. For 
‘ this latter case we must show 


*N(n, 2) — (n 2 3). 


*N(n, 1) > 0, 
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This reduces to showing 


(7.1) 5q (on + 6n? — 23n? — 12n — 24) > 0, 


By Descarte’s rule of signs we see that the equation 
f(x) = 5a* + 623 — 232? — 127 — 24 = 0, 


has only one positive root, and this lies between = 2andz=3. As f(3) >0; 
it follows that (7.1) is true for the indicated values of n. 
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1. It is well known that in the theory of linear operations the orthogonal 
projections play a fundamental réle. In connection with these projections 
it is a basic theorem that every closed linear subspace of a given vector! space 
(supposed complete, with an inner product) determines an orthogonal projec- 
tion. It is the object of this paper to generalize this theorem. 

DeFINITION 1. If to each pair of elements f, g of a space S there corresponds a 
unique element f + g of S, and if this correspondence is such that, for arbitrary 
elements f, g, h of S, 


1) f+g=agtf, 


2) G+o9 th=f+@Q+h, 


3) the equation g + x = f has at least one solution x in S, then S is called additive 
(or also an Abelian group). 

It is readily shown that equation 3 has a unique solution z in S so that the 
operation + has a single-valued inverse, —, which obeys the usual rules of 
computation ; also that there exists a unique element 0 in S such that f + 0 = f. 

DEFINITION 2. Let S, C, and = be three sets of elements f, g,---,a,b,---, 
and g, y, --- respectively; let ag and (f, ¢) be two operations such that 

a) Corresponding to each element a in C and to each element g in = there is 
associated a unique element f = ag in S; conversely, there corresponds to each 
clement f in S, other than a certain element fo, a unique representation f = ay, and 
there corresponds to each element ¢ in = a unique representation of fo, fo = ag, 

b) Corresponding to each element f in S and to each element ¢ in = there is 
associated a unique element a = (f, ¢) in C, 

c) For each element ain C and each element yin 2, (ag, ¢) = a. 

In the notation of the preceding definition, let ¢’ be the set of all elements ag, 
where a ranges through C but where ¢ is constant. Then ¢’ is a subset of S. 
Let 2’ be the set of all sets y’, y’,---. The sets y’, y’, --- have the follow- 
ing properties: 

1) All the sets y’, y’, --- in =’ have a common element fo, but are otherwise 
pairwise disjoint, 

2) If fis an element of S, at least one of the sets y’ in D’ contains it, 

3) The elements of each set y’ in D’ are in biunique correspondence with the 
elements of C, 

a 
Banach, Fund. Math., 3 (1922) p. 134; Hahn Monatshefte, 32 (1922) p. 1. 
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4) Corresponding to each element f in S and to each set g’ in ¥’ there js 
associated a unique element f, in ¢’, the element f, being f itself in the case 
where g’ contains f; f,- will be called the projection of f upon ¢’. 

Properties 1, 2, and 3 result from part a of Definition 2, and property 4 results 
from parts b and ¢e, where fy, = (f, ¢) ¢. 

It will now be shown that properties 1, 2, 3, and 4 are sufficient to define the 
operations ag and (f, g). Let S and C be two sets of elements f, g, --- and 
a,b, --- ; let 2’ be a set of subsets ¢’, y’, --- in S having properties 1, 2, 3, 
and 4. Then 

a’) Corresponding to each element a in C and to each set ¢’ in 2D’ there is 
associated by 3 a unique element f = ag’ in ¢’; conversely, there corresponds 
by 1, 2, 3 to each element f ¥ fo in S a unique representation f = ag’, where g’ 
contains f, and there corresponds to each set yg’ in 2’ a unique representation of 
fo; fo = ag’, 

b’) Corresponding to each element f in S and to each set ¢’ in 2’ there is 
associated by 4 a unique element f,, in y’ and with f,, in turn there is associated 
by 3 a unique element a = (f, 9’) in C, 

c’) For each element a in C and each set ¢’ in 2’, (ag’, y’) = a (by 4, a’, 
and b’). 

It follows further from these conditions that f,, = (f, ¢’)e’ and that, if ¢’ 
contains f, f = (f, 9’) ¢’. 

These conditions are merely conditions a, b, and c with g replaced by ¢g’ and 
replaced by =’. Since the sets gy’ and the elements ¢ are in biunique correspond- 
ence, the substitution is immaterial. In what follows, no distinction will be 
made between ¢ and ¢’. 


2. The following definition and postulates are introduced. 

PostuLaTE A. The spaces C and S are additive. 

DeriniTion 3. If (f, ¢) is the function defined above, and if, for arbitrary 
elements f, g in S and arbitrary ¢ in 2, (f + g, ¢) = (f, ¢) + G, 9), then (f, ¢) ts 
called left-additive. 

PostuLate B. The function (f, ¢) defined above is left-additive. 

Postutate C. If ¢ and Ware in = and if a is an element of C such that 
(ay, ¥) = O with ag # fo, then (by, Y) = 0 and (by, ¢) = 0 for every element bin C. 

THEOREM 1. For each g in =: first, (0, ¢) = 0, and second, ag = 0 when and 
only when a = 0; fo = 0. 

By Postulate B, (g, ¢) = g¢ + f+ (-f),¢) = G9) + U9) + (-f, ¢) for 
arbitrary f, g, and g; hence (f, ¢) + (—f, v) = 0 and (—f, ¢) = —(f,¢). It 
follows that (0, ¢) = (f — f, ¢) = (f, ¢) — (f, g) = 0. Suppose it were the 
case that 0 ¥ fo; let 0 = apg. Since (aogo, go) = 0, then, by Postulate C, 
(ago, go) = 0 for every element ain C. But by condition C above it follows that 
(ago, go) = 0 only when a = 0. Hence 0 = fy. Let g be arbitrary in =, and 
let 0 = ag. Then (ag, ¢) = 0 and, by condition C, a = 0. 

Derinition 4. The relation of orthogonality between two elements in S is sup- 
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posed defined so that a sufficient condition that f be orthogonal to g = by is that 
(f, ¥) = 0, and also that this condition is necessary and sufficient that f be orthogonal 
to every element in p, in which case f is said to be orthogonal to wp itself. 

Remark 1. It follows from this definition that if f is orthogonal to y it is 
orthogonal to each element in ¥. By Theorem 1, the element 0 is orthogonal 
to every element in S; it will be apparent from what follows that, if there are 
two distinct spaces (elements) in 2, every element in S is orthogonal to 0. 
If a, ¢, y are such that (ag, ¥) = 0 with ag ¥ 0, then, by Postulate C and con- 
dition c above, g ¥ y, each element of ¢ is orthogonal to (each element of) y, 
and each element of y is orthogonal to (each element of) g; in this circumstance 
the spaces g and y are called orthogonal. 

TueorEM 2. If f 2s an arbitrary element of S and if ¢ is an arbitrary space in 
>, then f has a unique representation of the form f = fi + fe, where fi is in o and 
fz is orthogonal to g; in this representation f, = (f, ¢) ¢ and fo = (f, ¥) ¥, where 
isin 2, contains f — fi, and is orthogonal to ¢. 

Suppose first that g does not contain f. Let f — (f,¢)e = by. Since by ¥ 0 
and since (by, ¢) = (f — (Uf, ge, ¢) = (f, ¢) — (f, ¢) = 0, g and y are orthogonal 
and the representation f = (f, g)e + by satisfies the condition in the theorem. 
To show that this representation is unique, suppose that f = ag + cé, where 
cé (and hence @) is orthogonal to g. Then (f, ¢) = aand (f, 6) = c, so that a, 
and hence the element c@, are uniquely determined. It is evident that if ¢ 
contains f, the representation f = f + 0 is unique. 

THEOREM 3. The spaces gin > are additive. 

Let a, b, and ¢ be arbitrary elements in C and 2, and let ag + be = cy + dy, 
where ¥ is orthogonal to g. (Such a representation exists by Theorem 2.) 
By Postulate B, (ag + by, ¢) = (cy + dy, ¢) and c = a + DB; likewise 
(ag + by, Y) = (cg + dy, y) andd = 0. It is evident that (—a)y = —(ag) 
and the theorem follows immediately from Definition 1. 

Derinition 5. Jf A is a subset of = such that each pair of spaces in A are 
orthogonal, then A is called an orthogonal set. Let T be an arbitrary subset of S; 
let each element f # 0 in T be represented as f = ag; let r be the set of spaces ¢ ap- 
pearing in this set of representations; r is called the set of spaces gin T. An orthog- 
onal subset A of 7 is said to be complete in T if there exists no space y in tr — A 
such that Y together with A form an orthogonal set. 

THroreM 4. A necessary and sufficient condition that an orthogonal subset 
A of = be complete in a subset T of S is that there exists no element f ¥ 0 in T such 
that (f, ¢) = 0 for all spaces yg in A. 

The necessity of this condition follows from the last part of Remark 1; the 
sufficiency follows from Definition 5. 

THEroreM 5. There exists a complete orthogonal set A in every subset T of S. 

Let the elements of 7’ other than 0 be well-ordered so that to each element 
f ¥ 0 of T there is attached an ordinal number a. Let fa = deve. The elements 
vs of A will be selected from among the elements ga by transfinite induction. 
Suppose that all vs, B < a, have already been selected. If (ava, ¥s) = 0 for 
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every B < a for which yz is defined, then yp. is taken to be ga; otherwise y, is 
undefined. It is evident that the set A so defined is orthogonal. Let r be the 
set of allspaces gz. Suppose there exists an element ¢ in 7 such that ¢ is orthog- 
onal to A. Then g has a smallest ordinal number a, g = ga, and (deya, vs) = 0 
for every B < a for which wg is defined. Hence ga was included in A, and A js 
complete. 

DEFINITION 6. An orthogonal set A is called closed if, for each element f in S, 
there is associated an element fx in S such that 1) (fa, ¢) = (f, ¢) for each element ¢ 
in A, and 2) (fs, ¢) = 0 for each ¢ orthogonal to A (that is, to each element of A), 
If a closed orthogonal set A is such that, for all f in S, fa is in a subset M of S§, 
then A is called M-contained. 

Suppose there were two elements f, and fa satisfying the conditions of the 
preceding definition. Then, for each ¢ in A and for each ¢ orthogonal to A, 
(fs — fa, ¢) = (f, ¢) — (f, 9) = 0. Since there exists a complete orthogonal 
set A’ > A in the entire space S, fs — fs = 0 by Theorem 4. It also follows 
from Theorem 4 that if f is orthogonal to A, then fs = 0 (see Theorem 7). 
Every finite set A is closed and fa = geal, ve. 


3. For the sake of interest, sufficient conditions will now be given that every 
orthogonal set A be closed. Insofar as is possible, the additional assumptions 
needed will be imposed upon C. 

Let (a, b) be a single-valued function defined over all ordered pairs of elements 
in C with values in an additive space N. 

(a) It is assumed that, for arbitrary elements a, b, c of C, (a + b,c) = (a,c) + 
(b, c) and (a, b + c) = (a, b) + (a,c), i.e., that the function (a, b) is “biadditive” ; 
also that (a, a) = 0 only when a = 0. 

Remark 2. For every element a in C, (0, a) = (a, 0) = 0. The proof of 
this statement is like that of the first part of Theorem 1. 

(8) It is assumed that, for arbitrary elements a, b, ¢, and y, ((ag, y), 6) = 
(a, (by, ¢)). 

If f = ag and g = by are arbitrary elements of S, then (f, g) is defined by the 
condition (f, g) = (ay, by) = ((ay, y), b) = (a, (by, g)). Inasmuch as the 
element 0 has various representations, it is a priori possible that this definition 
might lead to inconsistencies. But, by virtue of Theorem 1 and Remark 2, 
there can exist no such inconsistency. 

Remark 3. The function (f, g) is biadditive. This follows from the fact 
that if f = ag, g = by, and h = c@ are arbitrary elements of S, then (f + 9, h) = 
(ag + by, cb) = ((ap + by, 0), c) = ((ay, 6) + (by, 8), c) = (Cag, 9), ¢) + 
((by, 0), c) = (ay, c0) + (by, c6) = (f, h) + (g, h). The remainder of the 
proof is similar to the part given. From (a) it follows that (f,f) = 0 only when 
f =0. 

Remark 4. If f is said to be orthogonal to g when (f, g) = 0, then the condi- 
tion in Definition 4 remains sufficient, but is not necessary. It is entirely 
possible for two elements in a space ¢ to be orthogonal and distinct from 0. 
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Let p, g, --+ denote arbitrary elements of the space N (where N contains the 
range of the function (a, b)). 

(y) It is assumed that the symbol lim,... p» is defined and single-valued 
over a subset of the sequences {p,} in N, that limmnso Pmn is analogously 
defined, and that these symbols are subject to the usual theorems concerning 
limits. 

By limneofn = f it is meant that lim, (fn — f, fn —f) = 0. The function 
(f,g) is said to be continuous at f’, g’ if liMm,noo (fm, gn) = (f’, g’) for every pair 
of sequences {fm} and {g,} with limits f’ and g’ respectively. 

(6) It is assumed that (f, g) is continuous throughout S. 

From this assumption and Remark 3 (last part) it is possible to prove that 
lim, Jn, if it exists, is unique. 

(e) It is assumed that the set of all real numbers is included in N, with the 
usual meaning of addition and convergence. For each element a in C, (a, a) 
(and hence (f, f)) is a non-negative real number. 

Sine (f+9gf/+9=%0N+G@,9) + U9) + G, J), it follows from this 
assumption that (f, g) + (g, f) is real; other than this, no restriction is made on 
(f, 9) when f and g are distinct. 

BESSEL’S INEQUALITY. Let ¢1, ¢2, --- , gn be a finite orthogonal set A. Then 


( - x agi, f — px aes) 


=(f,f) - 3 (f, ai¢i) _ > (ai¢i, f) + > (aigi, a;¢;) 


i,j=l1 


=(f,f) — 2 ((f, ¢i), a) — ba (ai, (f, ¢i)) + pa (a;, a) 
= ¥ [la,a) — (F, 40,40) — (a (F, 00) + (Fos (0) 
+ GN — D Ue, (S00) 


=L@-(hedra— ed) +60 Ud, G0, 


The left member of this equation is minimized when a; = (f, gi). Since the 
left member is non-negative, 


Y (Go), God) $ GN. 


It follows from this inequality that, if A is a countable set of orthogonal 
spaces yj, then >>°_, ((f, ¢:), (Jf, ¢i)) is convergent and not greater than (f, f). 
Likewise, if A is non-countable, then ((f, ¢:), (f, ¢i)) = 0 and (f, gi) = 0 for all 
but a countable subset of A. This leads to 
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Remark 5. For any orthogonal set A, the expresssion > yea (f, ¢)¢ has at most 
a countable set of non-null terms and Za ((f, ¢), (f, ¢)) is convergent. 

Remark 6. Let >>7_, f; be defined as lim, y f; (provided this limit 
exists). If g:, g2, --- is a countable orthogonal set A, and if f = ))?_, a9, 
then a; = (f, ¢) since (f, g) is continuous and since a; = limne (>>?_; a, ¢;) = 
(>> 7_1 4:9; ¢;); if y is orthogonal to A, (f, Y) = 0. 

A sequence fi, fo, --- is called fundamental if litm,no (fm — fny fm — fn) = 0, 
It is evident that 0 < (f—g,f-g =(,+@, 9) — Vf, 9) — G,P), so that 
Gi9+@¢f) £ f + G9). Hence (f+9,f+9) £2,/ + G9}, 
and (fm — fny fm — fu) = (fm — f) + (Ff — fn), (fm — f) + (Ff — fr) 
2{(fm — f, fm —f) + fF — fn f —fn)}. It follows that limmno (fm — fn) = 0 
when limyseo fn = f, that is, a convergent sequence is fundamental. If S is such 
that every fundamental sequence has a limit, then S is called complete. 

(mn) It is assumed that S is complete. 

It may be mentioned that S can always be extended to be complete if it is 
not already so. 

Remark 7. If 9, ¢2, --- is a countable orthogonal set, then a necessary and 
sufficient condition that } ee a;y; be convergent is that bh (a;, a;) be con- 
vergent. This follows from the fact that }°>?_, a;¢; is convergent when and only 
when the sequence >>?_, a; g is fundamental, and that limnns0o () "14:9; — 
tet a; i; Loink ag; — Diet 4;9;) = LiMm,n+e (Di a; Yi; Di a;9;) = 
liM m,n (Ai, gi) Whenever either the first or last limit exists, where the symbol 
>.; denotes either }>"_,, ~ > ia 4, or 0 according asm > n,m <n, Or mM = Nn. 

Under the assumptions listed above, the closure of an orthogonal set A follows 
from Remarks 5, 6, and 7. 


4. In the remainder of this discussion no use is made of assumptions a to 7 
above. 

THeEoreM 6. Jf f zs an arbitrary element in S and if A is an arbitrary closed 
orthogonal set in 2, then f — fx is orthogonal to A. 

This follows immediately from Postulate B and Definition 6. 

DrFINITION 7. A subspace M of S is called a projection space if 1) M 1s 
additive, and 2) at least one of the complete orthogonal sets A in M is M-contained. 

TuEorEeM 7. If M is an additive space in S, a necessary and sufficient condition 
that an M-contained orthogonal set A in M be complete in M is that, for each element 
f of M, f = fa. 

As to the necessity of the condition: for each element f in M, fa is inM 
(Definition 6), f — fs is in M (Definition 1), and f — f, is orthogonal to 4 
(Theorem 6). Since A is complete in M, f — fs = 0 (Theorem 4). As to the 
sufficiency of the condition: suppose f = f, to be in M and orthogonal to 4. 
Then (f, ¢) = 0 for every ¢ in A and for every ¢ orthogonal to A (Definition 6). 
Hence f = 0 (Theorem 4) and Ais complete in M (Theorem 4). 

THEOREM 8. [If f is an arbitrary element of S and if M is an arbitrary projection 
space in S, then f has a unique representation of the form f = fi + fo, where fi ts m 
M and f2 is orthogonal to M and in S. 
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By Definition 7 there exists an M-contained complete orthogonal set A in M. 
Let f, = fa and let fe =f —fi. Then f,is in M, and by Theorem 6, f2 is orthog- 
onal to A. If fe = 0, fe is orthogonal to M and the representation satisfies the 
condition in the theorem. If fe ¥ 0, then fz has a unique representation of the 
from fe = ay, and y and A form an orthogonal set. Since A is complete in M, 
it follows by Theorem 7 that an arbitrary element g of M is representable as 
qg= gs. By Definition 6, (gg, ¥) = 0. Hence y is orthogonal to each space 6@ 
in M (in the sense of Definition 5), and fz is orthogonal to M. Thus the repre- 
sentation f = fi + fe satisfies the condition in the theorem. To show that this 
representation is unique, suppose there were two distinct such representations, 


f=hAt+h= fi +fe. Then f, — fi = fe — fo ¥ 0. Since M is additive, 
h- f, is in M, so that f, — fi = by, where ¢ is in M. By Postulate B, 


(f: — fo, 0) = 0 for each space 6 in M; this holds in particular for the space ¢, 
so that (fs — fo, ¢) = (by, ¢) = 0. Hence b = 0 and the representation is unique. 


5. It may be of interest to close this discussion by proposing some questions. 
Suppose a linear subspace L of S is characterized by the property that if f = 
ap ~¥ Vand g = by ¥ 0 are two elements of L, then ag + by is in L for all a 
and bin C. Is a projection space M linear? To answer this question affirma- 
tively it is sufficient, by virtue of condition 1 in Definition 7, to show that if 
ay ¥ 0 is in M, then each element of g isin M. It is evident that the answer 
to this question is affirmative in the case of ordinary vector spaces. Related 
to this question, and perhaps fundamental to it, is the following: if ag = 
(ay, ¥) W + (ag, 0:)6; and be = (by, ¥) WY + (by, 62) 62, then is it possible for 
6, and 62 to be distinct when a  0,b #0,a ¥b,andg ¥ y? 
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ON SEVERAL FAMILIES OF PLANE CURVES WITH AN APPLICATION 
TO DIFFERENTIAL EQUATIONS 


By G. Van pER Lyn* 


(Received April 28, 1936) 


1. Let D be a domain bounded by a closed Jordan curve J. Let us assume 


that a family F of simple continuous curves is defined in the domain, with the 
conditions that 

1: Through every point of D and of its boundary passes one and only one 
curve of the family. (The curve through the point P will be designated by 
C(P).) 

2: No curve of the family has an end point in the interior of D. 

THEeorREM. The curve C(P), regarded as a function of P, is continuous; that is 
to say, if P, is a sequence of points converging to the point P, the curves C(P,) 
converge uniformly to the curve C(P). 

Proor. Let us suppose our theorem false. Then, there exists a positive 
number e and a sequence P,; contained in the sequence P,, such that each 
curve C(P,,;) has a point p; whose distance from the curve C(P) is greater than . 
Let p be a limit point of the set p;. This point p is not on the curve C(P). 
From the sequence C(P,;) we can extract a new sequence such that the cor- 
responding points p; converge to p. Then, successively extracting new se- 
quences of curves from this sequence, each sequence contained in the preceding, 
and using the well known “method of the diagonal’’, we can obtain a sequence 
of curves C* which possesses the following property: 

If E is the set of the points x such that every neighborhood of z has points in 
common with an infinite number of the curves C*, then, if 5 is a given neighbor- 
hood of «, there exists a number N such that every curve C%, with n > N, 
has points in 6. 

The set E is obviously a bounded continuum joining P and p. 

Now, let us divide the points of EZ into disjoint sets E, in such a manner that 
two points of E belong to E, if and only if they belong to a same curve of the 
family F. Every set E,, being the intersection of two closed sets (the set 
and a curve of the family F’), is closed. As is well known, a bounded continuum 
cannot be divided into a finite number (greater than 1), or into a countable 
number of closed disjoint sets. Therefore, if we prove that the sets E, are not 
uncountable, it will follow that there exists only one set E,. Then the set E 
would be an arc of a curve C; of the family F, joining P and p, and consequently 
distinct from the curve C(P) which does not contain the point p. But this is 
impossible, since C(P) is the only curve of the family F that passes through P. 





*C.R. B. Fellow. 
' Theorem of W. Sierpinski, Téhoku Math. Jour. 13 (1918) p. 300. 
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It remains to prove that the sets E, cannot be uncountable. Let C, be the 
curve of the family F which contains E,. This curve has its end points A, and 
B, on the boundary J of the domain D. It divides this domain into two domains 
D, and Ds. The set E cannot have points in both those domains, for if E did 
contain a point p: in D, and a point pez in De, there would exist a curve of the 
family F passing sufficiently near the points p, and p: to have points in the 
domains D, and De; this curve would then have points in common with C,, 
contradicting our hypothesis. 

Let (A, B,) be the are which is on the boundary of the domain that does not 
contain E. The ares (A,, B,) corresponding to distinct curves C, cannot have 
points in common and therefore they are countable. Thus the proof of our 
theorem is achieved. 

As is easily seen, the domain D may be supposed to be a non-simply connected 
domain, bounded by a finite number of simple Jordan curves, since such a domain 
can be divided into a finite number of simply connected domains by a few 
continuous curves. Moreover, the theorem still remains if the family F contains 
also closed curves, or curves with multiple points, provided that each curve 
contains a simple arc. 


2. Let us consider the differential equation 
(1) y’ = f(z,y), 


where f(x, y) is a finite function defined in a domain D such as in §1. Con- 
cerning the function f(z, y) we suppose only that it is such that through every 
point of the domain D there passes one and only one solution of the equation (1), 
this solution being such that it can be extended to the boundary of D. 

Then, the function f(x, y) belongs to the first class of Baire. 

Indeed, let y = g(x, 2X0, yo) be the solution of the equation (1) that passes 
through the point (2, yo) of the domain D. If h, is a sequence of numbers 
converging to zero, we have the equations 





f(ao, ys) = Beles 2m 9 | = hin 20% Iems %0y Yo) — Yo 
Ox tamZy “a~ve ha 

The function g(a + hn, 20, yo) Where h, is a constant, is continuous in (2 yo), 

as a result of the theorem in §1. Hence the ratios (1/h»)[e(20 + hn, Xo, Yo) — Yol 

are continuous in (ao yo) and their limit, f(xo, yo), belongs to the first class of Baire. 


3. It may be interesting to notice that this last theorem is false ina 3-dimen- 
sional space. If 


y’ _ f(a, Y; 2) 


z’ - g(x, Y; z) 
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1. Let D be a domain bounded by a closed Jordan curve J. Let us assume 
that a family F of simple continuous curves is defined in the domain, with the 
conditions that 

3 1: Through every point of D and of its boundary passes one and only one 
ae curve of the family. (The curve through the point P will be designated by 
ety C(P).) 

2: No curve of the family has an end point in the interior of D. 

TuHreorEeM. The curve C(P), regarded as a function of P, is continuous; that is 
to say, if P, 1s a sequence of points converging to the point P, the curves C(P,) 

f converge uniformly to the curve C(P). 

Tae Proor. Let us suppose our theorem false. Then, there exists a positive 
M en number e and a sequence P,; contained in the sequence P,, such that each 
curve C(P,,;) has a point p; whose distance from the curve C(P) is greater than «. 
Let p be a limit point of the set p;. This point p is not on the curve C(P). (1 
From the sequence C(P,,;) we can extract a new sequence such that the cor- 

responding points p; converge to p. Then, successively extracting new se- W 
quences of curves from this sequence, each sequence contained in the preceding, ce 
and using the well known ‘‘method of the diagonal’’, we can obtain a sequence p 
of curves C* which possesses the following property: th 

If E is the set of the points x such that every neighborhood of z has points in 
common with an infinite number of the curves C*, then, if 5 is a given neighbor- 
hood of x, there exists a number N such that every curve C%, with n > N, tl 
has points in 6. ¢ 

The set E is obviously a bounded continuum joining P and p. 

Now, let us divide the points of E into disjoint sets EZ, in such a manner that 
two points of EF belong to E, if and only if they belong to a same curve of the 
family F. Every set E,, being the intersection of two closed sets (the set HE 
and a curve of the family F), is closed. As is well known,! a bounded continuum " 
cannot be divided into a finite number (greater than 1), or into a countable Q 
number of closed disjoint sets. Therefore, if we prove that the sets E, are not 
uncountable, it will follow that there exists only one set E,. Then the set E 
would be an arc of a curve C; of the family F, joining P and p, and consequently 
distinct from the curve C(P) which does not contain the point p. But this is 
impossible, since C(P) is the only curve of the family F that passes through y. 
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*C.R.B. Fellow. 
1 Theorem of W. Sierpinski, Téhoku Math. Jour. 13 (1918) p. 300. 
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It remains to prove that the sets EZ, cannot be uncountable. Let C, be the 
wrve of the family F which contains E,. This curve has its end points A, and 
g, on the boundary J of the domain D. It divides this domain inte two domains 
D, and Dz. The set E cannot have points in both those domains, for if E did 
contain a point p; in D, and a point pe in De, there would exist a curve of the 
jamily F passing sufficiently near the points p; and pe to have points in the 
domains D, and De; this curve would then have points in common with C,, 
contradicting our hypothesis. 

Let (A,B,) be the are which is on the boundary of the domain that does not 
contain E. The ares (A,, B,) corresponding to distinct curves C, cannot have 
points in common and therefore they are countable. Thus the proof of our 
theorem is achieved. 

Asis easily seen, the domain D may be supposed to be a non-simply connected 
domain, bounded by a finite number of simple Jordan curves, since such a domain 
can be divided into a finite number of simply connected domains by a few 
continuous curves. Moreover, the theorem still remains if the family F contains 
also closed curves, or curves with multiple points, provided that each curve 
contains a simple are. 


2. Let us consider the differential equation 
(1) y’ = f(x,y), 


where f(x, y) is a finite function defined in a domain D such as in §1. Con- 
ceming the function f(z, y) we suppose only that it is such that through every 
point of the domain D there passes one and only one solution of the equation (1), 
this solution being such that it can be extended to the boundary of D. 

Then, the function f(x, y) belongs to the first class of Baire. 

Indeed, let y = g(x, 20, yo) be the solution of the equation (1) that passes 
through the point (ao, yo) of the domain D. If h, is a sequence of numbers 
converging to zero, we have the equations 





J(%, yo) = | See Be) = Firm 26% + hems oy Yo) = Yo 
t=Zp 


no hn 


The function g(a + hn, Xo, Yo) Where h, is a constant, is continuous in (2 yo), 
as a result of the theorem in §1. Hence the ratios (1/hn)[o(to + An, Xo, Yo) — yo] 
are continuous in (2p yo) and their limit, f(o, yo), belongs to the first class of Baire. 


3. It may be interesting to notice that this last theorem is false ina 3-dimen- 
sional space. If 


y’ = f(a, y, 2) 


z’ = g(2, y, 2) 





if 





a= ear 
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is a system of differential equations such that through every point passes one 
and only one integral curve, the function f(z, y, z) and g(a, y, z) may even be 
not measurable. This is shown by the following simple example 


y’ = fl) 
z’=0 
when f(z) is an arbitrary finite function of z, measurable or not. 


PRINCETON, NEw JERSEY. 
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DIFFERENTIABLE MANIFOLDS! 


By Hasster WHITNEY 


(Received February 10, 1936) 


INTRODUCTION 


The main purpose of this paper is to provide tools of a purely analytic charac- 
ter for a general study of the topology of differentiable manifolds, and maps of 
them into other manifolds. A differentiable manifold is generally defined in 
one of two ways; as a point set with neighborhoods homeomorphie with Euclid- 
ean space Z,, codrdinates in overlapping neighborhoods being related by a 
differentiable transformation,’ or as a subset of EZ, defined near each point by 
expressing some of the codrdinates in terms of the others by differentiable 
functions.* 

The first fundamental theorem is that the first definition is no more general 
than the second; any differentiable manifold may be imbedded in Euclidean 
space. In fact, it may be made into an analytic manifold in some £,. As a 
corollary, it may be given an analytic Riemannian metric. The second funda- 
mental theorem (when combined with the first) deals with the smoothing out of 
a manifold. Let f be a map of any character (continuous or differentiable, 
without an inverse) of a differentiable manifold M of dimension m into another, 
N, of dimension n. (Either manifold might be an open subset of Euclidean 
space.) Then if mn = 2m, we may alter f as little as we please, forming a regular 
map F, (A map is regular if, near each point, it is differentiable and has a dif- 
ferentiable inverse.) Moreover, if n > 2m + 1, F may be made (1-1). We 
show in Theorem 6 that if n = 2m + 2, then any two regular maps fo, fi of M 
into £,, are equivalent, in the following sense. fo(M/) may be deformed into 
fi(M) by maps f.(0 S t S 1) so that the path crossed by the manifold is the 
regular map of an (m + 1)-dimensional manifold. Moreover, if n = 2m + 3, 
and fo(M) and f;(M) are non-singular, so is the (m + 1)-manifold. 

A fundamental unsolved problem is the following: Can any analytic manifold 
be mapped in an analytic manner into Euclidean space?* 





‘Presented to the Am. Math Soc. Sept. 1935. An outline of the paper will be found in 
Proc. Nat. Ac. of Sci., vol. 21 (1935), pp. 462-463. 

* Differentiable manifolds have been studied for instance by O. Veblen and J. H. C. 
Whitehead, The foundations of differential geometry, Cambridge Tracts, 1932. An example 
of a differentiable (in fact, analytic) manifold is the manifold of k-planes through a point 
In n-space. See §24. 

* Manifolds in EZ, which are defined by the vanishing of a set of differentiable functions 
‘re of a special character; see H. Whitney, The imbedding of manifolds --- , in the October 
1936 issue of these Annals. 

‘This seems quite probable. It is proved for some special analytic manifolds in $§23-24. 
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Theorem 1 shows only that there is a differentiable map (with all derivatives), 
such that the resulting point set forms an analytic manifold. 

Many portions of the proofs are based on the Weierstrass approximation 
theorem, if the manifolds are closed; if they are open, this theorem must be 
replaced by a corresponding theorem on functions defined in open sets. This 
and other theorems which will be useful may be found in a previous paper. 
In proving both fundamental theorems, the following method is used continually. 
Let f be a differentiable map of M into E,, and let U be a small portion of M. 
We consider a class S of maps f’ of U into E, which approximate to f in U; § 
forms a part of a Euclidean space. The maps f’ we do not wish are character- 
ized by subsets of S whose dimensions may be learned,—we use here the notion 
of ‘“‘k-extent”’ of a set similar to a definition of Carathéodory.* We find a 
desirable map f’ in U, and do the same in other neighborhoods until we have 
found F in the whole manifold M. 

The arrangement of the paper is indicated by the sentences introductory to 
each part. 


CONTENTS 
I. Definitions and preliminary results... ........... 0... cece eee eee 646 
Is 5s Se aan dk & ae ae LOD DE Ra Deane eas 652 
ee. oo ah wa webs Ca Oe ede Re Ss bead so ebea’ 659 
IV. The neighborhood of a manifold in Ey... 2... 2.6... eee eee 665 
re SII, Ya bse wind ob wave ad wa wale ed wwe al Packee ees 668 
ow ek res errr yee er ee ree 673 


I. DEFINITIONS AND PRELIMINARY RESULTS 


In this part we collect definitions and facts which will be used constantly in 
what follows. In one section, §4, we assume a knowledge of the imbedding 
theorem and of Lemma 23. 


1. Manifolds of class C’. By an m-dimensional manifold M of class C’, or, 
a C’-m-manifold (r finite or r = «),? we shall mean a system composed of a set 
of points, which we shall also call M, and certain maps, as follows: Let Q = Qn 
be the interior of the unit (m — 1)-sphere in Euclidean space Ey.’ Let 61, 62, --- 
be a finite or denumerable number of (1-1) maps of Qinto M. Define the sets 
of points 


(1.1) U; = 9(Q), Uy = Ux = U;-U;, Qi; = 0;'(U ia), 





5H. Whitney, Analytic extensions of differentiable functions defined in closed sets, Trans. 
Am. Math. Soc., vol. 36 (1934), pp. 63-89. We refer to this paper as AE. 

6 C. Carathéodory, Uber das lineare Mass von Punktmengen, Gétt. Nachr., 1914, p. 426. 

7 We always suppose r is finite and > 0 unless otherwise stated. However, the results of 
§§1-4 all hold for r = . 

8 That is, the space of all ordered sets of n real numbers. 
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and the (1-1) maps 
(1.2) hia) = 05'(0,(x)) in Q,;. 
We make four assumptions: 
(a) The maps 6; cover M: For each p in M there is an 7 and an z in Q such 
that 6,(7) = p. 
(8) The Q,; are open. 
(y)? There are no 2, j, and sequence of points {2*} such that 


x is in Qi, r*—>xin Q — Qi, hila*) > x’ in Q — Qi. 

(5) hij(x) (if defined) is of class C’ (see §2), and if r > 0, it has a non-vanishing 
Jacobian. 

If, further, the Ai; are analytic, we say M is analytic. A 0-manifold consists 
of a finite or denumerable number of isolated points. A k-manifold (k < 0) 
contains no points. 

We call the 6; the maps defining M, and the U;, neighborhoods in M. Note 
that M need not be connected. 

We define limit points in M as follows: p, — p if and only if there are an i, 
an s, a point x of Q and a sequence {2*} of points of Q such that 


(1.3) A(x") = Perr, O(7) =p, the. 


We prove two facts. If px — p and p isin Uj, then for some s, psx 18 in U; 
and 6;'(ps+x) —> 0;\(p). For, say (1.3) holds. Then p is in Uj, and hence 
r= 6;'(p) is in Q;;. As Q;; is open and x* — zg, there is an s such that x*** is 
inQ;. Hence hi(a2*+*) = 6;"(ps+x) is in Qj, and as hj; is continuous, 6;'(ps4%) > 
6;'(p). If pe p and p, — p’, then p = p’. For suppose p ¥ p’, (1.3) holds, 
and similar relations hold with 72, p, x*, x replaced by Jj, p’, x, 2’. (We may 
evidently take s’ = s.) Then hj(2*) = x. 2 is not in Q,;; for if it were, then 
hi(z) = x’ as hj; is continuous, and 


p’ = 9x’) = Ohi(x)) = O(x) = p. 


Similarly x’ is not in Q;. But this contradicts (7). 

These two facts show that the obvious criteria for p; not — p hold: If p is 
in U; and there are no {z*}, x such that (1.3) hold, then p; does not — p; if 
§,(z") = p,., z* > x in Q, and 0,(x) ¥ p, then p; does not > p. We can now 
define open, closed, compact sets, etc. as usual. A manifold M is closed or open 
according as the set of points M is compact or not. 

Note that any manifold of class C" is of class C* for s < r; any open subset of 
a manifold is a manifold (with suitably chosen maps); a finite or denumerable 
number of manifolds together form a manifold. E,, is a manifold with the obvious 
maps. 

Given two sets of maps in M, we say they define C’-equivalent manifolds if not 
only each set separately, but also the two sets together, satisfy the above condi- 


Se een, 


* (8) and (y) correspond to (C") and (C2) in Veblen and Whitehead, loc. cit. 
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tions. We may speak of a point being the identical point on both manifolds, 
of a function being identical on them, etc. Two manifolds are C’-homeomorphic 
if there is a (1-1) correspondence between their points such that, on identifying 
corresponding points, the two sets of maps define C’-equivalent manifolds. In 
other words there is a (proper) (1-1) regular C’-map of either one into the other 
(see §2). It is often convenient not to distinguish between two C’-equivalent 
manifolds. We may then say for instance “choose maps defining M such that 

. .’ The number r should then be definitely associated with the manifold: 
for a C’-manifold may be C*-equivalent to a C*-manifold with s > r (see Theo- 
rem 1). 


2. Functions defined in manifolds. We shall use the words “function” 
and “map” interchangeably. Let R be an open set in E,,, and let f be a real- 
valued function defined in R. It is of class C’ if it has continuous partial de- 
rivatives through the r* order. If R is any subset of £,,,! we say f is of class C' 
in the subset R of E,, if its definition can be extended through an open set con- 
taining R so that it is of class C’ there (see AE). It is sufficient that the exten- 
sion be possible separately about each point of R. If the values of f are points of 
E,,, we say it is of class C* (or of class C’ in a subset) if each of its codrdinates is. 

Suppose f is.a function defined in a subset R of a C’-manifold M, with values 
in a C*-manifold N. Let 0:, x;; Ui, Vi; Qm, Qn be the maps etc. defining M and 
N respectively... Take any po in R, and say po is in Ui, go = f(po) is in Vj. 
The function f;(z) = f(0,(x)) is defined in the set R; = 0;'(R-U,). Suppose 
that, for some neighborhood U of x° = 6;*(po) in Qm, x in R;-U implies f(z) in 
V;; set fi(x) = x;'(fi(x)), and suppose that f;;, defined in R;-U and with values 
in Q,, 1s of class C‘ (t S r,s). If this is true of each pp and each corresponding 
i,j, we say f is of class C‘ in R, or in the subset R of M, if R is not open. (If 
the condition is satisfied at po for oné pair (7, 7), it is satisfied at po for each such 
pair (z, 7), on account of (6).) If M and N are analytic, f may be analytic. 

Suppose M is of class C7, r > 1. Let x be a point of Q, and let Ci, --- , C, 
be differentiable curves ending at xz, whose tangents at x form a set of inde- 
pendent vectors. If x is in Q;;, then parts of these curves, and the vectors, 
transform under h;; into other such curves and vectors in Q; by (6), the new 
vectors are independent. The corresponding curves in M we shall say define a 
set of independent directions at 6;(x). If f is a C!-map of M into N, these curves, 
and hence “directions,” go into curves and directions in N. We define: fis a 
regular” map of M into N if it is of class C', and any set of independent direc- 
tions at a point in M goes into such a set in N. If f is defined in a subset of 
M, we say it is regular if its definition can be extended through an open subset 
of M so that it is regular there. 





© This case does not occur in the fundamental theorems. In this connection, see also H. 
Whitney, Differentiable functions --- , Trans. Am. Math. Soc., vol. 40 (1936). 

11 We shall always use these symbols in this manner. 

2 In Veblen and Whitehead, loc. cit., it is also required that the map be (1-1). 
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The map f of M into N is completely regular if it is regular, and has the follow- 
ing property: at most two points of M go into any single point of N; if f(p,) = 
fps), Di ¥ Pr» then a set of m independent directions at p; together with such a 
set at po go into a set of 2m independent directions at f(p;) in N. This is of 
course only possible (if f is not (1-1)) if n 2 2m. 

Given the map f of M into N, we define the limit set Lf as follows: A point q 
of N is in Lf if there exist sequences {px} in M and {q;} in N such that 9g. — 9g, 
f(px) = qx, and the sequence {px} has no limiting point in M. The map f is 
proper if f(M) does not intersect its limit set: f(M)-Lf = 0. If M and N are 
(-m- and C*-n-manifolds, and f is a (1-1) regular proper C’-map of M into N, 
we shall say f C*-imbeds Min N. f(M) is then a C’-m-manifold in N (see §3). 


3. Manifolds in manifolds. If f is a regular C’-map of M into N, we shall 
call the combination (M, f) a local C’-manifold in N. Each point p of M is then 
in a neighborhood U in which f is (1-1). In general, the nature of M is deter- 
mined by the nature of the point set f(/); but this is not necessarily the case. 
We shall commonly speak of f(M) as a local manifold in N, keeping in mind that 
M and f must both be given. (But see below.) The limit set L{(M) of f(M) is 
the limit set Lf. The local manifold is proper if f is; has at most regular singu- 
larities if f is completely regular; is non-singular if f is (1-1). (M, f), or the 
resulting point set f(M), is a C’-manifold in N if it is non-singular and proper. 
If f(M) is a local manifold in N, and f is of class C’, we shall say M is C’-homeo- 
morphic with f(M). 

We shall show now that if (M, f) is a C’-manifold in N, then, using the point 
set {(M) alone, we may determine a C’-manifold M’, which is necessarily C’- 
homeomorphic with M. This justifies calling the point set f(M) a manifold in 
N. Also, setting N = E,, we justify our original definition of a manifold. 
(See also Theorem 1.) Moreover, as M and f(M) are C’-homeomorphic, there 
is in general no harm in identifying them. This justifies the phrase “the mani- 
fold M in N.” 

Lemma 1. Let (M, f) be a C’-m-manifold in the C’-n-manifold N. Then the 
subset f(M) of N has the following property. Any qo in f(M) is in a neighborhood 
U in f(M)"* such that U is in some V;, and the points x;'(U) are given by 


(3.1) Ymik = We(Yay +++ y Ym) (k = 1,---,n — m) 
(if yi, --- , Ym are suitably chosen rectangular coérdinates in E,,), where (y1, --+ Ym) 
runs through an open set in the (yi, --+ , Ym)-plane. Moreover, if M’ is any subset 


of N with the above property, then maps in M’ determined by (3.1) make M’ a 

C'-m-manifold; if, further, M' = f(M), then M is C’-homeomorphic with M'." 
Given M, f and qo, say go = (po); we may take a neighborhood U* of po in M 

such that U* is in some U; and U = f(U*) is in some V; (as f is continuous). 





'* That is, go is in U which is in f(M), and U is open in f(M), i.e., no qg in U is the limit 
(in NV) of a sequence of points of f(M) — U. 
‘It is easily seen that the lemma holds if f is completely regular and proper. 
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Let (11, «++ , 2m) be rectangular coérdinates in Ey. fi; = x7‘; maps the open 
subset 6;/(U*) of Qn into Q,. As f is regular, the matrix || ay:,/d2 || of partial 
derivatives of fi; is of rank m at 6;'(po); we may suppose that the first deter- 
minant is ~ 0. Then, taking U* small enough, (3.1) holds. To show that V 
is a neighborhood of q in f(M), take any q in U, and suppose there is a sequence 
{qx} in f(M) — U,qz. > 9. Say ¢ = f(p), a% = f(px). Suppose there were a 
subsequence {p,,} of {px} such that p,, > p’in M. Then f(p,,) = qW, > S(p'), 
hence f(p’) = q, and p’ = p, as fis (1-1). As p,, — p in U*, there is an s such 
that p, , is in U* (see §1). But then q, | is in U, a contradiction. Therefore 


{p,} has no limit in M. But then f is not proper, again a contradiction. 

Next suppose that M’ is a subset of N defined by equations (3.1). In each 
such equation, the domain of definition R = (y:, --- , Ym) is open; we may cover 
R by spheres, and map Q,, into each sphere and hence into M’, defining maps in 
M’. Using the fact that the h;;in N are of class C’ with non-vanishing Jacobian, 
it is easily shown that the same is true for the maps in M’. Suppose further 
that M’ = f(M). The equations y = f;;(x) previously considered, when solved 
as before, give a further set of equations (3.1) and thus another set of maps 
defining M’; but this set is clearly C’-equivalent to the other, and thus defines a 
C’-homeomorphism between M and M’. 

Lemma 2. Let M be a C'-m-manifold in N, and N, a C’-n-manifold in the 
C’-n'-manifold N’. Then M is a C'-m-manifold in N’. We may replace ‘‘mani- 
fold” by “local manifold.”’ 

Say f maps M into N and g maps N into N’; then f’ = gf maps M into N’. 
As f and g are regular and of class C’, so is f’.. If f and g are (1-1), so is f’; the 
same is easily seen to be true with “(1-1)” replaced by “proper.” 


4. Functions defined in submanifolds of a manifold. Let M be a sub- 
manifold of N, and let f be defined in one of the manifolds; we propose to study 
the relation of f to the other manifold. The values of f may be points of another 
manifold. The results of this section will be used only occasionally. 

Lemma 3. Let M be a local C’-m-manifold in the C’-n-manifold N, let R be an 
open subset of N, and let f be of class Cin R. Then f is of class C* in the subset 
R-M of M. 

By this we mean, if g is the map of M into N, that f’ = fg is of class C" in that 
open subset R’ of M for which g(R’) isin R. Take qin R- M, and say qo = g(P»); 
po in U;, qin V;. The hypothesis is that f*(y) = fx;(y) is of class C’ in a neigh- 
borhood of y° = x7 (qo) inQ,. As 6:, g, and x;° are of class C’, so is 


f'(0i(x)) = f*x7"g0(z) 


in a neighborhood of x° = 6;'(po), as required. 

A converse of this lemma is 

Lemma 4. Let M be a C'-m-manifold in the C'-n-manifold N, ‘let R’ be an 
open subset of M, and let f be of class C* in R’. Then its definition may be 
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ertended throughout an open subset R of N containing R’ so that it is of class 
'r there. ; 

As R’ is a C’-m-manifold in N, we may suppose without loss of generality that 
Rp’ = M. By Theorem 1, we may C’-imbed N in E, (v = 2n + 1); then, by 
Lemma 2, M becomes a C’-m-manifold in E,. Define f in R(M) by rae 
{(p) = S(H(p)) (Lemma 23). f is now of class C’ in R(M). For, let U be 
neighborhood of a point po in M, and let S be the product of 6;'(U) and E,_,.: 
; = (x,y), cin 6;'(U), yin E,_m, zin S. S may be considered : as a subset of 
E,. Setting f(z) = f(@:(x)), f’ is obviously of class C’ in S. Let ¢ be a con- 
cruent map of E,_» into P(po), and for any p in U, let T, = T,, e(») be the map 
of P(po) into P(p) of §19. Set 


v(x, y) = To <2 (y). 


This isa C’-map of Sinto E,. If S’ = (a, y) for || y || < some a, and ¢(0) = 
m, ¥ maps S’ into part of R(M). Moreover, 


« = 6;'(H(q)), y=¢" me) q in ¥(S’); 


hence y has an inverse of class C’ in ¥(S’). But in ¥(S’), by the definitions of f 
and f’, fq) = f’("@), which shows that f is of class C"in R(M). Set R = 
R(M).N; by Lemma 3, f is of class C’ in R. 

We remark that the lemmas hold if we replace everywhere ‘‘of class C"”’ by 
“analytic.”” The lemmas show that if M and N are as given, and f is defined in 
M, then “fis of class Cin M”’ is the same as “‘f ts of class C’ in the subset M of N.” 


5. Admissible sets of maps in a manifold. Let M be a C’-m-manifold with 
maps 6;. If (a) each @; is of class C* in Q,“* and (b) any compact subset of M has 
points in common with but a finite number of the U;, we say the maps form an 
admissible set. If, further, Q’ is the sphere concentric with Q and of half the 
radius, U; = 6(Q’), and the U; cover M, we say the maps form a completely 
admissible set. Any manifold may be defined by a completely admissible set 
of arbitrarily small maps: 

Lemma 5. Let M be a C’-m-manifold, and let Ri, Re, --- be a set of open sets 
covering M. Then M is C*-equivalent to a manifold with completely admissible 
maps 6; such that each U ; is in some R;. 

Let 67 be the given maps in M. Let Q:, Qe, --- be the spheres of rational 
center and rational radius such that each Q; is in Q. Q may be mapped into 
Q: by a linear transformation ¢. Set Oxi(x) = 0° (¢,(x)); then the 6,; are defined 
in Q, and obviously define a manifold C’-equivalent to M. Call these maps xi, 
and the 46 neighborhoods, V;. 

Set W; =V, os = V,; then W; is compact and closed. Each point of 
WV; isin some Ww; i hence W; is in the sum of a finite number of the W ; ‘and 
is ater in some Wi. Hence we may pick out a finite or infinite subsequence 
Wi, We, --. of the Wi such that W; is in Wi4: and the W; cover M. Each 
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point of W; — W;isina V; i = x;(Q") such that V; lies in some R; and has no 
points in V in W;_2; a finite winhes of these V; may be hanes such that they cover 
W; — W,_;. Choose such neighborhoods ‘for each 7; the corresponding maps, 
arranged in a sequence 6;, 02, --- , obviously have the required properties, 


6. Approximations to functions defined in manifolds. Let M and N be 
C’-m- and C’-n-manifolds with admissible maps 6;, x;, and let f(p) be a C-map 
of M into N. Take any po in M, and say pp is in Uj, f(po) is in V;. Then 
fix) = x;'f0i(x) is a C’-map of part of Qn into Q,, with derivatives 

git + +k 


k 
0x4" ese 


where og = ki + --- + km. Each D;, ie is a vector function defined in part 
of Qm. Let n(p) be a positive continuous function in M, and let F(p) be another 
C’-map of M into N. We shall say F approximates to f in M through the s* 
order with an error < n, or, F approximates (f, M, s, n), if the following is true: 
For any point p in any U; there is aj such that f(p) and F(p) are in V; and 


|| DiFis(p) — Defii(p) || < n(p) (ox S 8). 
If M = E,, and N = E,, this reduces to the ordinary definition. For s = 0, 
this inequality is independent of the maps defining M. 

Lema 6. Given two sets of admissible maps 0,, 0; in M and two sets x;, x; in 
N, and given f(p) and n(p) as above, there is a positive continuous function ¢(p) 
in M such that if F approximates (f, M, s, ¢) in terms of the 6% and x*, then F 
approximates ( Ms M, 8s, ) in terms of the 0; and x;. 

Let f;;, 4 ip Fs, F; be the corresponding maps of Q,, into Q,, and set u(r) = 

6%; *(6;(x)), vn(y) = x7“(x;(y)) where defined. Now given i, j, there are nun- 
bers k, | such that near a given point 





Dyfi) = - wr Fule) (or $1), 


Sh = x1 {0% = 03X75 SO; U; & = Up Mek 

hence the derivatives of f;, of order < s are polynomials in those of v;, fi, and 
uj}, of order S s. It is sufficient to show that all such derivatives are bounded 
in the neighborhood of any point po of M. po is in a finite number of U; and [ Ty 
and f(po) is in a finite number of V; and V7. Each 6, etc. is defined in a bounded 
closed set, and hence its derivatives are bounded; therefore the same is true of 
the derivatives of the above functions. 

We remark that if f is regular, completely regular, proper, or (1-1) regular and 
proper, then the same is true of any function which approximates to f through the 
Jirst order closely enough. 


II. THe THEOREMS 


We collect here the principal results of the paper (apart from Lemma 23). 
Using the first two theorems and the results of §9, the remaining theorems may 
be proved with little difficulty; hence we give these proofs practically in full in 
this part. 
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7. Two types of properties of maps. The purpose of this section is to explain 
(e) and (f) of Theorem 2. See also §9. Let M and N be C’-m- and C’-n-mani- 
folds, and let f be a fixed C’-map of M into N (r = 0). Let n(p) be a positive 
continuous function in M. We shall say a property 2 of maps of M into N is 
an (f,7, »)-property if the following is true: 

(a) Qis defined for all maps f’ which approximate (f, M, r, »). 

(b) There is a compact open subset W’ of M such that whether any f’ has the 
property 2 depends only on the values of f’ in W’. 

(c) If f’ approximates (f, M, r, n) and has the property Q, then for some con- 
tinuous n’/(p), 0 < ’(p) < n(p), any map f’’ which approximates (f’, M, r, n’) 
has the property Q. 

(d) If f’ approximates (f, M, r, 7), then for an arbitrary continuous »’(p), 
() < n'(p) < n(p), there is a map f’’ which approximates (f’, M, r, n’) and has 
the property &.1° 

Before defining the second type of property, we shall consider certain func- 
tionals. We suppose now that M and WN are analytic manifolds in EZ, and £, 
respectively. 

Let A(p, 7) be a continuous function of the pair of points p, q of M such that 
A(p, p) = Oand A(p, g) > Ofor p ¥ q. Let ¢(p) be a positive continuous function 
inM. To each C’-map f of M into £, such that 


(7.1) || Dif@) — Def(p) || SAD, Q) - (0. S71), 


(see §6),"° let there correspond a map &f of M into F,. We shall say & is an 
analytic linear (M, E,, r, A, £)-functional if &f is analytic, and approximates 
(f, M, r, ¢), and, if fi, fe and f; + fe satisfy (7.1), then” 


Ufi + fo) = Mh + fe. 


The existence of such a functional is given by Lemma 27. Note that if & is an 
analytic linear (M, E,, r, A’, ¢’)-functional, then it is an analytic linear (M, E,, 
', A, ¢)-functional for A S A’, ¢ = ¢’. 

We shall say a property © is an [f, 7, n, A, ¢]-property if (a), (b) and (c) hold, 
and also: 

(d’) There is a compact open subset W of M containing W’, and there are 
C-maps Gi, --- , G, of M into E, such that G,(p) = O for p in M — W, with 
the following property. If 2 is any analytic linear (M, E,, r, A, ¢)-functional 
and if f’ approximates (f, M, r, 7) and satisfies (7.1), then there is an arbitrarily 


(ce) and (d) may be phrased as follows: If S is the space of maps of M into N which 
ipproximate (f, M, r, »), using a very strong topology, then those maps which have the 
Property 2 form an everywhere dense open subset of S. 

 Dif(p) shall mean some D;f (x), where p = 0;(x). If p and q are both in some Uj, 
we shall use the same 7 in defining D;f(p) and D;f(q). 

We add points, ete., by considering them as vectors from the origin O. If p = Zaipi 
withZe; = 1, then p is independent of the choice of O. 
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small a = (a, --- , a.) such that 


fap) = H&f'(p) + do aGi(p)] 


has the property 2. (We suppose 7 and ¢ are so small that fa is in R(N) for 
|a;| < some & > 0, and thus Z is defined; see Lemma 23.) 

Note that any [f, 7, », A, ¢]-property is an [f, 7, n, A’, ¢’-property for A’ > A, 
c’ < ¢; also, for large enough A, it is an (f, 7, n)-property. 

8. The fundamental theorems. We state here the two theorems on which 
most of the other results of the paper are based. 

THeorEM 1. Any C'-m-manifold (r 2 1 finite or infinite) is C'-homeomorphic 
with an analytic manifold in Euclidean space Eom41. 

See also Theorem 3 and footnote ®. 

THEOREM 2. Let M and N be analytic m- and n-manifolds in Euclidean spaces 
E, and E, respectively. Let f be a C’-map of M into N (r = 0 finite). Let nbea 
positive continuous function in M. Then there is a C’-map F of M into N with 
the following properties: 

(a) F approximates (f, M, r, 7). 

(b) If n = 2m, then F is completely regular. 

(ec) If n = 2m + 1, then F is (1-1). 

(d) F zs analytic. 

(e) Let 2, Q2, --- be (f, r, »)-properties, let Wi, Ws, --- be the corresponding 
subsets of M (§7, (b)), and suppose any compact subset of M has points in common 
with at most a finite number of the W;. Then F has the properties 2, Qs, --- . 

(f) For some functions A(p, q), ¢(p) as in §7, let 21, 23, --- be [f, 7, 0, A, SF 
properties. Then F has these properties. 

In place of (d), (e) and (f) we may have if we choose (e’): (e) holds without the 
finiteness restriction. ‘ 

If we are satisfied with a function F of class C*, we would naturally use (¢’) 
in place of (d), (e) and (f). Note that if f is proper in M, then we can insure that 
F be proper in M by taking 7 small enough; then, if n = 2m + 1, (b) and (¢) 
show that F is a homeomorphism, and thus F(M) is a C’- (or analytic) manifold 
in N. We might generalize the theorem by making F = f at certain isolated 
points of M, or, if ris replaced by ~, letting F(p) approximate to f(p) together 
with higher and higher partial derivatives as p approaches the limit set LM. 
(Compare AE, Theorem III.) We could also consider manifolds of different 
classes in different subsets; an example is given in Theorem 5. 


9. Consequences of (e) and (f) of Theorem 2. We may give the function F 
various properties, either because these are of one of the two types, or because 
they are the logical sums of a denumerable number of such properties. We give 
some examples below; for the proofs that they are of the required nature, see 
§$§34-35. 

(A) and (B) are (b) and (c) of the theorem. 
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(C) If K is a subset of N which is the sum of at most a denumerable number 
of sets of zero (n — m)-extent (see §17), then F(M) does not intersect K. 

(D) If f(M) and N’ are local C'-m- and C'-n’-manifolds in N, then if 
n +n’ <n, the local manifold F (M) does not intersect N’, while if m + n’ = n, 
N* = F(M)-N’ is a local (m + n’ — n)-manifoldin N. At each point p of N*, 
there are n independent directions in N, each being parallel to F(M) or to N’. 
If {(M) and N’ are non-singular, or proper, so is N*. 


10. A further imbedding theorem; Riemannian manifolds. We may replace 
Boni by Lom in Theorem 1 as follows: 

THEorEM 3. Any C’-m-manifold M (r = 1 finite or infinite) is C’-homeo- 
morphic with a proper analytic local manifold with at most regular singularities in 
Eom 

To prove this, let M’ be a C’-homeomorphic analytic manifold in Eom4:. 
Let p(p)(p in M’) be the smaller of (a) 1, (b) the reciprocal of the distance from 
ptoa fixed point of Zm41, (c) the distance from p to the limit set LM’ if LM’ # 0. 
Let qo be a fixed point distinct from the origin O in Ee», and set f(p) = p(p)qo in 
M'. This is a continuous map of M’ into Eem such that f(p) # O, and either 
L{f(M’) is void or Lf(M’) = O; hence f is proper. Let F be the analytic com- 
pletely regular proper map given by Theorem 2 with N = Ee»; F(M’) is the 
required local manifold. 

THeorEM 4. Any C’-manifold M (r = 1 finite or infinite) may be given an 
analytic Riemannian metric, the coefficients of the fundamental quadratic form being 
of class C* in terms of the original maps defining M. 

This follows from Theorem 1 or 3 on using the ds? of Lem: or Ham. 


1]. An extension theorem. Suppose a closed subset of a manifold M is 
mapped into a manifold N; can the map be extended over the rest of M so as to 
be differentiable? Or, M might be replaced by a manifold M with boundary B, 
and the closed subset, by B. An answer is given by the following theorem. 

Turorem 5. Let A be a separable metric space, let B be a closed subset of A, 
and lee M = A — B be a C*-m-manifold (r = 1 finite or infinite). Let N be a 

“n-manifold (s = r), and let f be a continuous map of B into N. Suppose f can 
be extended so as to be continuous throughout M. Then there is a map F of A 
into N with the following properties: 

(a) F is continuous in A and of class C'in M; F = fin B. 

(b) If n = 2m, F is completely regular in M. 

(c) If n => 2m + 1, F is (1-1) in M. 

Suppose, in addition, that A is a C’-m-manifold,* 1 < r’ S r;f is of class Cin 
the subset B of A (see §2),1 <t <r’. Then we have also 





'* We suppose that continuity in M agrees with continuity in A. 

This is always possible if N = E,. See for instance Kuratowski, Topologie I, p. 211, 
or Alexandroff-Hopf, Topologie I, p. 76. 

” We suppose that the maps defining M are a subset of those defining A. 
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(d) F is of class Cin A. 

(e) If n = 2m and f is regular [completely regular] in B, then F is regular 
[completely regular] in A. 

(f) If n = 2m + land f is regular and (1-1) in B, then F is regular and (1-1) 
in A, 

We might also apply (e) and (f) of Theorem 2. If the extension of f over M js 
proper in M [in A], we can make F proper in M [in A]. If N is analytic, we 
may make f(M) analytic, etc., as in Theorem 2. 

By Theorem 1, there are analytic manifolds M’ and N’ in E, and E,, C- and 
C*-homeomorphic with M and N respectively. f** gives a map f’ of M’ into N’. 
Choose (p) positive and continuous in M so that n(p) 0 as p— B. Applying 
Theorem 2 with its r replaced by 0, we replace the extension f’ over M’ by a 
function F’; the resulting map F of M into N is of class C’ and has the prop- 
erties (a), (b) and (c) (setting F = fin B). 

Now suppose that A is a C’”’-manifold, 1 < r’< r. Let Aj be a C’’-homeomor- 
phic analytic manifold in Z,; then M is C’’-homeomorphic with the correspond- 
ing subset Mj of Aj. Let M” be an analytic manifold in E/,, C'-homeomorphic 
with M. The map g of M’’ into M; thus defined is of class C”’. We may 
choose n(p) positive and continuous in M so that n(p) -0 as p— B, and so that, 
considering »(p) in M”’, if g’’ approximates (g, M’’, r’, n), then g’’ is a home- 
omorphism and g’’ (M’’) does not intersect B’ = A; — Mj. Let g’” be sucha 
function which is analytic (Theorem 2); the resulting map g’ of M into g’(M) 
is a C’-homeomorphism. Letting g’, in B, be the map already given, q’ is 
(1-1) in A. From Lemma 10 below it is seen that g’ is of class C” in A. It is 
regular, and taking (p) small enough insures that it is proper; hence g’ 1s a 
C’’-homeomorphism in A and a C*-homeomorphism in M. Let A’ = g'(A), 
M’'=g'(M). M’ (but not A’) is analytic. Let N’ and f’ be as before. 

f’ is continuous in A’; considering the values of f’ in B’ alone, it is of class C' 
in the subset B’ of Z, (Lemma 4). Suppose that we have proved Lemma 7; 
then there is a function F” of class Ct in R(A’) (see Lemma 23) which equals f’ 
together with derivatives of order < tin B’, and such that F’’(M’) is in R(N’).” 
Then F’” = HF” (see Lemma 23) is of class Ct in A’, and maps A’ into N’. 
Define n(p) in M’ as before, and let F’ be the approximation to F’” in M’ given 
by Theorem 2. Set F’ = F” in B’; then F’ is of class C‘ in A’, as is easily seen 
from Lemma 10. The resulting map F of A into N is of class Ct in A and of 
class C” in M, and has the properties (a) through (d). The regularity condition 
in (e) is satisfied automatically; we obtain complete regularity if f is completely 
regular in B by applying the method of proof of (A) of §9 in using Theorem 2. 
Suppose n = 2m + land fis (1-1)in B. Then F(B) is the sum of a denumerable 
number of sets of zero (m + 1)-extent, by Lemmas 13, 14 and 15, and hence we 
may make F(M) avoid F(B) by applying (C) of §9. 

There remains to prove 





202 T.e. the extension of f over M. 
*1 If N = E,, we could obviously avoid Lemma 7. 
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Lemma 7. Let A* be a subset of the open set Rin E,, A*-R = A*-R, and let 
B* be a subset of A*, B*-A* = B*.A*. Let ¢(p) be a positive continuous func- 
tion in A*. Let f’ be a continuous map of A* into E,, and let f’, considered 
in B* alone, be of class C' in B*. Then there is a C'-map F of A* into E, which 
quals f’ in B*, together with partial derivatives of order < t, and approximates 
(f; A* — B*, 0, f). 

We may suppose that EF, = E,, the space of real numbers. By a direct 
application of the method of proof of AE Lemma 3,” we find a function f which 
is continuous in R, is of class C‘ in a neighborhood R’ of B* (R’ in R), = f’ in 
B*, and approximates (f’, A* — B*,0,¢). Let R’’ be a neighborhood of B* 
such that S = R’’-A* isin R’. Set 


A,=E,—-—R (-l1Ssst—-1), 
bua whin kh? (s > 2), 
B, = A*—S (O0ssst—1), 

B = B, = A* — B* (s >). 


The conditions of AE Theorem III are seen to be satisfied; the function F given 
by the theorem (if (x) is small enough) has the required properties. 


12. A deformation theorem. We first introduce some definitions. Let M 
and N be C’-m- and C’-n-manifolds, let J be the closed interval (0, 1), and let J’ 
be an open interval containing J. Let M’ = M X I’ be the product of M and 
I'; this is a C’-(m + 1)-manifold with easily defined maps. Let f be a regular 
(map of M’ into N. For each p in M and ¢ in I’, set $(p) = f(p X 2). 
Each @ is a regular C’-map of M into N. Set My = ¢(M), Mi: = ¢:(M); 
these are local C’-manifolds in N. If, given My and M,, there exist such M, 
l'and f, we shall say the set of maps ¢:, ¢ in I, forms a regular C’-deformation 
of Mpinto M,;. A regular deformation such that M’ has at most regular singu- 
larities, we shall call completely regular; one in which each ¢; is (1-1), we call 
topological; one in which f is (1-1), we call completely topological. If there is such 
amap f which is merely continuous, it defines a deformation of My into M;. 

THEorem 6. Let My and M, be C’-homeomorphic local C*-m-manifolds in the 
C'-n-manifold N (r = 1 finite or infinite, n = 2m + 2). Suppose there exists a 





me Let f, be a continuous extension of f’ throughout R. Take a subdivision of R — B* 
asin AE §8, and define an extension /2 of class C* of f’, considered in B* alone, throughout R. 
(In using AE §9, we take for 2” a point of B* whose distance from y’ is less than twice the 
distance from y’ to B*). Define the ¢.in R — B* asin AE. Given a neighborhood R* of 
B*, R* in R, let $i, be those functions which are + 0 somewhere in R — R*, and set 


f=fht+ bs $i, (fi — fe). 


As Yi, = lin R — R*, f = fy in R — R*; also f = fz ina neighborhood of B*. For R* 
small enough, f evidently approximates to f’ as required. 
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deformation of My into M,in N.* Then there is a regular C’-deformation of M, 
into M;. If Mo and M, are completely regular, so is the deformation. If M, and 
M, are non-singular, it is topological. If, further,n = 2m + 3 and M, and M, 
do not intersect, it is completely topological.” 

We shall not consider the question of proper maps, but merely note that any 
map of a closed manifold is proper. The following lemma is necessary. ; 

Lemma 8. Let M be a local C’-m-manifold in the C’-n-manifold N,n > 2m + |, 
Then there is a vector function v(p) of class C" in M such that for each p, v(p) is 
independent of the directions in M at p.* 

The lemma may be proved most simply by imbedding N in E, (Lemma 19), 
triangulating M, and defining v(p) successively over the 0-cells, 1-cells, ... of 
M. It may also be proved easily by the methods in this paper. 

Let v;(p) be a vector function in M; as in the lemma, i = 0,1. Let us C’- 
imbed N in some E, (Lemma 19); then v(p) becomes a vector v5(p) in E, 
parallel to N but independent of M at p. Set 


go(p X t) = p + tvo(p); 


this gives a C’-map of M’ = M X I’ into E,. Fort < some ¢(p), go(p X 1) 
lies in R(N) (see Lemma 23); set go(p X t) = Hgo(p X t). Let f = g, in M; 
gy also defines the derivatives of f of order < r in the subset My of M’. By the 
choice of vo, f is a regular map of the subset My of M’ into N (see §2). Define 
f similarly in M,. : 

By hypothesis, there is a continuous map f’ of M’ into N which agrees with f 
in My and in M,;. We now apply Theorem 5 with A, B, ¢ replaced by M’, 
M, + Mi, r. This gives a regular C’-map of M’ into N, and hence a regular 
C’-deformation of My into M;. The other statements in the theorem follow at 
once from Theorem 5, except for the statement on topological deformations; we 
leave the proof of this to §36. 


13. Spheres bounding differentiable cells. Let S be the unit m-sphere in 
Eni, let Q’ be the interior of S, and let Q be the interior of a larger concentric 
m-sphere. Let f be a regular C’-map of S into N; we shall call S, = f(S) a local 
C’-m-sphere in N; we leave out “local” if f is (1-1). If f may be extended 
throughout Q so as to be regular and of class C’, we say S; C’-bounds regularly the 
(m + 1)-cell f(Q’). If f is completely regular, or (1-1), we call the bounding 
completely regular, or topological. If there exists an f which is merely continuous, 
we say S bounds a cell in N. 

THEOREM 7. Any local C’-m-sphere S in the C*-n-manifold N (r 2 1," 2 
2m + 2) which bounds a cell in N, C’-bounds regularly a cell in N. If S has at 





23 This is of course always the case if N = E,. 

*4 If N is an analytic manifold in Z,, we may make the map of M’ analytic except over 
Mand M, (see Theorem 2). We shall strengthen the theorem in §36. e 

*° The lemma holds if N = E, and n = 2m, as will be shown in a paper on “‘sphere-spaces. 
“Vector function’’ means here ‘‘direction function.” 
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most regular singularities, the bounding is completely regular; if n > 2m + 3 and 
S is non-singular, the bounding is topological.” 
The proof runs almost exactly like that of Theorem 6. 


14. Examples (A) Let M be the interval (—x,+%). Let ap, a, --- be a 
sequence of points dense in E,,n 22. For each integer i = 0, set f(i) = aj, 
and let f map the interval (7, 7 + 1) into the segment a,ai,:. Set f(—t) = f(t). 
This is a continuous map of M into a subset of E,. Set n(t) = 1/(1 + | ¢}). 
Theorem 2 then gives, if n = 2, an analytic curve everywhere dense in the 
plane, and if nm = 3, a non-singular analytic curve dense in E,. On applying 
(C) of §9, we may (say in E;) make the curve avoid all rational lines; we may 
also replace the curve by a denumerable number of such curves which are non- 
intersecting. 

(B) Let B be the unit circle in the plane, with interior M, and set A = B+ M. 
Map B into the whole of the sphere S, of dimension n = 4. Any continuous 
map of B into S, may be extended continuously over M; hence, by Theorem 2, 
there is an analytic regular map F of M into S taking on the given boundary 
values; if n = 5, F(M) is non-singular. As in (A), we may make F(M) avoid 
sets of (n — m)-extent zero, may find a denumerable number of non-intersect- 
ing surfaces of this sort if n = 5, ete. 


III. THe Imseppinc THEOREM 


In this part we shall prove Lemma 19; this is Theorem 1, except for the 
analyticity condition. The proof of Theorem 1 will be completed in Part V. 
The present proof falls into two parts. We first show, in Lemma 12, practically, 
that Theorem 2 with the conclusions (a) and (e’) alone holds; we then show that 
(B) and part of (A), §9, hold. This, with the lemma, gives the imbedding 
theorem. We first give some lemmas of a general nature. 


15. Some general lemmas. The lemmas which follow are mostly simple 
extensions of results from AE. 

Lemma 9.27 Let f(p) be a C*-map (r = 0) of the open set R in E,, into E,,, and 
let n(p) be positive and continuous in R. Then there is an analytic map F(p) 
in R which approximates (f, R, r, 7). 

If n = 1, this follows at once from AE Lemma 6. We define open sets 
Ri, Ro, --- as in that lemma, and let «¢ be the lower bound of »(p) for p in 
Ris. For the general case, we apply the lemma separately for each codrdinate 
in E,.. 

Lemma 10. Let A be a closed subset of the C’-manifold M, let n(p) be positive 
and continuous in M — A, let n(p) — 0 as p approaches any point of A, and let 





** Compare footnote”. 
See also Lemmas 22 and 26. We may make F(p) approximate to f(p) to higher and 
higher orders as p approaches the boundary of R; see AE Lemma 6. 
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f(p) be a C*-map of M into the C’-manifold N. If F approximates (f, M — A,r, n) 
and F = finA, then F is of class C’ in M. 

Suppose first M = E,,, N = E,; the theorem then follows from AE Lemma 1 
(see AK, end of §11). The general case is an immediate consequence of this. 

Lemma 11.% Let A be a subset of the open set R in En, with A-R = A.R, 
and let f(p) be of class C" (r = 0) in the subset A of R. Then the definition of f 
may be extended throughout R so it is of class C* there. The values of f(p) may 
be points of E,. 

If R = E, and f is real-valued, the proof is given by AE Lemma 2. If 
R # Ex, the proof needs only a slight alteration; or we may use AE Theorem 
III. If the values of f are points of Z,, we apply the lemma to each coérdinate 
separately. 


16. Maps of a manifold with given properties. The first of the three 
lemmas giving the imbedding theorem is the following. 

Lemma 12. Let f be a C’-map of the C’-m-manifold M into the C’-n-manifold N, 
let n(p) be positive and continuous in M, and let (4, Qe, --- be (f, r, n)-properties. 
Then there is a C’-map F of M into N which approximates (f, M, r, n) and has 
these properties. 

It is clear that there is a sequence of positive continuous functions 1; (p) 
such that if fo = f and f; approximates (f;, M, 7, 7;), then F = lim f; exists 
and approximates (f, M, r, 7). We shall choose functions m,;(j = 1), fi, 
noj(j = 2), fo, --- mm that order so that if n:(p) for each p is the smallest of 
mi(p), Se ae nii(p), ni(p), then fi approximates (fin, M, ’, ni); and LAG] 2 1) and 
F have the property Q;(7 = 1, 2, --- ). Suppose we have found these functions 
through f;,. For each pin M, let 7; (p) be the smallest of the numbers 7’(p) 
of (c), §7, for the properties 2), --- , 2:1; then if f’ approximates (fi, M, 7, ns); 
f’ will have the properties %, ---,Q;3. Choose 7:(p)(j = 7) so that if 
fiana=fe and f; approximates F.. M,r, ni)(j = 7), then F’ = lim f; ap- 
proximates (f;1,M,7r,n;). Define 7;, and let f;(p) approximate (f;1, M, 7, 1:) 
and have the property ©:;, by (d), §7. We thus find all the above functions, and 
the function F has the required properties. 


17. The k-extent of a set. Let A be a subset of Em. We shall say the 
k-extent of A is finite if there is a number G such that if 0 < « < 1, then there 
are sets Aj, --- , A, of diameter < ¢ which cover A, and v& <G. If Misa 
C'-m-manifold with admissible maps 6; etc., and A is a subset of M, we say 
the k-extent of A is finite if A is compact (and hence is in a finite number of the 
U;), and each 6;'(A-U,) is of finite k-extent in E,. The subset A of Em is of 
k-extent zero if for any ¢’ > 0 there is a 6 > 0 such that if 0 < « < 6, then 
there are sets Ai, --- , A, of diameter < ¢ covering A, and ve* < ¢’. Similarly 





28 This lemma is not needed in the proof of the fundamental theorems, though it is useful 
in Lemma 17. When we have proved the imbedding theorem, we may show easily that the 
lemma holds with E,, and EZ, replaced by a C’-manifolds (see §4). 
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if Aisa subset of M. A set of zero k-extent (k < 0) or of finite l-extent (1 < 0) 
is vacuous. These definitions (in M) are independent of the admissible set of 
maps defining M (see Lemma 15). The sum of a finite number of sets of finite 
{zero] k-extent is of finite [zero] k-extent. 

Lemma 13. A bounded subset A of E; has finite k-extent; if A contains inner 
points, then it has not zero k-extent. | 

This is obvious on cutting up E; into equal cubes of any desired size. Equally 
obvious is 

Lemma 14. Jf A has finite k-extent, it has zero (k + 1)-extent. 

Lemma 15. If M and N are C'-m- and C'-n-manifolds, f is a C!-map of M into 
N, and A is a subset of M* of finite [zero] k-extent, then f(A) is of finite [zero] 
k-extent. 

Consider first the case of finite k-extent. A is in a finite number of the U’ ;, and 
f(A) is in a finite number of the V;; hence we can put A = A; + --- + A, 
A, in Ui), f(As) In Vi). Set B, = 65 (5)(As); then B, is of finite k-extent in 
E,. It is sufficient to show that if g, = xj(,)fOi, then g,(B,) is of finite 
k-extent in E,. gs is of class C! in the compact set B,; hence, for some number 
u, any subset B’ of B, is mapped by g, into a set g,(B’) whose diameter is at 
most » times that of B’. Set G* = w'G. (G@ corresponds to B,.) Given 
60 <¢< 1, set « = e/p*, and divide B, into sets Bu, --- , Bs, of diameter 
<«, so that ve? < G. Then g(Ba), --- g(Bs,) cover g(B,), these sets are of 
diameter < ¢, and ve* < G*, as required. 

Consider now the case of zero k-extent. Define the B, etc. as before. Given 
e’ > 0, set e; = e’/u*, and choose 6 > 0 so that if 0 < « < 4, then there are 
sets Bu, --- , By, of diameter < « covering B,, and ve} < e;. Now take any 
«0 << e <6, and set « = e/u. Define the sets B,:; then g(Ba), --- , g(Bs,) 
have the required properties. 


18. Transformations of one set away from another. Let FR and R’ be 
open subsets of E,, and E,, and for each a = (a1, --- , a) in R’ let T, be a 
“-map of R into E,. Let x’ = T,(zx) be of class C! in terms of the n + A vari- 
ables (x, a)(z in R). If for each xz in R and a in R’ the vectors 


dx’ / den, og dx’ / dap, 


are independent, we shall say the 7. form an h-parameter family of C’-maps. 
We may also define such families of maps of one manifold into another in an 
obvious manner; Lemma 16 holds for such families also. 

Lema 16. Let T(x) be an h-parameter family of C'-maps of R into E,, and let 
A and B be closed sets in R and E,, of finite k-extent and zero (h — k)-extent respec- 
tively. Then for some ain R', T (A) does not intersect B.2* 

We may suppose that 0 < k < h. For some a’ in R’ and 7 > 0, all points a 





* Note that M may be replaced by any open subset R of M which contains A. It is 
evidently sufficient that the map satisfy a Lipschitz condition. 
““ We may evidently interchange “finite 


” 


and “‘zero’’. 








Ve 
; 





7 


662 HASSLER WHITNEY 


within 7 of a are in R’. Take & 2 1 so that if A*, in A, is of diameter < 
then T0(A*) is of diameter < &. The condition that the d2’/da; are inde- 
pendent for z in A and a = a’ is equivalent to the condition that for some 
8 > 0, any directional derivative for xin A and a = a° isa vector of length > 8. 
Hence we may take ¢, 0 < ¢ < 7», such that for any « > 0, if A* and B* are 
subsets of A and B of diameter < ¢, a and a’ are points of R’ within ¢ of o°, 
and the distance from a to a’ is > 4&e/8, then either T,(A*)-B* = 0 or 
T..(A*).-B* = 0. 

Let G be the number corresponding to A, and take e’ < (@¢)*/[2*(4¢)'G], 
Find 6 < 1 corresponding to B and e’. Choose an ¢,0 < «€ <6. Then we 
may set 


A=A,+.---+4A,, B=B,+.---4+B,, 


so that the A; cover A, the B; cover B, the diameter of each A; and each B, 
is < e, and so that 


oie / 
ve’ < G, wr <<. 


Let Z;; be the set of all points a within ¢ of a such that T,(A;)-B; # 0; then, 
by the choice of ¢, the diameter of Z;; is < 4&€/8, and hence its ordinary h-vol- 
ume is < (4€€/8)*. Therefore the ordinary h-volume of all the Z;; is less than 


vo(4Ee/B)" = (4&)*(veX)(ae*)/B* < (4E)'Ge'/B" < 5/2". 


Hence there is an a within ¢ of a which is in no Z;;; for this a, T,(A) does not 
intersect B. 


19. The transformation 7,,,». Let Py) be a fixed k-plane through a fixed 
point po in #,. Corresponding to any k-plane P not perpendicular to Po and 
any point p of P we may let correspond a non-homogeneous orthogonal trans- 
formation of space 7',,» which carries pp and Pinto p and P, and is analytic in 
p and P (see §24), for instance as follows. Let Pj and P’ be the parallel 
planes through the origin. Let m, --- , v, be mutually orthogonal unit vectors 
such that ,---, 0, arein Pj. The following rules determine Tv;. The 7»; 
are mutually orthogonal unit vectors. If 1 < i < k and P; is the plane in P’ 
determined by the projections ;, --- , v, of 1, --- ,v;into P’, then Tu, --- , Tv 
are in P; and determine the same orientation in Pi as v4, °°: , v,; for each 
jg=k+1,---,n), if P; is the plane determined by P’ and dx41, + +> ; Ys 
then Tv;41, --- , Tv; are parallel to this plane, and 7, --- , Tv; determine the 
same orientation in it as Tu, --- , Tvs, Vix1, +, 0; T'p,p is the uniqhe linear 
transformation carrying po into p and »; into T;. 


20. (1-1) maps and properties. We can now prove 

Lemma 17. If f is a regular C’-map (r = 1) of the C’-m-manifold M into E,, 
n 2 2m + 1, and n is a sufficiently small positive continuous function in M, then 
the property of maps f’ which approximate (f, M, r, 7) of being (1-1) and avoiding 
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a fixed point bo is the logical sum of a denumerable number of (f, r, »)-prop- 
( ties. 

Let 6, 62, --+ bea completely admissible set of maps defining M; we choose 
them so that if U; and U; have common _ then f is (1-1) in U; + U;. 
(This is simple; see §5.) Esietien all sets U; + U; such that U;.U; = 0; we 
arrange these in a sequence Wi, We, ---. Take ola) so small that = map f’ 
which approximates (f, M, 7, n) is regular and (1-1) in all U; + U; for which 
i ~(. Take any k, and say W; = U; + U;; let Q; hold for the map f’ if 

(T/).¢(0;) = 0 and by is not in f’(U;). As the U; cover M, the property of 
: i ing (1-1) and avoiding bo is the sum of the properties 1, Qe, 

It remains to show that Q; is an (f, r, n)-property. (a) of §7 halide: (b) holds 
with W’ replaced by W;, = U; + U};. As f’(U;) and f’(U;) + bo are bounded 
closed subsets of E,, (c) is obvious; it remains to prove (d). Let f’ approximate 
(f,M,7r, »). Let \’(x) be a function of class C’ in £,, which = 1 in Q/ and 
=0in BE,» — Qm. (Such a function is given by Lemma 11, replacing A by 
Q, + (Em — Qm); or the function may be constructed directly without great 
difficulty.) Then \(p) = \’(6;"(p)) in U; and = 0 in M — U;,, is of class C’ in 


P , ia . 
M,and = 1in U;. For any vector v in E,, set 


f(p, v) = f'(p) + Mop)o. 
Given an arbitrary n’(p), we may choose 8 > 0 so that if* || v | < 8, then f(p, v) 
approximates (f’, M, r, n’). By Lemmas 13, 14 and 15, f’(U;) + bp is of zero 
(m + 1)-extent and f’(U;) is of finite m-extent. The transformations T,q = 
q¢+vwith ||v|| < 8 form an n-parameter family in E,; by Lemma 16, there is 
aw such that T,,f’(U;) does not intersect f’(U;) + bo. f” = f(p, v) with this 
w is then the required approximation; for f” = f’ + vin U; and = f’ in Uj. 


21. Regular maps and properties. The final lemma is 

Lemma 18. If f is a C’-map (r = 1) of the C’-m-manifold M into E,, n = 2m, 
and » is a positive continuous function in M, then the property of maps f’ which 
approximate (f, M, r, n) of being regular is the logical sum of a denumerable number 
of (f, r, abies 

Let 61, 62, --+ be completely admissible maps defining M, and let ; hold for f’ 
if f’ is iad in U;; then if Q), Q2, --- hold, f’ is regular in M. Each Q; satis- 
fies the conditions (a), (b) and (c) of 87: to show that it is an (f, 7, n)-property, 
we must show that it satisfies (d). Set g(x) = f’(6:(x)) in Q,,; this is a C’-map 
Qn into Z,. As in the last §, it is sufficient to show that for an arbitrary 
{> 0 there is a map g’(x) of Q, into E, which approximates (g, Qn, 7, ¢) and 
is regular in Q,. We then set 


f’"(p) = f'(p) + Mp)lg'(6"(P)) — f'(p)] in Ui, 
and f’"(p) = f’'(p) in M — Uy; as f’(p) = g'(6;'(p)) in Uj, it is regular in U;. 


i In §34 we shall express the property as a sum of [f, r, », A, ¢]-properties. 


| 0 || is the length of v. 
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If r = 1, let go(x) be a function of class C? which approximates (g, Q,,, 7, ¢’) 
(Lemma 9); otherwise, set go(x) = g(x). We shall find functions g,(), nied 
gn(z) = g’(z) such that g(x) approximates (9:1, Qn, 7, ¢"), and so that the 
vectors 09;/0%1, --- , 0g:/dx; are independent in Q,.; if ¢’ is small enough, q’ is 
the required esti: 

Suppose we have found gi. For any vector v in E,, set 


gi(x, v) = gia(x) + Xi; 








then 
agi(x,v) _ Agi-s(x) dgi(x,v) _ dgia(zx) sie y 
an; =” az; ~~«aa; (7 #7). 
As the 0g;-1(x)/da;, 7 = 1, --- ,7 — 1, are independent in Q,;, we need merely 


show that there is an arbitrarily small vp such that 09;(x, v9) /dx; is independent of 
these vectors at each point of Q,,; we then set g:(x) = gi(x, v). By Lemma 13, 
it is sufficient to show that the vectors », || v || < 1, which do not have the re- 
quired property, form a set of zero n-extent in E,. Given the point 2° of Q/, 
it is sufficient to show that the vectors not having. the required property in a 
closed neighborhood S of x° are of zero n-extent; for a finite number of such sets 
S cover Q,.. 

Let P(x) be the (¢ — 1)-plane through the origin O in E, determined by 
dgis(x)/0a1, --- , Og:r(x)/da;1, and set Po = P(x). (If 7 = 1, P(x) = 0.) 
Choose S so that P(x) is not perpendicular to Po forxzin S. Let y:, --- , yn be 
rectangular coérdinates (with origin O) in E, such that Po is the (yi, --+ , yi-)- 
plane. Let E = E,,,;-; be the space with coérdinates (a, «++ , Um, Yr, °** » Yi-1). 
Set 


Mit dgia(x) 


ax,’ K = max || »(z) || (x in S). 


Let D be the subset of E with z in S, || 9 || S$ K + 1, where 7 = (m1, --- , yi-): 
Let T, = To,r2) be the transformation of §19 leaving O fixed and carrying 
into P(x). Given gj, set y = (y1, --- , yi, 0, --- , 0) and 


w(x, 9) = T.(y) — v(@). 


as gi is of class C?, this is a C'-map of D into E,. By Lemma 15, w(D) is of 
rene - +72 — 1)-extent, and hence of zero n-extent. Now let v be any vector, 


|v || < 1, such that for some z in S, v(x) + v is in P(x); we shall show that v is 
in w(D). As P(x) = T,(Po), there is a 7 such that 


vz) +v=T,y), v= w(z, 9); 


as || v(x) + v || S$ K +1, ||y|| S$ K +1, andvisin w(D). Hence there is an 
arbitrarily siecle: Yo such that no a + vp isin P(x); v(x) + vo = dgi(x, %)/ Oni 
is independent of dg;-1/821, --- , dg;1/da;-1 in S, and the lemma is proved. 
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99. Proof of the imbedding theorem. The last three lemmas lead at once to 

Lemma 19. Any C'-m-manifold M may be C’-imbedded in Eom... 

Let 7(p) be a positive continuous function in M such that if p:, po, --- is a 
sequence of points of M with no limit in M, then lim »(p;) = 0.% Let f map M 
into the origin O in Zem41;f is of class C". Applying Lemma 12 with the proper- 
ties of Lemma 18 gives a regular C’-map f’ approximating (f, M,r, 7). We now 
apply Lemma 12 again, this time with the properties of Lemma 17, setting 
bh = O. (The new 7 may have to be smaller than the last.) The resulting 
function F is (1-1) regular and of class C’ in M, and F(p) # Oin M. By the 
choice of n, the limit set LF(M) either is void or equals O; hence F is proper. 
Therefore F(M) is a C*-manifold in H2m4; C’-homeomorphic with M, and the 
proof is complete. 


IV. THe NEIGHBORHOOD OF A MANIFOLD IN E£,, 


Suppose M is a C’-m-manifold in E,, 7 = 2, > m. To each point p of M 
there is anormal plane P’(p); this family of planes fills out a neighborhood of M 
in Z, in a (1-1) way. If r = 1, this may not hold; for the P’(p) depend on the 
first derivatives of functions defining M. Our object in this part is to find an 
approximating family of planes P(p) of class C’. §24 is necessary in this proof, 
and also directly in the next part. 


23. Projective spaces in Euclidean spaces. The following lemma will be 
needed in the next §. 

Lemma 20. Projective n-space E* may be imbedded analytically in Euclidean 
space Bons.1. 

The points of Z* are the sets of numbers (a, --- , tnui) ¥ (0, --- , 0), pro- 
portional sets being the same point. Let S, be the unit n-sphere Zzj = 1 
in E,.1. To each pair of “opposite” points p, —p of S, corresponds a point 
vp) = y(—p) of E*. S,, is an analytic manifold with obvious neighborhoods; 
mapping these neighborhoods into E* under 7 defines E* as an analytic mani- 
fold. By Lemma 19, E* is C'-homeomorphic with a manifold M’ in Eon4:. 
Let ¢ denote this homeomorphism. Then ¥(p) = ¢(y(p)) is a (2-1) regular map 
of S, into Hen41. 

For any map g of S, into Een41, set™ 


Ag(p) = [9(p) + g(—p)]/2; then Ay(p) = ¥(p). 


It is easily seen that if g approximates (y, S,, 1, 4), then the same is true of Ag. 
As Ag(p) = Ag(—p), we may let correspond to g a map f of E®* into Eo,41; this 


ae he. 


* Note that we may let F(M) have no (finite) limit set in E2m+1, by applying a transforma- 
tion with reciprocal radii at the end of the proof. 

* Let 6; be a set of admissible maps in M. Let n(x) be continuous in En, > 0 in Qm, 
and = 0in En — Qm. Set ni(p) = n'(6;'(p)) in U; and = 0in M— Uj. If a, a, +++ are 
small enough, we may set »(p) = Zaini(p). 

* Compare footnote!’. 


| 
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might be written f(q) = Ag(y~1(q)). Take « > 0 such that any map approx- 
imating (¢, E*, 1, €) is (1-1) regular. Choose 6 > 0 so that if g approximates 
(y, Sn, 1, 6), then the corresponding f approximates (4, E*, 1, 6). Extend y 
through a neighborhood R of S, in En41, say by letting it be constant on any 
half ray from the origin; it is then of class C! in R. By Lemma 9 (or the 
Weierstrass approximation theorem) there is an analytic map g approximating 
(y, R, 1, 5); considering g on S, alone, the corresponding function f has then the 
required properties. 


24. k-planes in n-space. Let © be the space whose points are the k-planes 
in n-space through the origin. We shall express this space as an analytic mani- 
fold M(n, k) in a Euclidean space E(n, k). Given the plane P, let 1, --- , »; 
be a set of independent vectors in P; their coérdinates form a matrix, with 
k-rowed determinants D;,...;,(P). These determinants, arranged in a sequence 


n 


Di(P), --- , Dy,,(P), Yn = ( ) form the homogeneous coordinates of a point 


k ’ 
D*(P) in projective space E7,,1. D*(P) is independent of the vectors 1, - -- , vs, 
and D*(P) + D*(P’) if P # P’; thus we have a (1-1) map of © into a subset 
S’ of E},,1. By Lemma 20, we may imbed E7,,-1 analytically in Euclidean 
space E(n, k); this carries S’ into a subset M(n, k) of E(n, k). 

We may show that S’ and hence M (n, k) is an analytic manifold by taking any 
Po, choosing a determinant, say D,...%(Po), which is # 0, and expressing each 
D;,...;, in terms of the determinants D,,..., s—1,s+1,--.,%,2 by Vahlen’s relations, 
which are analytic; this determines maps of the required nature in ©’. An 
analytically equivalent set of maps may be given as follows: Given P», let 
Pi, +--+, Py be points of Py which form linearly independent vectors from the 
origin, and let Z,, --- , LZ; be (n — k)-planes (or analytic (n — k)-manifolds) 
through p}, --- , py, orthogonal to Po. If P (through the origin) is near P,, it 
intersects each L; in a point p;; the positions of the p; determine a map of part 
Of Ene = Ene X --+ K En_x (k factors) into part of M(n, k). 

Another important space is the space S* of all k-planes in E,; this also forms 
an analytic manifold. M(n, k) is closed; the present manifold is open. We may 
map ©&* into M(n, k) by letting any plane correspond to the parallel plane 
through the origin. We shall use the symbol P for points of either space; it will 
always be clear which space is meant. 

By an analytic function of k-planes we shall mean a function which, when 
considered in M(n, k), is analytic. 

We shall say two planes of any dimensions (in either space) are orthogonal if 
any vector in (or perhaps better, parallel to) one is orthogonal to any vector in 
the other ; independent if they have no common vector ~ 0; perpendicular if some 
vector ~ 0 in one is orthogonal to each vector of the other. If P, P’ are points 
of S, we may let || P’ — P || be the distance between the corresponding points 
of M(n, k). 





m 


N 
en 
R 


sic 








DIFFERENTIABLE MANIFOLDS 667 


95. The neighborhood of a manifold in space. Two more lemmas lead up 
to the main result of this part, Lemma 23. 

Lemma 21. Let M be a C'-m-manifold in E, (r = 1 finite or infinite), and let 
P(p) be a function of class Cin M satisfying (a) of Lemma 23. Then there is a 
function &(p) in M satisfying the remaining conditions. 

Take any poin M. A neighborhood U of po may be determined by functions 
(3.1) of class C’. Define the transformation T’,,,p in terms of po and P(po) as in 


§19. Set wi(p) = Ty, pc»(v;); then the points of P(p) for p in U are given by 
(25.1) =pt p> a; wi(p). 


Using (3.1), we may express p in terms of y, +--+, Ym: Pp = W(Y1, +++, Ym). 
Putting in (25.1) gives q as a function of y1, -- + , Ym, a1, +++ 5 @n—m? 


q = WY, --- 5 Ym) + Lawily(y, --- 5 Ym)) 


- 9 (ys, tty Ym, M1, +++ y Ctn—m). 


gis of class C’. Consider the vectors 0g/dyi, dg/@a; at g = poin U. The dg/dy; 
are independent vectors in the tangent plane 7’ to M at po, as the a; vanish there, 
and the dg/da; = w;(po) are independent vectors in P(po) ; as P(po) is independent 
of T, the whole set of vectors is independent. In other words, the Jacobian of 
(25.2) is ¥ 0 at po, and hence in a neighborhood R’ of po. Solving for y:, --- , Ym 
gives pin terms of gin R’: p = H(q). H is of class C’. 

We may cover M by such neighborhoods R’ so that any bounded closed subset 
of M has points in but a finite number of the R’. It is easy to construct a pos- 
itive function &(p) in M such that if R(p) is that part of P(p) within é(p) of p, 
then R(p) lies in some R’. (c) and hence (b) of Lemma 23 now hold. 

Lemma 22. Lemma 9 holds with R and E,, replaced by analytic manifolds M and 
Nin E, and E, respectively.* 

Let P(p) be the normal plane to pin M. Then P(p) is analytic, and hence we 
may define H(p) by the last lemma. JH is analytic. Similarly we define P’ and 
H'for N. Set f(q) = f(H(q)) in R(M); this is a C’-map of R(M) into the subset 
N of E, (see Lemma 4). If the analytic function F’ approximates to f closely 
enough and R’(M) is a small enough neighborhood of M in R(M), then F’ maps 
R'(M) into R(N), and F = HF’ is an analytic map of R’(M) into N.  F, con- 
sidered on M alone, is analytic (see Lemma 3). 

Lemma 23. Let M be a C'-m-manifold in E,(r = 1 finite or infinite). Then 
there is a positive continuous function &(p) and a function P(p) of class C’ in M, 
such that: (a) P(p) is an (n — m)-plane through p independent of the tangent plane 
loMatp. (b) If R(p) is that part of P(p) within &(p) of p, then the R(p) fill out 
a neighborhood R(M) of M ina (1-1) way. (c) If H(q) = p for q in R(p), then 
H is of class C* in R(M). Moreover, if M is analytic, so are P(p) and H(p). 


(25.2) 


® See also Lemma 27. 
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We have just considered the analytic case. If n = m, the lemma is trivial 
(then H is the identity); suppose n > m. Let P’(p) be the normal plane to M 
at p; there is a corresponding point D’(p) in M(n,n — m). D?’ is of class C™ 
and is thus continuous in M. Extended D’ so as to be continuous throughout a 
neighborhood R of Min E,. (Almost any method in use will do this; or we may 
use Lemma 11.) If R is small enough, D’(R) is in R(M(n, n — m)); then 
D” = H’'D’ is a continuous map of R into M(n, n — m), and D’’ = D’ in M. 
(H’ is defined in R(M(n, n — m)) as in the last lemma.) By Lemma 22 we may 
approximate D’’ in R by an analytic function D so closely that if P(p) is the 
plane through p in M parallel to the plane defined by D(p), then P(p) is inde- 
pendent of the tangent plane to M at p. P(p), considered in M alone, is of 
class C’, by Lemma 3. The lemma now follows from Lemma 21. 


V. ANALYTIC MANIFOLDS 


26. The lemma and method of proof. Our object in this part is to prove 

Lemma 24. Let M be a C’-m-manifold in E, (r = 1 finite or infinite). Then 
there is a C'-homeomorphic analytic manifold M* in E,. 

This, together with Lemma 19, completes the proof of Theorem I. Actually, 
M*, as constructed, will approximate to M to any desired degree, but it is easier 
to find an approximating analytic manifold after a homeomorphic analytic one 
isfound. (See Lemma 22.) We may suppose that n > m; if n = m, then M is 
analytic. 

To prove the lemma, we first construct an analytic (n — 1)-manifold S “sur- 
rounding” M, and then find in an analytic fashion a “center” M* of S. The 
proof is most easily visualized for n = 3, m = 1. The construction of S is 
straightforward. We determine a function positive and analytic near M and 
vanishing in M, subtract a very small positive analytic function, and let S be 
the set of points where the resulting function vanishes. The inside of S is filled 
up by (n — m)-planes P(p) approximately normal to M (see Lemma 23). The 
resulting function D(P) with values in M(n, n — m) (see §24) is of class C’ inside 
of S. We approximate this function by an analytic function, and thus deter- 
mine an analytic family of planes P*(p). (These planes, unlike the P(p), inter- 
sect each other inside S.) A point p inside S is in M* if and only if p is at the 
center of mass of that connected part of P*(p) inside S which contains p. 

The following lemma is necessary.*® 

Lemma 25. Given an open set R in E,, a positive continuous function n(p) in R, 
and r 2 0, there is an analytic function w(p) in R such that 


(26.1) w(p) > 0, | Diw(p) | < n(p)in R (ox £7). 


Let Ci, C2, --- be a denumerable set of overlapping cubes covering R, and let 





*6 This lemma, except for analyticity, is practically equivalent to a theorem of Ostrowski, 
Bull. des Sciences Math., 1934, pp. 64-72. See also our lemma 10. The theorem was 
known to the author in 1933. Note that we may make r = » in a manner similar to that in 
AE Lemma 6. 
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g(r) be a function of class C® in R which is > 0 within C; and = 0in R — C; 
(see for instance AE, §9). If the a; are small enough and positive, then 
o(z) = Da;Gi(z) is a positive function of class C® in R satisfying the inequality 
(26.1). If w(p) is an analytic function approximating (¢, R, 7, ¢) for small 
enough ¢(p) > 0 (see Lemma 9), then (26.1) holds. 


97. The manifold S and spheres S*(p, P). In this section we shall find S, 
and shall show that certain (n — m)-planes P through points p near M intersect 
Sin (n — m — 1)-spheres S*(p, P), which are analytic and vary analytically 
with p and P. Inthe next section we shall find the analytic manifold M*. 

Define the planes P(p) and the projection H(p) in the neighborhood R(m) as 
in Lemma 23. We extend the definitions of P(p) and £(p) through R(M) by 
setting 

P(p) = P(H(p)), E(p) = §(H(p)). 
Define the function &(p) in R(M) by 
(27.1) ®(p) = || p — H(p) ||. 
As H(p) is of class C’ in R(M), ®(p) is of class C'in R(M) — M. By Lemmas 9 
and 10 there is a function &’(p) continuous in R(M) and analytic in R(M) — M 
such that &’ = 0 in M, and it and its gradient satisfy 


(27.2) | &’(p) — ®(p)| < 3&(p), — || VO"(p) — V®(p) || < 3 


in R(M) — M. By Lemma 25, there is a positive analytic function w(p) in 
R(M) such that 


(27.3) |w(p)| <3 &(p), — ‘|| Vo(p) || < 3. 
Set 
(27.4) 6*(p) = ©'(p) — w(p); 


then @*(p) is continuous in R(M) and is analytic in R(M) — M, and * < 0 
inM. Sis determined by the vanishing of #*. 

To prove the existence of and properties of S, we shall introduce some auxiliary 
functions. Let p») be any point of M. Some neighborhood U of po in M is 
defined by equations (3.1). Given any subset K of M, let R(K) be the set of all 
points p of R(M) such that H(p) isin K. P(p) is independent of T (see Lemma 
23); hence there is a neighborhood U’ of po in M, U’ in U, and aé > 0, such that 
if Pisan (n — m)-plane through a point p of R(U’) and 


(27.5) || P — P(p) || < 4, 
then P is independent of 7 and hence intersects 7 in a unique point H*(P). 


(T is the tangent plane to M at mo.) H* is analytic. Set 


p — H(p) p — H'(p) 


(27.6) H'(p) = H*(P(p)), up) = lp- Hy = Tp HI 
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We may choose U’ and 6 so small that for any p in R(U’) and any P through p 
satisfying (27.5), 


(27.7) o*(H*(P)) <0, || H’(p) — H(p) || < &(p)/6, 
and 
(27.8) if d*(p) > 0, then || u’(p) — u(p) || < 3. 


For any P satisfying (27.5), let Tp be the transformation Ty+(»),p of §19, 
using the fixed point po and plane P(po), and let S(P) be the unit (n— m —1)- 
sphere in P about H*(P). Given any point g of So = S(P(po)), there is a corre- 
sponding point 


(27.9) q’ = Tr) = uP, @ in S(P); 


u is analytic. To each P satisfying (27.5), each g in So, and any a > 0, let 
correspond points p’, q’, q by 


(27.10) q = p’+ a(q’ — p’) = H*(P) + alu(P, 9) — H*(P)). 


For such values of a > 0 which make q lie in R(U) — U we define the analytic 
function 


(27.11) o(P, q, a) = *(q). 


We shall show next that for some y, 0 < y < 6, if P is a plane through a point 
p of R(U’), || P — P(p) || < y, and @ is in So, then there is unique number 


(27.12) a = p(P,g) > 0 

which, put in (27.10) and (27.11), makes o vanish (with g in R(U)); moreover, 
pisanalytic. Set 

(27.13) o'(p, q, a) = o(P(p), G, a); 


it is sufficient to show that, using P(p), there is a unique point q of the line seg- 
ment p’q’ in R(U’) such that ®*(q) = 0, and ac’/da > 0 at this point. 

By definition of R(M), R(U’) contains all points of P(p) within &(p) of H(p). 
As p’ = H'(p) for P = P(p), (27.7) gives 


(27.14) | p’ — H(p) || < &(p)/6. 


Hence, if q’’ is the point q for which a = 5é(p)/6 (keeping @ fixed), all of p’q” 
lies in R(U’). Moreover, as H(q’’) = H(p), (27.1) through (27.4) with (27.14) 
give 


(27.15) &*(q") > BG") — § E(p) > 0. 


By (27.7), ®*(p’) < 0; hence there is a point of p’q” for which &* = 0. 
Now toke any q on p’q” such that *(q) = 0, keeping P = P(p). As 


lla’ -—p’|l=1, p’ = HQ’), 
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and u’(q') = u’(q), differentiating (27.13) and using (27.10) gives 

a : , / , 
(27.16) = = |V@*(q) -(¢ at p’) lpaP(p) a= Vb*(q)-u (q). 


The projection of V® into any plane P equals the gradient of © as a function 
defined in P; hence, by (27.1) and (27.6), 
Proj py») VO(q) = u(Q), 
and if u’ is any vector parallel to P(p), then 
VP(q)-u’ = u(q)-u’. 
Hence, by (27.2) through (27.4) and (27.8), 


do’ 


= | [V@*(q) — Ve(q)]-u’(g) + w(q)-[u’(q) — u(g)] + 1) 








(27.17) 
>-—-%-34+1=0. 


This shows that @* vanishes at a unique point gq of pq”, and the existence and 
analyticity of p is proved. 

Take any P satisfying (27.5) with 6 repiaced by y; putting (27.12) in (27.10) 
gives q as a function of g. As @ ranges over So, g ranges over an analytic 
(n—m — 1)-sphere S*(P); this sphere varies analytically with P. It is the inter- 
section of Pand S.A finite or denumerable number of neighborhoods U’ cover 
M; for each there is a corresponding y > 0. Let y(p) be a positive continuous 
fmetion in R(M) such that y(p) = y(H(p)), and if p is in any U’, then y(p) is 
less than the corresponding y. Now if pis any point of R(M), P contains p, and 


(27.18) || P — P(p) || < y(p), 


then R(p) intersects S in an analytic sphere S*(p, P) which varies analytically 
with p and P. 


28. The analytic manifold M*. For any p in R(M) and any plane P 
through p satisfying (27.18), let Q*(p, P) be that part of P inside S*(p, P). Let 
s(p, P) be the center of mass of Q*(p, P). We shall show that if P*(p) is any 
analytic funetion in R(M) approximating to P(p) closely enough in R(M), then 
the set M* of points in R(M) satisfying 


(28.1) g(p, P*(p)) = p 


isan analytic manifold in R(M), C’-homeomorphic with M. 

We shall first show that g(p, P) is analytic. Consider a point po of M and a 
neighborhood U of pp in M ete. as before. If V(p, P) is the (n — m)-volume of 
(*(p, P) and | dp | denotes the volume element, then for p in R(U’) and any P 
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through p within y(p) of P(p),*” 


1 
28.2 ,P)= ——s dq |. 
( ) g( ‘ V(p, P) Q*(p, P) , | ui 


We shall express this integral in a different form. The points of Q*(p, P) are 
given by the pairs 


(q, a); qin So, OSa8 p(P, q). 


Letting Wo be the (n — m — 1)-volume of So and noting that T’p preserves volume, 
(28.2) may be written 


1 n—-m f° oss , ‘ - 
(28.3) g(p, P) = W, ——— | a®™1 (p’ + a(q’ — p’)} da} | dG, 
0 JS8o p 0 
where p = p(P,q). This expression is easily seen to be analytic. 
Let M’ be the set of points in R(M) satisfying g(p, P(p)) = p. Each 
Q*(p, P(p)) has exactly one point in M’, namely, its center of mass. Taking 
po ete. again, set 


(28.4) — r(p, P) = Tp'(p) — Te'(g(p, P)), —r(p) = r(p, P(p)). 


t(p, P) is a point (or vector) of EZ,» = P(po). 7(p) = O if and only if p is in 
M’. We shall show that if P*(p) is an analytic function approximating P(p) 
closely enough in R(U’) through the first order, and 


(28.5) ™*(p) = r(p, P*(p)), 


then the vanishing of r*(p) determines an analytic manifold through po. To 
this end, let 7(p), --- , tTn-m(p) and ri(p), --- , rx_,(p) be the components of 
t(p) and r*(p) in the directions of fixed mutually orthogonal vectors in P(p»); 
then 7(p) = Oif and only if the 7;(p) = 0, and similarly for r*(p). The 7;(p) 
vanish at a unique point of each Q*(p:, P(p,)), and the Vr;(p) are independent 
as functions in P(p;); hence the same is true of the r*(p) and the Vr;(p), if the 
approximation of P*(p) is close enough. Therefore r*(p) = 0 defines an 
analytic manifold Mj in R(U’), which cuts each Q*(p, P(p)) in a unique point 
pi, and such that the tangent plane to Mj at p; is independent of P(p:). 

If P*(p) approximates to P(p) closely enough in R(M), then the above will 
hold near each point of M, and the vanishing of r*(p) will determine an analytic 
manifold M* cutting each Q*(p, P(p)) as noted. As is seen from (28.4) and 
(28.5), the points of M* satisfy (28.1). The map p’ = H(p) of M* into M is 
(1-1) and of class C’. As the tangent plane to M* at p is independent of P(p), 
the inverse is also of class C” (see Lemma 21); hence the map is a C’-homeomor- 
phism and the proof is complete. 





37 Compare footnote!’. 
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V1. Proor or THEOREM 2 


We shall first prove the existence of analytic linear functionals as defined in 
7: we will then be able to prove Theorem 2 and the properties in §9. Finally, 
we shall prove the unproved statement in Theorem 6. 


29. Real-valued analytic linear functionals. We shall generalize AE 
Lemma 7 as follows: 

Lemma 26. Let R be an open set in E, let A(p, q) and {(p) be as in §7 in R, 
and let r and s be finite, s < r. Then there is an analytic linear (R, Ey, r, A, ¢)- 
functional &; moreover, & is defined for any polynomial P of degree < s, and 


ep = P. 
Let Ri, Ro, --- be bounded open subsets of R such that R; is in Ry. and 
R, + Ro +--+: = R, and let e; be the minimum of {(z) for x in Ry. Let 


4! () be the maximum of A(x, x’) for points x and 2’ of R; whose distance apart 
is p; these functions are easily seen to satisfy the requirements in AE Lemma 7. 
let a be a fixed point of R. Given any function f of class C’ in R, set 





(29.1) ey(c)= DO a (x — a); 


Zz. kl 


This is the polynomial of degree S s approximating to f most closely at a. (See 
AE for the notation.) * is a linear functional, and for any polynomial P of 
degree < s, Y*P = P. As seen in AE, footnote on p. 78, for each 7 there is a 
number K; such that if f satisfies (7.1) and hence 


(9.2) | Dif(x") + Dif(z)| S Ale’ -—z||)mRi (eS 8), 
then 

(29.3) |Dif(a)|< Ki O<u% 
Let A;'(p) be the maximum in R; of 


| DiP(x’) — D,P(x)| for ||2’ —z|| =p, Ck 


IA 


8). 


lA 


’; 


for polynomials P(x) of degree < s whose derivatives at a are < Kj, and set 
Ai(o) = A;(p) + Ap). Now if f is any function of class C’ in R satisfying 
(29.2), then f — &*f satisfies the same equation with A; replaced by Aj. 


Let 2’ be the linear functional given by AE Lemma 7 with M = 0, and set 


(29.4) Y= Uf — VY) + VY. 
Vis defined for all f = f’ + P, where f’ satisfies (7.1) and hence (29.2), and P 
isa polynomial of degree < s; for 

f- +e = f’ — L*Y", 
and this function satisfies (29.2) with A,, and is 0 at a. As both &* and {” are 
Imear, 2 is linear. As &’ is analytic and &*f is a polynomial, & is analytic. 





/ 
j 


















pe 
3 : 4 <4 Gat 
- ia 
i bee gets 
J ®t 





674 HASSLER WHITNEY 
Obviously °P = P for polynomials P of degree < s._ Finally, &f approximates hound 
(f, R, r, ¢), and the proof is complete. lim Zp 
: appro% 
30. Analytic linear functionals. We replace # and £; in the last lemma by js i 
M and E,, as follows. trade 
Lemma 27. Let M be an analytic m-manifold in E,, let A(p, q) and ¢(p) be as 0" 
in §7, and let r be finite. Then there is an analytic linear (M, E,, 1, A, ¢)- if fis 
functional.® R(M) 
It is sufficient to prove this for real-valued functions; the general case then 30.5) 
follows on applying it to each coérdinate separately. Given any f in M, define ap 
f’ in R(M) by f'(p) = f(H(p)). We shall show that the functional of the last API 
lemma, which we now call %’, may be applied to f’; then & is &’f’ considered in imat 
ele M alone. is suf 
ri Suppose f is of class C’ in M; then if f’(p’) = f(H(p’)), f’ is of class C’ in R(M) 
| (see the proof of Lemma 4); we let P(p) be the normal plane to M at p. _Differ- * 
({ entiating f’(p’) = f’(H(p’)) shows that D:f’(p’) is a polynomial of degree < o;, with 
in the derivatives of order < o; of f’ at p = H(p’) and of H(p’) at p’. Say sin 
p = 6x). Then D,f’(p) is determined by the D,fi(z) = D,f(0:(x)) and the : 
‘i D.6;(x). (The latter determine P(p).) Hence - 
Piet these 
(30.1) Dif'(p’) = PIDs fi(x), DiOi(x), Du (p')] (5, 01, ou S ox), fnite 
ey dan foro, Sr. (k, s, t and wu have respectively », m, m and v components.) As slight 
bp amiltge the 0; are admissible, there are but a finite number of such expressions for by V 
jetty D;f'(p'). Let a be a fixed point of M. Given any f in M or R(M), set f(p) = corres 
Hl f(p) —f(@. For any compact subset A of M there is a number K such that if itive 
f satisfies (7.1) in M, then ; it ap) 
(30.2) | Dij(p) | < Kin A (<7), wn 
une 
(see AE, footnote on p. 78). Hence, by (30.1), for any two points p’ and q’ §& prop 
of R(M) there is a number A such:that for any such f, (f)’ = f’ and hence f’ = Re 
satisfies satist 
(30.3) | Dif'(q') — Dif'(p')| SA (oc <7). By UW, 
Let A*(p’, q’) be the minimum of such numbers A. There are several (but a . P 
finite number of) choices for D;f(p) in (7.1); we take A*(p’, q’) large enough for sits 
all these. We 
We show now that if DP, — Do and q, — Do» then A*(p,, q;) — 0. Suppose : (Al) 
not. Then there are ak (o; <r),sequences {p,} and {q,} approaching po, and : 0] 
functions f, in M satisfying (7.1), such that Bm beth 
(30.4) | Dif; (91) ~ DSi, (p,) | >a> 0. ; boun 
We may suppose that py) = H(p5), p, = H(p,), and q, = H(q,) are in some U;; 
(30.1) then applies. Replace f,, f, by f,, f, as before. Then the D,f,;(x,) are 
40 
8 If M = R, we may have &{P = P as in the last lemma; P is a polynomial with values We 


in E, if each of its coérdinates is. and ¢ 








DIFFERENTIABLE MANIFOLDS 675 


hounded (a, = 9; '(P,)), and we may suppose D,f,;(x,) > D;,. As y, = 67'(q,) > 
im x, (7-1) shows that D,f,;(y,) ~ D;, also. Therefore all the variables in (30.1) 
approach the same limit when p is replaced by p, as when it is replaced by q,. 
js is continuous, D, f,.(p,) and D,f;,(q,) approach the same limit; but this con- 
sadicts (30.4). It is now easy to construct a continuous function A’(p’, q’) for 
y',q/in R(M) of the required nature, such that A’(p’, g’) = A*(p’, q’).* Now 
{fis any function of class C" in M satisfying (7.1), and f’(p) = f’(H(p)) in 
R(M), then f’ satisfies 
(30.5) | Dif'(Q) — Dif'(p)| S Ap, a) (o. <1). 
Applying Lemma 26 to f’ with s = 0 gives an analytic function ’f’ approx- 
imating (f’, R(M), r, ¢’); then &f = &’f’ in M approximates (f, M, r, 6), if ¢’ 
is sufficiently small. . 


31, Proof of Theorem 2 with (b) and (c) omitted. The proof of Theorem 2 
vith just (a) and (e’) is given by Lemma 12. We shall prove it with (a), (d), 
(e) and (f); the proof will be complete when we have proved (A) and (B) of §9. 

We first apply Lemma 12 to find a function F’ of class C’ which approximates 
(f, M,7r, n) and has the (f, 7, »)-properties 2), Q2, ---. Ifm = 2m, we include in 
these properties those of §21, to make F’ regular. This is permissible, as the 
finiteness condition of (e) of the theorem is satisfied for these properties. Only a 
slight change in the proof of Lemma 18 is necessary because of E,, being replaced 
by V. Let Wi and 7* be the neighborhoods and functions of §7(b) and (c) 
corresponding to Q; and F’. Because of the finiteness condition, there is a pos- 
itive continuous function ¢ in M such that if F approximates (F’, M, r, ¢), then 
it approximates (f, M, r, 7), and for each 7, it approximates (F’, W?, r, ni); F 
then has the properties 2), Q2, ---. It remains to show that the analytic 
fection F may be chosen so as to approximate (F’, M, r, ¢) and have the 
properties @;, Q3, --- .4 

Replace the A(p, q) of the theorem if necessary by a larger A so that (7.1) is 
satisfied with f’ and A replaced by F’ and 3A. Let % be the analytic linear 
(WM, E,, 7, A, $¢)-functional given by Lemma 27; we suppose ¢ is so small that 
iF” approximates (F’, M, r, ¢), then F’’(M) is in R(N). For some ¢’, if F’’ 
sitisfies (7.1) and approximates (F’, M, r, ¢’), then &F”’ approximates (F’, M,r, ¢). 
We must now choose F’’ so that it approximates (F’, M, r, ¢’) and satisfies 
(7.1), and so that F = &F’’ has the properties 2;, 23, --- . 





” Let p(p) be the smaller of 1 and half the distance from p to E, — R(M), and let p(p, q) 
be the smaller of e(p), e(q), ||¢ — p ||. Take p and q in R(M), let 5.(p, q) be the upper 
band of A*(p', g’) for || p’ — p || $a || a’ —q || Sa, and set 


1 p(p, q) 
5.(p, q) da. 
e(p, @) Jo ; 


“Ijn = 2m +1 and f is proper, we may find an F which is analytic, regular, (1-1) and 
Proper, and has the properties Q, Q, --- , by including in these properties those of §§20 
ind 21, and then applying Lemma 22 with its 7(p) sufficiently small. (See the end of §6.) 





A'(p,g) = ||a— pil + 


; 


¥ 
: 
3 
; 
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Let Wi, W;, G‘ be the open sets and functions corresponding to Q/ (i = 1 
2,---). Weshall choose sets of numbers a‘ so that if 


fh = F’, fi=hat LajG, F” = lim f,, 
7 


then F’’ is the required function. As the W; are bounded, if f’ is a function 

satisfying an inequality of the nature of (7.1), and a@ is small enough, then 

f' + ¥ aiG; approximates to f’ as closely as we please and satisfies (7.1) with 
inf 


a new A as near the old as we wish. Hence we may choose numbers 4, &’, . 
such that if a!, a’, --- is any sequence with | a | < a, then F”, using these a‘, 
satisfies (7.1) and approximates (F’, M, r, ¢’). The proof now runs exactly 
like that of Lemma 12, except that H&J; (j 2 7) and H&F” will have the property 
Q'. The existence of a‘ at each step such that Hf; has the property Q; is given 
by (d’) of §7. 

32. Certain maps of M into N like translations near a point. Let f bea 
C’-map of M into N(r = 0), take po in M, and set qo = f(po). Given any 6 > 0, 
we shall find neighborhoods W’, W of p, in M such that W’ is in W and W is 
within 6 of po (measuring in E,), and we shall find C’-maps Gi, --- , G, of M 
into E, such that G;(p) = O for pin M — W, and such that 


(32.1) fa(p) = H&f(p) + Di aiGi(p)] = HI&S(p) + DL ailGi(p)] 


for | a; | S lisan n-parameter family of C’-mapsin W’. is any (M, E,, r, A, ¢)- 
functional for A large enough and ¢ small enough near 7». 

Let 6 be a C’-map of Q,, into a neighborhood W of po; we will determine the 
size of W later. Set W’ = 0(Q,). Let d(p) be of class C* in M, = 1 in W’, 
and = 0 in M — W (see §20). Let P be the tangent plane to N at q, let 
yi, --+, y, be rectangular axes in H, such that P is the (y, --- , y»)-plane, and 
let v; be the unit vector in the direction of y;. Set 


(32.2) Gi(p) = A(p)v; in M (2 = 1, cee , Nn). 
In using Lemma 23, let P(q) be the normal plane to gin N. Then obviously 
(32.3) dH (qo) 


] 


Putting (32.2) in (32.1) and differentiating gives therefore 


=v;(j = 1,---,n), and =0 (j=n+1,-:-,»). 


(32.4) ey =z [8G.(p,)|;v; = Proj £G.(p), 

where Proj v is the projection of a vector v in E, into P. If we leave out ¥ in 
(32.4), we may choose W so that the resulting vectors df./da; are independent 
in W’. We then choose A and ¢ so that & is defined for the terms in (32.1) 
with | a;| < 1, and so that the vectors af,/da; are independent in W’; then fa(?) 
is an n-parameter family in W’. 
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33, Certain maps of M into N like rotations plus translations near a point. 
let f be a C"-map (r 21) of Minto N. Take po, qo, etc. as before; we shall 
choose W, W’, and C’-maps Giz. Let E = Eons), be a Euclidean space with 
coordinates 

Zi; @=1,---,m+1;j =1,-+-,n). 


The subseripts 7, j will, in this section, always range over the values shown, unless 





otherwise stated. Let 0; be the unit vector in the direction of z;;. Let @ map * 
(, into W. We may consider (1, --+ , 2m) (in Q») as codérdinates in W, and I 
write , fy 
ag(0(x)) | = hae f 

a for p = Ox), ee) for et ) in W. 





jz==~!(p) 
Corresponding to any C’-map g of W into E,, define the C’™'-map g of W into 
Eby 


(33.1) gp) = DU — Di + Do gi(D) Omari 5 


jiism 92; 
gis the j* component of gin E,. (Note that j runs to n only.) Define 
(3.2) Gi (p) = Mp)xiy; @ Sm), Gaya) = M(p)0;- 
For these G, (33.1) gives in W’ 
83) Gi(p) = By + Pm @ Sm), — Gry, (P) = Fngt,s- 


These vectors are obviously independent for p in W’. 
The family of maps fg(p) will be defined by 


(34) fo(p) = H&f(p) + LX BsG:,(p)]. 


As before, we find 


0 
dBi; 
As Proj G;,(p) = G; j(p), the vectors Proj &G; ,(p)) are linearly independent for 
mall enough ¢. It is easily seen that the operations of passing from g to g and 
differentiating are permutable; hence, as before, we may take W and W’, A, 
ind ¢ so that the vectors af3(p)/a.; are linearly independent in W’. Hence fs 
san (m + 1)n-parameter family of C’—!-maps of W’ into E. 





Sapo) = Pro} LG; ;(p). 





34. Proof of (B) and (C), §9. In the hypothesis of (B), n =>2m +41. As 
regularity is taken care of by (e) of the theorem, we may first replace the given 
ap by a regular C*-map; let the new map be f. As f is locally (1-1), we may 
ind a positive continuous function 6(p) in M such that f(p) is (1-1) for p within 
iP) of po, for any po. For each pp in M there is a neighborhood W as in §32; 
noreover, these may be taken arbitrarily small. Hence we may choose such 
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neighborhoods W,, We, --- such that Wi + W. + --- covers M, any compact her ( 
subset of M has points in common with but a finite number of the W,, and if p fies 
isin W, + Wi, W.-W, ¥ 0, then W, + W, lies within 6(p) of p. Next define maki 
the maps Gj, --- , Gi (s = 1, 2, --- ) as in §32. We may suppose that the we i 
n of the theorem is so small that any f’ approximating (f, M, 1, n) is (1-1) in W 
all W, + W. with W.-W. # 0. 7 P 
Arrange the pairs of numbers (s, ¢) for which W,-W, = 0 in a sequence. For 433) 
any k, let (s, t) be the k** member of the sequence, and let 2; be the property (for 
of maps f’ which holds if f’ (W) does not intersect f’(W/). The property of f’ Wi 
of being (1-1) is the sum of these properties. We shall show that Q, is an inde} 
| [f, 7, », 4, ¢]-property. (a), (b) and (c) of §7 hold; we shall prove (d’), with Hi pose 
; W, W’, G; replaced by W, + Wi, W, + W., Gi. Given f’ and Y, set any 
li i. regu 
| (34.1) fa(p) = nel) dX aiG3(0) | proj 
i it Le 
id Applying §32, we now see that f.. is an n-parameter family of C’-maps (r = 1) cond 
in W.. As f’(W,) is of zero (m + 1)-extent in N, W: is of finite m-extent in This 
i M, (m+ 1) +m Sn, and f.. = f’ in W,, there is an arbitrarily small a* such plan 
Wit ti that f..(W.)-f,..(W;) = 0 (Lemma 16), and (d’) is proved. tang 
a Ge To prove (C), §9 we proceed as above. Let K = K, + K.+ .--- be the the | 
AMR Ae subset of N, each K, being of zero (n — m)-extent. Arrange the pairs (s, ¢) in and 
Haute Sir a sequence, and let Q hold if f’(W.) does not intersect K;. The proof runs now whic 
Utne exactly as above. nate 
it the 
35. Proof of (A) and (D), §9. As before, we may suppose that the given BM cons 
map is regular. If r = 0 or 1, we may at the beginning replace the map f by a ing | 
C?-map (Lemma 22). Hence we suppose that r = 2. Define 6(p) and the W,, A 

W! exactly as in §34, and define the G;, as in §33. Again, let k corre- 

spond to (s, ¢), and let Q; be the property of maps f’ which holds if f’ has at 

most regular singularities in W/ + W/; complete regularity is the sum of these 
properties. We must prove (d’) for Q,. q, P 
Before proceeding, consider (D). Let V;, Vo, --- be admissible neighbor- then 
hoods in N’, and let QF hold if W. intersects V, only in the proscribed manner. vary 
If n’ = m, this is the same as stating that f’(W.) + V, has at most regular h(n’ 
singularities. If we show how to transform W/ with reference to V;, the same Hj 4’ 
process transforms W; with reference to W/; hence we need merely prove (d’) of d 
for (D). B ay 
Given f’ and &, set @ tio 
@ that 
(35.1) fioto) = He £9) +E 81561500) | a 

? 1,5] 


To each f’ corresponds an (m + 1)n-parameter family of maps f 3 of W! into 
E, by §33. We shall show that if f4.(W) avoids a certain set S, then f;.(W.) 
intersects V,in the proper manner. S will be the sum of a denumerable num- 
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per of sets of finite (m + 1)(m — 1)-extent. As the number of parameters in 
jp is (m + 1)n and the dimension of W, is m, we may apply Lemma 16 and 
make W, avoid any of these. Applying the process in the proof of Lemma 12, 
wemay make W, avoid S, and thus complete the proof. 

We shall leave out the indices s, ¢ in what follows. The vector d’f3(p)/az, 
in P (see §32) with components afs j(p)/dz; (j = 1, --- , n), by definition, (see 
§33) is the projection of the vector df A (p)/dxz;in FE, into P. As f - is regular 
(or small 8},;), the latter vectors (¢ = 1, ---,m) are independent. As the 
W. may be taken arbitrarily small, we may suppose that the a’f of (p)/dx; are 
independent in W’. As N’ may be cut into arbitrarily small pieces, we may sup- 
pose that V projects in a (1-1) regular manner into P (if V intersects f 3(W’) for 
any 6). As f;(W’) and V are both in N, and the projection of N into P is 
regular near go, they intersect in an allowable manner in N if and only if their 
projections do in P. Let PV, Pq etc. denote the projections of V, q, ete. into P. 

Let p be a point of W’, and gq, a point of V; we shall consider under what 
conditions Pf3(p) = Pq, the intersection being of an unallowable character. 
This is so if the vectors a’fs (p)/dx; determine a plane P,, in P which has a 
plane P;, of dimension h > k = m + n’ — n in common with the plane P,, 
tangent to PV at q’ = Pg. Hence the set Sin E which i3(W’) must avoid is 
the set of points z with the following property. For some q in V, some h > k 
and plane P, in the tangent plane P,, to PV at q’ = Pq, and some plane P,, 
which contains qg’ and has exactly P; in common with P,,, the last n coérdi- 
nates of g determine (in P) the point q’ and the first mn coérdinates determine 
the direction of P,,. Let 29 be that point of S we have just described; we shall 
consider that part of S, near z, S, being those points of S with this correspond- 
ing h, 

A point z of S;, is determined by the set 


», = 25a) 


(q, Pr, Pring v), where v = (1, = © Um) Oz; 


’ 

), Ps, Pm, v being chosen in the order given. (The last n coérdinates of z are 
then determined.) g runs over a set of dimension n’. Now keep q fixed, and 
vaty P;. P), lies in P,» and contains q’; the dimension of such a set of planes is 
h(n’ h). Next vary Pm. It is determined by naming a plane P,,._, through 
yin the plane P,_, through q’ orthogonal to P;; hence the set of planes P,, is 
of dimension (m — h)(n — m). Finally, vary the vectors v; Each one may 
vary freely as long as it remains in P,,; hence the dimension of this set of posi- 
lions of the set of vectors is m?. Consequently, if we set h = k + h’ and note 
that n’ _ h = n — m — h’, the above set runs over a part of a Euclidean 
‘pace of dimension 


d, =n’ + h(n’ — h) + (m — h)(n — m) + m? 
=n’ — hh’ + (h4+m — h)(n — m) + m 


=mn+n’ — hh’ S< m+n’—-heimrt+n—m-—1l, 


a. 
ee 


es eee 


— 
—— 


—Se a 























680 HASSLER WHITNEY 


The map of this set into the corresponding part of S, is of class C!, and hence 
the (m + 1)(n — 1)-extent of the latter is finite, as required. 


36. Completion of the proof of Theorem 6. Let 41, #2, --- be a completely 
admissible set of maps in that part M* of M’ for which 0 <t <1. We take 
them so that if U;-U; # 0, then fis (1-1) in U; + U;. In applying Theorem 
2 in the proof of Theorem 6, let us introduce (f, r, n)-properties as follows. 
Arrange the pairs of numbers (7, 7) in a sequence. Let the kt* member be (i, j). 
Then Q, holds for f(p X t) = ¢:(p) if the following is true. If 0 < ¢ <1, 
p X tisin U;, and q X t is in U;, then f(p X t) ~ f(q X t). We shall show 
that each property is an (f, r, »)-property (for small enough 7). It will follow 
that each $(0 < t < 1) may be made (1-1), irrespective of My and M,. The new 
map of M’ into N is of class C’, by Lemma 10. 

We may suppose the U; are so small that if U;-U; # 0, then U; + 0; isin 
some V, in N, and so that vectors , --- , Ym may be chosen in E,, with the 
following property. Set f,(p X t) = x;'f(p X 2), and let U +(t) be the set of 
points p X t of U; whose second coérdinate is t. If P and P’ are the m- and 
(n — m)-planes through the origin in £,, the first being orthogonal to and the 
second parallel to 1, --- , Un—m, then any f,(U,(t)) projects into a subset of P 
so that both the projection and its inverse are of class C’. The points 


q=pt Ld AsVs , p in f.(U;), 
fill out an open set R; in £,, and if solving this (see §3) gives 
p= H(q, t), a= #,(q, t), 


then H and the #; are of class C’. To any C’-map g of U; into Q, let g be the 
map of U; into E,_,, whose s** component is 


j(p X t) = #.(g(p X ?), t). 
Define the family of maps 


g(r X) =filp XO + Di Bw, in Us; 
then the gg have the property that 


ag lp XD =v. 

Hence the gs form an (n — m)-parameter family in Ep» -m. As U; is of dimen- 
sion m + 1 <n — m, there is an arbitrarily small 6 such that gs(p X t) #0 
in U; (see Lemmas 14-16). For this 6, no gs(U;(¢)) intersects any f,(U ; (0) 
(same #), for no ®,(gs(p X t), t) = 0. Consequently, using A(p) ete. as in §20, 
we prove (d) of §7._ The other properties are obvious, and the statement is 
proved. 
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MULTIPLICATIONS ON A COMPLEX 
By Epvuarp Crcu 


(Received February 20, 1936) 


In their communications at the First International Topological Conference 
(Moscow, September 1935), J. W. Alexander and A. Kolmogoroff introduced 
the notion of a dual cycle! and defined a product of a dual p-cycle and a dual 
cycle, this product being a dual (p + q)-cycle. A different multiplication of 
the same sort is considered in this paper. It may be shown that the Alexander- 
Kolmogoroff product, augmented by the dual boundary of a suitable (p + gq — 1)- 


chain, is equal to the (? 2 multiple of the product here introduced.’ 


Moreover, I consider also a product of an ordinary n-cycle and a dual p-cycle 
(n = p), this product being an ordinary (n — p)-cycle. There is a simple 
algebraic relationship between the two kinds of multiplication, which I shall 
explain elsewhere. As an application of the general theory, I give a new 
approach to the duality and intersection theory of a combinatorial manifold, 
given in a simplicial subdivision. The theory works exclusively in the given 
subdivision. 

This is a preliminary paper of a purely combinatorial nature. In a later 
paper, I shall apply the same methods to general topological spaces, and in 
particular to the very general “manifolds” defined in my recent note in the 
Proceedings of the National Academy of Sciences (U.S. A.). 

Many of the results of this paper were found independently by H. Whitney, 
but his methods of proof seem not much related to mine. 


1. Let there be given a complex K. We shall designate by o? (p = 0, 1, 2, -- -) 
the (oriented) p-simplices of K and by n?; (= 0, 1, —1) the incidence coefficient 
ofo?*! and of. 

The word group will always designate an additively written abelian group. 
If {is a group, then a (p, %)-chain is a symbol of the form a;c?, a; € YU, where, 
asalways in this paper, one has to sum over every subscript appearing twice. 

The boundary FA? of a (p, %)-chain A? = a,o? is zero if p = 0, and it is the 
(P — 1, %)-chain 

PA? = 250,07 
a 


‘As a matter of fact the Topology of S. Lefschetz (1930), contains an essentially equiva- 
lent notion (pp. 282-286). 

‘In his paper “On the Connectivity Ring of an Abstract Space” in this number of the 
Annas of Mathematics, pp. 698-708, J. W. Alexander has modified his definition, and it is 
10W in agreement with the one here presented. 
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ifp>0. If FA” = 0, we say that A? is an ordinary (p, %)-cycle. The (p, %)- T 
chain FA?+! is an ordinary (p, 2)-cycle for every (p + 1, %)-chain A®*!, Two only 


ordinary (p, %)-cycles A? and A? are said to be of the same homology class, 
or to be homologous to each other (in symbols Af ~ A?) if there exists a 


(p + 1, %)-chain A}* such that The 

| Aj — A? = FAR". hav 
of V 

The dual boundary F*A? of a (p, %)-chain A? = a;o? is the (p + 1, %)-chain rt 

F*A? = n?,a,07"". side 

wl vert 

If F*A? = 0, we say that A?” is a dual (p, %)-cycle. The (p + 1, %)-chain F*A? vert 


is a dual (p + 1, %f)-cycle for every (p, U)-chain A”. Two dual (p, %)-cycles A? 
and A? are said to be of the same homology class, or to be homologous to each 


other (in symbols Af ~ A) (1) in the case p = 0 only if they are identical, Let. 
ie (2) in the case p > Oif there exists a (p — 1, %)-chain A? such that p-sit 
P_ AP = F*Ar—, ; coef 


2. Let B be a given group. Let B* be a given dual (q, $)-cycle. By an 
auxiliary construction we mean an operation attaching to every simplex a? But 
(p = 0, 1, 2, ---) a (p + q, B)-chain B*+*(¢?) such that the following three ( 
conditions are satisfied. First, if the coefficient of a (p + q)-simplex rt? in 
B»*4(¢?) is different from zero, then o? must be a face of r?+?. Second, we must 





ita: have 4, 
(2.1) Bt = DS BX 0°). -_ 

i ing 1 

Third, we must have for every simplex a? (p = 0, 1, 2, ---) : : 

con 

(2.2) F*B?+2(g?) ces : 0? Bete (g?t) 7 +a 

j Seco 

3. We shall prove that the auziliary construction is always possible. Let (4.1 

there be given a fixed ordering of the vertices of K. Let o” be a given p-simplex, : 

written as se 

oP = (%, M4, --- , Up) . (4.2) 

corresponding to the given ordering of vertices (i.e. vu precedes » etc.). We © W 

shall define the (p + q, %)-chain B”+(o”) as follows. The only (p + 4)- © b(re 

simplices appearing in B’+4(¢”) will have, corresponding to the given ordering © Mor 

of vertices, the form ‘ bi(rs 

aE. mm fit 
eae (3.1) (Yo) M1, +++ Vp +++ y Upta)s bour 
. ie. the first p + 1 vertices will be those of o?. The coefficient of any such & - 
simplex (3.1) in B’*“(¢”) will be equal to the coefficient of the g-simplex (v,, ---» Beg i 


Vp+q) in B4, 


Sethe ndmmrtneee os 








— 
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The first two properties of the auxiliary construction being evident, we have 
only to prove (2.2) for 


Pp _ 
7 = & (Yo, Pes? » Up). 


The only (p + q + 1)-simplices r?*+** appearing on either side of (2.2) must all 
have o? as their common face and, moreover, corresponding to the given ordering 
of vertices, the vertex vp must be either the (p + 1) or the (p + 2)** vertex of 
-+t, We have to prove that any such r?+?*! has equal coefficients on both 
sides of (2.2). This being quite evident in the case where v, is the (p + 2)** 
vertex of r?+ +1, we only have to examine the case when, in the given order of 
vertices, we have 


Sm 
petet! (Yo, at? * eRe <** 5 Up+a+t) ° 


Let bp. (0 S i S q + 1) be the coefficient, in the (q, B)-chain B*, of the oriented 
jsimplex obtained from (vp, --- ,%p+41) by omitting the vertex v,,;. The 
coefficients of 7?+ 2+! in both sides of (2.2) are respectively equal to 


(—1)?*1b,,; and to (—1)?*"bp. 


But since B? is a dual (q + 1, B)-cycle, the coefficient of the (q + 1)-simplex 
(0, +++ , Upsqsa) in F*B¢ must vanish, i.e. 


(—1)'bp,; = 0 or (—1)?*b,,; = (—1)?"'bp. 


4. Let us suppose that the dual (q, 8)-cycle B? is identically zero. B?*%(c!) 
being the elements of an auxiliary construction chosen in any manner correspond- 
ing to Bt = 0, we shall prove that we may attach to every p-simplex o?(p = 
1,2,3,---)a(p + q — 1, B)-chain C+?" (¢?) such that the following three 
conditions are satisfied. First, if the coefficient of a (p + q — 1)-simplex 
1 in CPt+e-1(g?) is different from zero, then o? must be a face of r?*¢". 
Second, we have for every 0-simplex o! 


(1) Bio?) = 4),C%(o4). 
Third, we have for every p-simplex o?, where p = 1, 2,3, ---, 
(4.2) BP+4(g?) = 92, CP*(g2*!) 4 FHC? (G2), 


We begin by the construction of C%(¢}). Let 7? be any q-simplex and let 
blr) be its coefficient in B%(e°). If ° is not a vertex of 7%, we have b;(7%) = 0. 
Moreover, since B? = 0, it follows from (2.1) that p BA b,(r?) = 0. Therefore, 
b(r*) . ¢? is an ordinary (0, 8)-cycle of the q-simplex 7? having zero as the sum 
of its coefficients. It is well known that such a (0, %)-cycle is equal to the 
boundary of a (1, %)-chain of the g-simplex 7%. Therefore there exists, for 
“ry L-simplex oj, an element ¢;(r*) of the group 8 such that (1) ¢;(7*) = 0 if 
7; Snot a face of 7%, (2) bs(r*) = n9,¢,(7% for every o;. Let us put 


C05) = Li e(r*)z*, 
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the summation running over all q-simplices 7%. Then oc} is a face of every 
q-simplex appearing in C%(o}) and the relations (4.1) hold true. . 

If we put C*'(c?) = 0, the relation (4.2) corresponding to p = 0 reduces to 
(4.1). Therefore, we may suppose our construction carried through up to the 
relations (4.2), where p is given, and we have to construct (p + q¢ + 1)-chains 
CPte+l(g?t) satisfying the analogous relations 


(4.3) Breet(g?*!) = gfttOrte(gttt) 4 PeCrt( grt), 

Since F*C’+2-!(¢?) is a dual (p + q, B)-cycle, it follows from (4.2) that 
F*BPtt(g?) = 93, F*C?*(oF"). 

Comparing with (2.2) we get 

(4.4) 9), BPte(gttt) — F*C?ta(gt*) = 0. 


Now let 7?+¢*! be any (p + q + 1)-simplex and let b; (7°***") be its coefficient 
in the (p + q + 1, $)-chain 


ert) oe Porat). 


If o?* is not a face of 7?+¢+!, we have b,(7?+2+!) = 0. Moreover, it follows 
from (4.4) that %;b,(7?+1) = 0. Therefore, bj(7?+¢+)o?* is an ordinary 
(p + 1, B)-cycle of the (p + gq + 1)-simplex 7r?+2*'. It is well known that 
such a (p + 1, $)-cycle is equal to the boundary of a (p + 2, $)-chain of the 
simplex 7?+¢+1, Therefore there exists, for every (p + 2)-simplex of*?, an 
element c,(7?+%+) of the group % such that (1) ¢.(r?+2+) = 0 if of is not a 
face of r?+2+1, (2) bj(r?+ 9+!) = nfite,(7?+9+1) for every o?*'. Let us put 
CPrtat(gpt?) — 2 c,(7Pt at) . pptatl 


the summation running over all (p + q + 1)-simplices 7?+¢+!. Then of*” is a 
face of every (p + q + 1)-simplex appearing in C®+¢+1(¢?**) and the relations 
(4.3) hold true. 


5. Let there be given three groups AX, B and ©. Let there be given a law 
attaching to every couple a, b, where a ¢ & and b ¢ B, an element c e G, called 
the product of a and b and designated by ab or a-b. Furthermore, let us suppose 
the validity of the distributive laws 


(a1 + a2)b = ab + ard, a(b; + be) = ab; + abo. 


In such circumstances, we put € = (2, B) and say that there is given an (2, B)- 
multiplication. 

Any (2%, %)-multiplication defines an “inverse” (B, %)-multiplication (with 
the same group G), if we define the new product ba to be equal to the original 
product ab. 
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¢. Let there be given an (%, B)-multiplication. Let 


A” = a,c? 


t"t 


bea dual (p, W)-cycle. Let B¢ be a dual (g, B)-cycle. We shall define their 
product A?B¢ as a dual [p + q, (A, B)]-cyele which, however, will be affected 
vith a slight indetermination. To this end, we start with B* and choose an 
auxiliary construction (sect. 2), which is always possible by sect. 3. Then 
we put 

A?’B? = a, B*%(c?). 


From (2.2) we have 


F*a,; B?**(c?) = a, F*B?*%(¢?) ae 12,4; BPtet'(g2tt) 


jut 
which is equal to zero, since nj;a; = 0, A” being a dual p-cycle. Therefore, 
F*(4°B2) = 0, i.e., the product A”B‘* is indeed a dual (p + q)-cycle. 

It can easily be seen that the product A?B? is not uniquely determined, 
depending really on the choice of the auxiliary construction. But the homology 
cass of the product A?B? is determined without ambiguity,i.e. any two values 
(4”B*), and (A?B2)2 are connected by the homology 


(A?B2), ~ (A?B%)ps. 
This fact is an easy consequence of the following statement: If B¢ = 0, then 
4°B¢ ~ 0 for any choice of the auxiliary construction. We proceed to the proof 


ofthat statement. If B* = 0, we saw in sect. 4 that there exist chains C?+*"(¢?) 
such that (4.1) and (4.2) hold true. If p = 0, it follows from (4.1) that 


A°Bt = a,B%o°) = 7°,a,C%o°) = 0, 
because 95,0; = 0. If p > 0, it follows from (4.2) that 
F*a;C? (a?) = a,F*C?* (a?) = a, BP*4(a?) — nj,a,C?*(05") 
= a,B?**(¢?) = APB! 


because na; = 0. Therefore A?B¢ = F*a;C?+*(o?) ~ 0. 

The homology class of the product A?B* is uniquely determined by the homology 
classes of AP and B*. This is an easy consequence of the following statement: 
either A? ~ 0 or BY’ ~ 0, then AP7B¢ ~ 0. Let us first suppose that A? ~ 0. 
lip = 0, then A? = 0, which implies A?B* = 0. If p > 0, then there exists a 
(p - 1, %)-chain a,o?—* such that A? = ajo? = F*(a;o7~'), ie. a; = m7 
According to (2.2), we have 


Pa; BPG ?1) — gy, P*BP+(g? lt) — P51, BP*4(a?) = a; Bo?) = AB 


that A7Bz = 0. Now we suppose that Bt ~ 0. If q = 0, then B* = 0, 
vhich we know to imply A?B2 ~ 0. If q > 0, then there exists a (q — 1, 8)- 
hain H* such that Bt = F*H 1, One finds easily (q — 1, B)-chains H w1(g") 
‘wh that (1) ¢° is a vertex of every (q — 1)-simplex appearing in H="(¢°), 
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(2) Ho = }°;H@(o!). If we put Boj) = F*H*™(o}) and Brta(g?) = 9 
for p > 0, we evidently have an auxiliary construction in the sense of sect. 2, 
With this choice of auxiliary construction, we have A’B?% = O if p > 0, and 


A°BY = F*a,H*"(o°) ~ Oif p = 0. 


7. Let there be given an ordering of the vertices of the complex K. Then we 
can use the particular auxiliary construction described in sect. 3, which leads 
to the following simple definition of the product A?B*. Given a (p + 4)- 
simplex o”+ 4, we write it as 

gPt4@ = (vo, Vi, *°* » Up -e> > Paoed 
according to the given ordering of the vertices. Let a be the coefficient of the 
p-simplex (v9, v1, «+: , Vp) in the (p, %)-chain A?; let b be the coefficient of the 
q-simplex (vp, ++ , Upyq) in the (gq, B)-chain B*. Then ab is the coefficient of 


o?+4 in the product A?B?. 
This definition leads to a simple proof of the commutative law: 


(7.1) BoA? ~ (—1)?24Be, 


Here we suppose that, 2{ and $ being two groups, A? is a dual (p, %)-cycle and 
Bis a dual (q, B)-cycle. Furthermore, an (2, $)-multiplication is given, and 
hence an inverse (%, 2f)-multiplication also (sect. 5). The products A’B* 
and B2A” are formed according to the first and second of these multiplications, 
respectively. To prove (7.1), we fix the value of A?B®¢ according to a given 
ordering of the vertices, and fix B*’A” according to the inverse ordering of the 
vertices. Let a (p + q)-simplex 


a eae eee ee 
be written in the original ordering of the vertices. Since 
(Up) +++ V0) = (—1)PPtP(n, -- + , Vp), 
(Vptay ++ Up) = (—1) GH (D,, --- , Vp+—), 
(Uptay *** yVpy ee y V0) = (—1)MPt@ (HED (yp, ..- Vp, >> y Upta)s 
(Pp + a)(p +9 +1) = 4p(p + 1) + 4009 + 1) + 4, 


it is readily seen that, with our particular choice of the auxiliary construction, 
we have B?A” = (—1)?4A7B2. It seems difficult to prove the commutative 
law (7.1) directly from the general definition given in sect. 6. 

The distributive laws 


(7.2) (A? + A?)BY ~ A?B* + AZB2, 
(7.3) A?(BY + B%) ~ A?B? + A?B3 


are immediate consequences of either of the two definitions of the product. 
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Now suppose that three groups 2%, %2 and %3 are given. Let there be given 
an (%s, %,)-multiplication and an (%», %3)-multiplication. Further, putting 
(21, Xe) = We, (Mo, Xs) = Aes , 


let us suppose that there is given an (12, %3)-multiplication and an (21, Y%23)- 
multiplication. Suppose, finally, that the associative law 


Q\A2-Azg = A,-Ac2M3 


holds true for @ €%1, a2 € M2, as As. Then we have, if A?! (i = 1,2,3)isa 
dual (p:, U.)-cyele, the associative law 


(4) APAR-AB ~ AT ARAM, 


The proof based on a given ordering of the vertices is quite trivial. A proof 
based directly on our general definition of the product is not difficult, however. 

It would be interesting to prove, using only definitions based on the ordering 
of the vertices, that the homology class of the product A?B? is independent of 
the choice of the ordering.® 


8. Let there be given an (2, B)-multiplication. If A? = a,c? is a (p, %)- 

chain and if B? = b;0? is a (p, B)-chain, let us put 
g(A”, B”) = axb; € (A, B). 

fA isa (p + 1, 2)-chain and if B? is a (p, B)-chain, it is readily seen that 
1) e(FAP*, Br) = (APH, F*B?) ; 
similarly we have 
(8.2) o(A?, FB?!) = o(F*A?, Bt) 
lor any (p, 2)-chain A” and any (p + 1, B)-chain B?*. 
9 Let there be given an (%, %)-multiplication. Let A?+? be an ordinary 
(P+ 4, W-cycle. Let B2 be a dual (q, B)-cycle. We shall define a product 
4B¢ (not quite uniquely determined), which will be an ordinary [p, (2, 8)]- 


tyele. We choose an auxiliary construction B?*#(o?) associated with B* 
(sect. 2), and we put 


Arta Bt = ¢,0?, 
where (see sect. 8) 
c; = (—1)* g[APt2, Br+a(c?)]. 
That A>*eBe is an or dinary [p, (A, B)]-cycle, is trivial if p = 0. If p > 0, 


EE Eee 
"Such a proof has now been given by J. W. Alexander; see his paper cited above. 
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1 


it follows from (2.2) and (8.1) that, for any (p — 1)-simplex 7", 


(=1)"9tj"e = n2j'elA"™, BP(o?)] = eA”, 027" BP*(o?)| 
ate y[A?*?, F*Bt™"(g?")] =" g|FA?*, BPte(g?)] — (0, Brte-(g?)) ii 
i.e. F(A?**B%) = 0. 
Suppose that B? = 0. If p = 0, it follows from (4.1) that 


g[A%, B%(o;)] = njig[A%, C%(05)I, 


’ 


so that 
A°B! = F(y;01), —-¥; = g[A%, C%(o)], 


i.e. ATB' ~ 0. If p > 0, it follows from (4.2) that 
AP, BP**(02)] = nFigl APH, CP (oT*)] + fA, F*CMM(G?)), 
But the last summand is zero, from (8.1), since FA®+*? = 0. Therefore 
A BY = FOyjo%*), 4, = (—1)Pg[A*, OP (or), 


i.e. again A’*7B4 ~ 0. ' 

It follows readily from the preceding proof that, in any case, the homology 
class of the [p, (%, B)]|-ceycle A”*+*B? is independent of the choice of the auxiliary 
construction. As a matter of fact, this homology class is uniquely determined 
by the homology classes of the ordinary (p + q, %)-cycle A+? and the dual 
(q, B)-cycle B*. It is sufficient to prove that A?+*B¢ ~ 0, if either A?+? ~ 0 
or B2~0. If A?+? ~ 0, there exists a (p + ¢ + 1, %)-chain H+ +! such that 
Arta = FH?+«+1, It follows easily from (2.2) and (8.1) that 


APB = F(y,03") ~ 0,4; = (—1)"*ol Ht, Brre(ort)). 


If B* ~ 0 and q = 0, we have B¢ = 0, which we know to imply A?+?B?2 ~ 0. 
If B1~~ 0 and q > 0, we choose the auxiliary construction as at the end of 
sect. 6: B%(o}) = F*H*(o!) and B?+4(c?) = 0 for p > 0. If p > 0, we have 
then A?+7B27=0. If p = 0, we have again A*%B? = 0 from (8.1), since FA? = 0. 

If A? is a dual (p, %)-cycle and if B?+? is an ordinary [(p + q), Bl-cycle, 
we put 

A?” Bt? = ¢,¢%, 
where 
¢; = @fA?*(o?), BP*], 


the (p + q, %)-chains A?+(o4)(q = 0, 1, 2,--- ) being the elements of an 
auxiliary construction associated with A”. Again, the product is an ordinary 
(9, (2, B)]-cycle and only its homology class is uniquely determined, this class 
being indeed given by the mere knowledge of the homology classes of the 
factors. If A?**?is an ordinary (p + q, %)-cycle and if B?is a dual (q, $)-cycle, 
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a as 


we have evidently 1 
(9.1) ArtaBiw (—1)°*BaA ta, 


yhere the left-hand member is defined according to the given (2, 8)-multiplica- & 
tion and the right-hand member according to the inverse (%, %)-multiplication. 


nage 


10. Let there be given an ordering of the vertices of the complex K. The 

particular auxiliary construction described in sect. 3 leads to following simple » 
definition of the product A?B?+? of a dual (p, %)-cycle A” and an ordinary i 
(p+ 9, B)-cycle B’*+*. Given a q-simplex «4, we write it as ty 
} 

oi! = (v0, a *. » Ug) f 

according to the given ordering of the vertices, and consider all the (p + 4q)- i 
simplices ‘ 

on? = (v, Vip +++ yUqyrr**, Up+a) 


having o? as their common face and such that, in the given ordering, v, precedes 
any vertex of o2** which is not a vertex of o’. For every such of*? put 


ok = (v., wee » Upta)- 


let a, be the coefficient of cf in A”; let b, be the coefficient of of*? in Bre. 
Then the coefficient of «7 in A?B?*7 is equal to 


z. axbx. 
k 


Now let us consider the product A”+¢B¢ of an ordinary (p + q, %)-cycle . 
A’? and a dual (gq, $)-cycle B*. This time we use the auxiliary construction 
based on the inverse ordering of the vertices, but we describe the result in terms 
of the original ordering. Given a p-simplex o”, we write it as 


St See oe 












c= (v., p= » Up+q) 


according to the given ordering of the vertices, and consider all the (p + q)- 
simplices 

oh = (Uo, V1, +++ 5 Vg) +++ y Upta) 
having ¢” as their common face and such that, in the given ordering, v, follows 
any vertex of «2+? which is not a vertex of o?. For every such o?*’, put 


o; = (Yo, +++ 5 0%). 


let a; be the coefficient of o%*? in A?*®; let b; be the coefficient of of in B’. 
Then the coefficient of o? in A?+*B7 is equal to 


+ is aby. 
k 


These definitions, in connection with that given at the beginning of sect. 7 
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(for the product of two dual cycles) lead to a simple proof of the associat, 
laws: 


(10.1) Apion Bos. Boe ws Aptrtrs. Be: Bos, 


(10.2) BRA bitestes ; B}: ~ B?- Abitretrs BPs 
(10.3) BY By. Apts ~w BE. BE A getetn, 


Here we suppose given three groups %, %2, Ys, an (%1, %2)-multiplication, a 
(%s, M3)-multiplication, an (M12, %f3)-multiplication with %e2 = (M1, %2) and ar 
(%;, 2%X23)-multiplication with %3 = (Ms, Ws). It is supposed that ajaz - a; = 
i - a203 fora; eA; (¢ = 1,2,3). APT (¢ = 1, 2,3) is an ordinary (p; + po + 
Ps, U:)-cycle and Bz‘ (¢ = 1, 2, 3) is a dual (pi, U;)-cycle. Of course, any of the 
three formulas (10.1), (10.2) and (10.3) implies the others using (7.1) and 
(9.1). We omit writing explicitly the trivial distributive laws. 


11. In the remaining part of this paper the coefficients of all chains are taken 
from the additive group of all integer numbers. Moreover, we suppose that 
K = M,, is an orientable simple n-circuit, i.e. that the following four conditions 
are satisfied. First, each simplex of M, is either an n-simplex or a face of an 
n-simplex. Second, each (n — 1)-simplex of M,, is a common face of precisely 
two n-simplices of M,. Third, any two n-simplices of M, may be connected 
by a sequence of n-simplices of M, such that any two consecutive n-simplices 
of the sequence have a common (n — 1)-face. Fourth, the n-simplices o? of 
M,, can be given such orientations that their sum I” = )>; o? is an ordinary n- 
cycle. (We always suppose the orientation of the n-simplices chosen in this 
manner.) 

If of is any p-simplex of M,, we denote by Lk. [o?] its link, i.e. the subcomplex 
of M, composed of all the simplices 7 of M, having no common vertex with o? 
but having the property that there exists a simplex of M, having both 7 and a? 
among its faces. 

If 0 S p S n, we say that M, is p-regular if the following two conditions are 
satisfied. First (requiring nothing if p = n or p = n — 1), the link LK. [o?] 
on any p-simplex of M, is an orientable simple (n — p — 1)-circuit. Second 
(requiring nothing if p = 0), for each k such that 0 S k S p — 1, any dual 
(n — p — 1)-cycle of any Lk. [of] is homologous to zero in Lk. [o7]. It is easily 
seen that the orientable combinatorial n-manifolds are identical with orientable 
simple n-circuits, which are p-regular for any 0 S p S n. 


12. For 0 S p S n, we denote by %, the group of all the homology classes of 
ordinary p-cycles of M, and by %, the group of all the homology classes of dual 
p-cycles of M,,. 

Given any dual (n — p)-cycle B*-? of M, (0 S p S n), we put 


v,>(Br?) = I". Bre, 
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where T" = Dis 04. Evidently, ¥» is a homomorphic mapping of the group 
§,-pon a subgroup ¥p(Br—p) of the group B,. 

13. If M, is p-regular, then the mapping y, is 1 — 1, so that the group %,_, 
sisomorphie with a subgroup [i.e. ¥p(Bn_»)] of the group B,. 

It is sufficient to prove that ["B"-? ~ 0 implies B"-? ~ 0. | 

Let B'-?**(o) be the elements of a given auxiliary construction associated 
with the dual (n — p)-cycle B"-”. Since I . Br-? ~ 0, there exists a (p + 1)- 
chain ¢,o7"! such that I". Br-? = (—1)?-” F(c,07""), ie. 


gif, B'(o? |= 07 iG; . 


For any o?*', let us choose an n-simplex 7” such that o?*? is a face of 7", and 
put H*(a?*") = ¢7". Since I = a o;, we have g[l'7H"(o?*")] = ¢; and, 
therefore, 


(13.1) g{I", Br(o?)] = 0, 
where 
a Bi(o?) = Br(o?) — 03; H™(o3*") . 


Evidently o? is a face of each n-simplex appearing in the n-chain Bj(o?). There- 
fore there exists in the link Lk. [o?] an (n — p — 1)-chain C*-?—(¢?) such that 
the n-chain Bj(¢?) can be obtained from the (n — p — 1)-chain C*-?~ by re- 
placing each (n — p — 1)-simplex 


(Vp41, a eS Un) 
by the n-simplex 
(v0, set yUpy Uptty *** 5 Vn) 
where 
(13.3) (v, «++, Vp) =o? . 


Since the complex Lk. [c”] contains no (n — p)-simplex, the (n — p — 1)-chain 
C"-(g?) of the complex Lk. [¢?] must be a dual (n — p — 1)-cycle. More- 
over, the equation (13.1) signifies that the sum of the coefficients of C™~?'(o7) 
is equal to zero. Since M, is p-regular, Lk. [o?] is an orientable simple 
(n— p— 1)-circuit, which implies readily the existence of an (n — p — 2)-chain 
D-(¢”) in the complex Lk. [o?] such that 


ne F*D-?-*(o2) = (—1)?4C™-?-(6?) . 


let H"-\(c?) signify the (n — 1)-chain which arises from the (n — p — 2)-chain 
D-**(a?) by replacing each (n — p — 2)-simplex 


(vp41, ihe Un—1) 
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by the (n — 1)-simplex 
(vo, ss y Up, Uptiy *** Un—1) ’ 

supposing the validity of (13.3). Then (13.4) implies that 
(13.5) F*H""(o?) = Bo(o?). 
Moreover, a? is a face of every (n — 1)-simplex appearing in the (nm — 1)-chain 
H”"(o?). 

Now, let us put 

Bp-1(o7) = 0, 
By-i(o}') = Boi") — 1h; H0?) 
and 
Br-t**(o7) = Br>+*(of) for p—1LAkKH¥p. 

From (13.2) and (13.5) it is easily seen that the chains B”—?**(¢!) form an 
auxiliary construction associated with B"-?. 

Now let us suppose that (as we have found to be possible in the case r = p — 1) 
we have found chains B”~’**(¢/)(1 S r S p — 1) forming an auxiliary construc- 


tion associated with B"-? and such that B™~’*"*'(¢/*') = 0. By the defini- 
tion of an auxiliary construction, we have 


(13.6) F*B"~?*"(¢7) =0 
for each o;. Since oc; is a face of each (n — p + r)-simplex appearing in 
B"~’*" (a7), there exists in the link Lk. [o7] an (n — p — 1)-chain C"-?—(c!) 
such that the (n — p + r)-chain B}~’*’(¢{) can be obtained from the 
(n — p — 1)-chain C"-?-'(¢;) by replacing each (n — p — 1)-simplex 

(Ur41) +++  Un—ptr) 
by the (n — p + r)-simplex 

(vo, 20 * 9 Ory Urs, °° y wr ’ 

where 
(13.7) (vo, -++,%) =o;. 


Now the equation (13.6) signifies that C"-?—(o) is a dual (n — p — 1)-cycle of 
the complex Lk. [cj]. Since M, is p-regular, it follows that there exists an 
(n — p — 2)-chain D"-?~*(¢/) of the complex Lk. [7] such that 


(13.8) F*D"->(¢5) = (—1)"1C*- >?) . 


Let H"-?+"—"(¢{) denote the (n — p + r — 1)-chain which arises from the 
(n — p — 2)-chain D"-»~*(¢;) by replacing each (n — p — 2)-simplex 
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bythe (n — p+ 7 — 1)-simplex 





(vo, 0 9 Ory Urtty °° y Un—ptr—1) : 
sipposing the validity of (13.7). Then (13.8) implies that | 
139) FeH (61) = BI (o!) , 
in Now, let us put 
Br-i*"(o{) = 0, , 
(13.10) - a — n— om f= — ‘ i 
Briptt—* (o5*) = Br-Pt* 65") — a7 A167) f 
Le 
i 
and f 
Br-t**(of) = Br-?+*(ot) for r—1¥#k#¥r. . 
It follows readily from (13.9) that the chains B”—?**(¢/) form an auxiliary i 
construction associated with B"-” and such that (13.10) holds true. i 
n Applying the preceding argument successively for; = p — 1, p — 2, --- , 2,1, : 
we obtain an auxiliary construction Bj~’** (oc!) associated with B"-? and such j 
) that B?-?*" (co) = 0. Applying the same argument again in the case r = 0, 
. we have (13.9), written now as 
‘ F*H™-?(o{) = By-"(o3) . ( 
But since Bj ”(o?) are elements of an auxiliary construction associated with | 
BP, we have B"-? = >; BU~?(c?) = F* >>; H"-?(c?), whence B"-? ~ 0. 
Nh i 
) 14. If M,, is (p — 1)-regular, then the group ¥,(B,—») is the whole group B>, f 
e s0 that the group 8, is a homomorphic image of the group $,_,. Comparing | 
this with the result of the preceding section we see that, if M,, is both (p — 1)- 
regular and p-regular, the groups 8, and $,_» are isomorphic. 













Let C? = ci? be an ordinary p-cycle of M,, so that n?j'c; = 0. We 
shall find a dual (n — p)-cycle B*-? and an auxiliary construction B"-°+*(a/) 
associated with it such that '" . B™-? = C?, i.e. 


(14.1) gil", B'(o?)] = c:. 


The construction of n-chains B"(o?) satisfying (14.1) is quite evident; it is suf- 
ficient to choose for each o? an n-simplex 7" having o? among its faces and to 


f §@ put Bc?) = ei. Since n?;'c; = 0, we have for each o?* 


(14.2) g[I", n?;'B(o?)] =0. 


7 


Since ¢?~' is a face of every n-simplex appearing in 77 7 B(o? ) and since the 
(p — 1)-regularity of M, implies that the link Lk. [o?~*] is an orientable simple 
(n — p)-circuit, we can start with (14.2) and repeat the same argument which, 
in the preceding section and starting with (13.1), led us to (13.5). We thus 


— 


‘Any M,, is supposed to be (—1)-regular. 
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obtain, for every o? ', an (n — 1)-chain B™"\(c7~") such that o?~' is a face of 
each simplex appearing in B*"(o?—') and such that 
F*Be(o9-!) = 92 5'BM0?) . 
More generally, let us suppose that, for a given r(1 S r S p — 1), we have 
succeeded in attaching to every of (r S$ k S p) an (n— p+ k)-chain B™?**(¢') 


having the two following properties. First, of is a face of each (n — p + k)- 
simplex appearing in B"-?+*(o/). Second, we have forr Sk S$ p—1 


aes F*Brrt(gt) = 95, Brett"). 
It follows that 
on F¥*nij' Br ?(o{) = 0. 


Since a7’ is a face of every (n — p + r)-simplex appearing in 9/7’ B"-?+"(c") 


and since the (p — 1)-regularity of M, implies that every dual (n — p — 1)-cycle 
of the complex Lk. [o7~*] is homologous to zero in Lk. [o;~*], we can start with 
(14.4) and repeat the same argument which, in the preceding section and 
starting with (13.6), led us to (13.9). We obtain thus, for every o7~', an 
(n — p + r—1)-chain B*-?+™(¢"~") such that o7~* is a face of each simplex 
appearing in B-?+™—1(¢"~') and such that (14.3) holds true for k = r — 1. 

Starting with the chains B"(¢?) and B™"(¢?~") already found, and applying 
the preceding argument successively for r = p — 1, p — 2,--- , 2, 1, we find 
chains B"-?+*(¢/) (0 < k S p) such that co? is a face of each simplex appearing 
in B-?+*(g') and such that (14.3) holds true for 0 < k < p—1. In particular, 
for k = 0, (14.3) says that 


P*Be-o(o!) = 9}, B->H(o}) . 
Since >>; 7°; = 0 for every a;, we have F* >>; B"-»(¢°) = 0, ie. 
Br? = 0; B-(c°) 


is a dual (n — p)-cycle. Of course our chains B*-?+*(o/) form an auxiliary 
construction associated with B"-? and we have I" . B™-? = C?. 


15. Let 0 S p S n,0 S q S n. Suppose that M, is r-regular both for 
r = pand for r = q. Let C? be an ordinary p-cycle belonging to the family 
¥,(Bx—»); let D* be an ordinary q-cycle belonging to the family Pq(Bn-2); if 
M, is r-regular also for r = p — 1 andr = q — 1, we know (sect. 14) that the 
cycles C? and D* are unrestricted. 

We shall define the intersection of C? and D¢ and we shall designate it by 
C? X D*. Inthe case p + q < n we simply put 


C? xX Di: =0. 


In the case p + q 2 n, we shall define C? X Das an ordinary (p + q — ®)- 
cycle, but only its homology class will be uniquely determined. 
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since C” belongs to ¥,(Bn—y), there exists a dual (n — p)-eycle A"-? such that 
(15.1) rare CF 
Since D@ belongs to ¥q(B,—2), there exists a dual (n — q)-cycle B"-@ such that 


(15.2) T"*B-71~ De, 


We know (see sect. 13) that the homology classes of A"-? and B"~¢ are uniquely 


defined. 
This being done, we put 


(15.3) C? xX Diw[n. AmPBr-a, 

It follows from (10.1) and (15.1) that 

(15.4) C? X Diw~ CBs, 

The distributive laws 
(Ci + C3) X Dt ~ (CZ XK D*) + (C? X D4), 
C? X (Di + Di) ~ (C? X Df) + (C? XK D3) 


areevident. The commutative law 


(15.5) 


(15.6) Dtx C?~ (—1)@-») (m-9CP? «K Da 


follows from (7.1) and (15.3). If M, is also s-regular and if E* is an ordinary 
scycle belonging to the family ¥.(%,-.), we see from (7.4), (10.1) and (15.3) 
the validity of the associative law 


(15.7) (C? X D1) X E*}~C? X (D’ X EF). 


16. Let M,, be an orientable combinatorial n-manifold and let Mj. be its 
barycentrical subdivision. It is well known that M; is also an orientable com- 
binatorial n-manifold. We shall show that, on the manifold M,, our definition 
of intersection of ordinary cycles is equivalent to the classical definition. 

Let o?(0 S p S n) denote the simplices of M,. We choose the orientation of 
the n-simplices o7 in such manner that y" = ).; 07 is an ordinary n-cycle on 
M,; we choose arbitrarily the orientation of the p-simplices o?(1 < p < 
"—1) and, as usual, we denote by 7?; the incidence coefficient of og?! 
mdot0<pSn-— 1). 

Now let us recall the definition of the complex M “a The vertices of M, 
are identical with the simplices o?(0 < p S n) of M,. The vertices oi, 
ai, ade ofr of M,, where po S i S --- & pr, forman7-simplex of M! if and 


only if (1) po < pr < +++ < py, (2) oP is a face‘of offor0 Ss Sr— 1. 
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Put 


n— 1 n 
T" = Do nig Mei . ++ Moen (C359 o Tiss *%* 4 Tin) 


the summation running over all the n-simplices of M;. It is well known that 
T™ is an ordinary n-cycle of M! (usually called the barycentrical subdivision 
of y”). 

The classical intersection of two ordinary cycles on M}, is obtained by choos- 
ing each factor in a particular way in its homology class, which we must de- 
scribe in detail. 

Let H” = a;o? be an ordinary p-cycle of M,. Put 


=" 0 1 p-1 0 1 Pp 
— pm Niyio Visi * " Ni pi pap (o;,; Fix pee Dy 


the summation running over all the p-simplices of M having the indicated 
form (¢?,, 0/3, -++, 0? »)» Let K"~ = b;o7* be a dual (n — q)-cycle of M,. Put 


. ao n—1 n—q n—qtl 

D 2. Nin. n- dla “eo Ni hates (07), q? ie —qii ? ee ‘Js 

the summation running over all the q-simplices of M’ having the indicated form 
n—@ n—qt1 

(oF, OF n. qt? agers 0; oi). 


In the classical eny of combinatorial manifolds it is shown that C? is an 
ordinary p-cycle on Mj, that D7 is an ordinary q-cycle on M ’, and that we may 
choose the ordinary p-cycle H? on M,, and the dual (n — q)-cycle K"™ on M, 
in such a manner that C? and D* are homologous to arbitrarily given ordinary 
p-cycle and q-cycle on M;. The classical intersection of C? and D? is zero if 
p+q<_n;inthe case p + ¢ 2 2, it is equal to 
(16.1) C” X DO = Dent haime ot MpipaVipDing (Cingy 77 9 ORy)s 


tp in-g 


the summation running over all the (p + q — n)-simplices of M/, having the 
indicated form (o7,7, ---,07,). 

The case p + q < n being trivial, we have to show that, if p + q 2 n, (16.1) 
holds true according to our definition of intersection. 

We now choose an ordering w of the vertices of M, and define an (n — q)-chain 
B"~* on M/ as follows. Let 

TH = (G5 City 8+» OF) 

be an (x — q)-simplex of M/. Let », be the first vertex of the hy-simplex 07>. 

(0 SX S n — Q), relatively to the ordering w. If the »’s (0 S$ \ S$ n—- 9) 
are not all different from each other, then the coefficient of 7"~¢ in B" will be 
zero. In the other case, 


(16.2) (0, 1, +++ 5 Un—a) 


is an (n — q)-simplex of M,, and the coefficient of 7"~* in B”~? will be equal to 
the coefficient of (16.2) in K"~.. It is not difficult to verify that B"~? is a dual 
cycle on MM}. 
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Now we order the set of all the vertices of M’ in such a manner that o” 
precedes o;, whenever h < k; this can be done in many ways. We form the 
product ce in the manner explained in sect. 10, using our ordering of the 
vertices of M,,. We easily verify that 

r’B"* = D*, 
so that 
Cc? X Dt ~ C*BY 


irom (15.2) and (15.3). Now if we form the product C?B"~¢ again in the 
manner explained in sect. 10, using the same ordering of the vertices of M: , we 
easily verify that (16.1) holds true. 
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ON THE CONNECTIVITY RING OF AN ABSTRACT SPACE 


By J. W. ALEXANDER 


(Received February 26, 1936) 


I. INTRODUCTION 


1. The k-dimensional connectivity numbers of an ordinary, smooth n-space 
may either be obtained geometrically by calculating the maximal number of 
k-cycles of the space that are independent modulo the bounding cycles or 
y analytically by calculating the maximal number of exact, k-dimensional symbolic 


differential forms 


w= >» Aj,...i, 4s, pie dzi;, 


(integrands of multiple integrals) that are independent, in the large, modulo 
the derived forms. The geometrical method of approach has been extended to 
eer compact metric spaces by Vietoris! and to still more general spaces by Cech.? 
Moreover, this branch of the theory has been very greatly perfected by the 
introduction of Pontrjagin’s cycles with real coefficients reduced modulo 1. 

Now, if we use Pontrjagin’s cycles, the k** connectivity group of a compact, 
metric space becomes a compact, metric group. Moreover, by a theorem of 
Pontrjagin,? every such group may be identified with the character group of a 
countable, discrete group. This immediately suggests the advisability of re- 
garding the discrete group, rather than its equivalent (though more compli- 
cated) metric character group, as the kt" invariant of the space, and of looking 
for a revised theoretical treatment leading simply and directly to this group. 
We give such a treatment below, based on a suitable combinatory adaptation 


of the second, or analytic, method of approach. 








19 (1932), pp. 149-183. 


*L. Pontrjagin: ‘The theory of topological commutative groups,’’ these Annals of 


Mathematics, 35 (1934), pp. 361-388. 
4 The bracket product of §11. 
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One decided advantage of taking the discrete groups rather than their metric 
character groups as the fundamental connectivity groups of the space is that 
we can then define the product* (as distinguished from the sum) of two elements 
of the same or of different groups. The combined groups of all dimensionalities 
(or, more precisely, their direct sum) will thus become a connectivity ring, as 
distinguished from a set of isolated connectivity groups. 


2. A rough sketch of the present theory was given by the author in two 


1L. Vietoris: ‘Uber den héheren Zusammenhang kompakter Riiume und eine Klasse 
von zusammenhangstreuen Abbildungen,” Math. Ann. 97 (1927), pp. 454-472. 
?E. Cech: “Théorie générale de l’homologie dans un espace queleonque,”’ Fund. Math. 
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notes which appeared in the Proceedings of the National Academy,' and in a 
paper read at the First International Topological Conference in Moscow.® 
Essentially the same theory was also developed, quite independently, by A. 
Kolmogoroff and likewise presented by him at the Moscow Congress. The 
definition of the product of two group elements (the analogue of the product of 
two symbolic differential forms) as originally given by Kolmogoroff and the 
present author has recently been modified by Cech,’ so that the revised product 
isa p part of the original one, where p is a constant depending on the dimen- 
sionalities of the two factors. This modification is an essential improvement, 
as may be seen, for example, when the theory is applied to manifolds.’ Nor is 
itinany way trivial, for in the theory as originally developed it is not clear, 
a priori, that the product of two elements has a p** part. We have adopted 
Cech’s modified definition of the product in this paper, although the change has 
necessitated a complete re-casting of all our proofs. The present paper deals 
only with the most fundamental definitions and theorems. Further develop- 
ments of the theory will be given subsequently. 


II. SymBo.tic CoMPLEXES AND SPACES 


3. We start with an arbitrary set of entities v; called (symbolic) vertices. 
Any set of n + 1 distinct vertices, (n = 0, 1, 2, --- ) will be called a (symbolic) 
n-simplex, or simplex of dimensionality n. Moreover, for the sake of uni- 
formity, the null set (containing no vertices at all) will be called a simplex of 
dimensionality —1. The null set will be the only simplex of negative dimen- 
sionality. 

A simplex S will be a component of a simplex T if every vertex of S is a vertex 
of T. If Sis a component of T the vertices of 7, but not of S, will determine 
acomponent S’ of T called the complement of S with respect to T. Two sim- 
plexes will be incident if either is a component of the other. The null set will, 
of course, be a component of every simplex S and, therefore, incident to every S; 
a simplex S will be a component of itself and, therefore, incident to itself. 

Now, let S be any simplex of dimensionality greater than zero, and let the. 
vertices of S be 2, 21, --+,2n, (n 21). Then the various possible permuta- 
tions of the vertices x; may be divided into two classes such that two permuta- 
tions belong to the same or to different classes according as they differ by an 
even or by an odd number of inversions. We shall call a definite, though arbi- 
trary, one of the two classes the positive class and the other the negative class 





*“On the chains of a complex and their duals,’’ and ‘On the ring of a compact metric 
space,” Proc. Nat. Acad. 21 (1935), pp. 509-512. 

* September 1935. 

‘“Multiplications on a complex” by E. Cech in the present number of these Annals, 
pp. 681-697. A similar modification was also suggested independently by H. Whitney 
na letter to L. Zippin. The definition of the product announced by the author in the 
second of the two Proceedings notes referred to above is not the significant one, as was 
hoticed by him while the note was in press. His revised definition was equivalent to 


; Kolmogoroff 3 


‘Cf. Cech, loc. cit. 
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thereby orienting the simplex. The simplex can have either of two oppdsite 
orientations, corresponding to the two possible ways of naming the permuta- 
tion classes. If s denotes an oriented simplex, then —s will denote the same 
simplex with the opposite orientation. An oriented simplex will often be de- 
noted by a positive permutation of its vertices, s = 2, %, +--+ ,2n. We shall 
not orient the simplex of dimensionality —1 nor the simplexes of dimen- 
sionality 0. 


4. A (symbolic) complex will be any set of simplexes such that there is at 
least one simplex in the set and such that every component of every simplex 
of the set is in the set. The set need not be finite nor even countable; it may 
contain simplexes of all dimensionalities. Every complex will contain the null 
set. A complex II’ will be called a subcomplex of a complex II if every simplex 
of II’ is a simplex of II. 


5. A (symbolic) space will be any set of complexes II, such that to each pair 
of complexes II,,, and II,, of the set there corresponds at least one complex II,, 
of t: zs set which is a common subcomplex of both II,, and I,,. To illustrate the 
topological significance of this definition we shall show the connection between 
a symbolic space, as here defined, and an ordinary abstract space in the sense 
of classical point set theory. Consider an arbitrary point set 2. A covering 
[o] of = will be any set of subsets o of 2 such that each point of 2 belongs to at 
least one of the subsets ¢. A covering [o,] will be a refinement of a covering [c] 
if every element o; of [o;] is a subset of at least one element o of [oc]. An ab- 
stract space will consist, essentially, of a point set 2 and of a set of coverings 
[c] of © such that to each pair of coverings [o;] and [os] of the set there corre- 
sponds at least one covering [o3] which is a common refinement of both [o,] and 
[o2]. (We shall get specific types of spaces by making specific assumptions 
about the coverings.) Now, every abstract space determines a definite sym- 
bolic space such that: (a) the points of the abstract space are the underlying 
vertices of the symbolic space; (b) each covering [c] of the abstract space deter- 
mines a complex II, of the symbolic space consisting of all simplexes such that 
their vertices belong to the same element of the covering [oc]. Since two cov- 
erings [o,] and [c2] always have a common refinement, two complexes II,, and II,, 
will always have a common subcomplex I],,._ Therefore, the complexes II, will 
determine a symbolic space, as required. , 

A symbolic space will be more general than an abstract space, in the sense 
that not every symbolic space can be determined by an abstract space. 


III. Skew Symmerric Functions on A CoMPLEX 


6.. Let R be an arbitrary ring (which need not necessarily be commutative.’ 
An m-function, (m = 1, 2,---), will be any skew-symmetrical function 





* It can, perhaps, be shown that the only essentially independent invariants of a com- 
plex or space are the ones obtained by taking R to be the ring of all integers. This question 
should be further investigated. 
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gto, «++ » tm) of m + 1 variable vertices x;, such that the values of the func- 
tion are numbers in the ring R. When the vertices 2; are all distinct they 
determine an oriented m-simplex s = 2, 2%, -+-,2m. The value of the func- 
tion y corresponding to the vertices of s will be called the value of gon s. Since 
the function ¢ is skew symmetrical, every even permutation of the vertices x; 
leaves its value unaltered and every odd permutation merely changes its sign. 
The function ¢ will therefore have a unique value on s, and its value on the 
oppositely oriented simplex —s will be the negative of its value on s._ If two or 
more of the vertices x; are identical the value of ¢ will, of course, be zero. 
A 0-function will simply be a function ¢(z) of a single variable vertex x. It will 
have a definite value on each 0-simplex. For the sake of uniformity, we shall 
regard the elements of the ring R as functions of dimensionality —1 defined on 
the null set (the simplex of dimensionality —1). 

An m-function (m = —1) will be said to vanish on a complex II if it vanishes 
on every m-simplex of II. Two m-functions will be said to be identical on II 
if their difference vanishes on II. 


7. With every m-function ¢ there is associated an (m + 1)-function g’ deter- 
mined by the following relation” 


m+1 
(7:1) yee ee a ee ek 
0 


We shall call the function gy’ the derivative of the function g. Its value on any 
oriented (m + 1)-simplex s = 2, --+ , Xm41 Will clearly be the sum of the values 
of y on the m-components of s, with due regard to the proper orientation of the 
latter. The proof that the function g’ is skew symmetrical and, therefore, 
actually an (m + 1)-function follows, at once, from the obvious fact that when 


we permute any two consecutive vertices x, and 2,,; we merely change the sign 
of the function. 


8. THroreM 1. The second derivative ¢'’ of ¢ (i.e., the derivative of the deriva- 
live) always vanishes identically. 
For we have 


m+ 2 
9g” (20, iced Ime) = : H (—1)* ¢'(a, wee, Li, Pee Tm42) 
0 
= D> (—1)*# ola, «++, bey +++ Biy +> » Lys) 
k<i 
+ x (—1)*t*! 920, histo . ee » ++) Lmas) . 
k>i 


Moreover, the two sums in the last member cancel one another, since they only 
——— ee eeseSEiSnOneeSinS 


The symbol 2; will be used throughout to denote the absence of the variable z;. Thus 








P(Ho, +++ y Bis +++ 5 Lmy1) = G(Lo, °° 4 Linty Listy *** » Lmy). 
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differ in sign. (This may be seen by permuting the dummy indices k and i 
in either one of them.) 

An m-function will be said to be exact (with reference to a complex II) if its 
derivative vanishes on IT; it will be said to be derived (with reference to Il) if 
it is identical on II with the derivative of some (m — 1)-function y. 

Corotuary. Lvery derived function ¢ is exact. 

Because 


g=y’ (on II) 

implies 
yg =y’=0 (on II). 
9. We shall next define a law of composition according to which an m-func- 
tion ¢ and an n-function y will combine to determine an (m + n)-function 


[ey], called the bracket product of g and y. Let us arrange the underlying 
vertices v; in a definite, though arbitrary, linear order a."' Then, if the variables 


Xo, T1, +++ » Lmyn Tepresent distinct vertices in normal order with respect to a, 
we shall assign to the product [gy] the value 
(9:1) [ev] (xo, eT ae Tmtn) = ¢(Xo, os Tm) V(Xm; “0 Tutn) ? 


where the expression on the right is the ordinary product of two elements of 
the ring R. Since the function [gy] is skew symmetric, its value will now be 
determined for arbitrary choices of the variables x;. (It should be noticed that 
the functions g and y in the right-hand member of (9:1) both involve the 
variable 2m.) 

Since the right-hand member of (9:1) is an ordinary product in the ring R 
we can verify, at once, that bracket multiplication is distributive with respect 
to addition: 


(9:2) [(g1 + ¢2)(vi + ¥2)] = [eral + [eho] + [avs] + [gavel . 


Of course, the bracket product is also associative though not, in general, com- 
mutative. 

The function [gy] depends essentially on the linear ordering a of the vertices. 
When we wish to emphasize this dependence we shall write [gy]. in place 


of [gy]. 


10. THEorEM 2. If g is any m-function and y any n-function, then the deriva- 





11 The idea of defining the bracket product [yy] with reference to a specific ordering of 
the vertices v; is due to Cech and Whitney. In the original definitions of Kolmogoroff and 
the present author, the vertices were not ordered, and the product consisted of a set of 
terms corresponding to various permutations of the vertices. An extraneous numerical 
factor was thus introduced. 
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tive of the bracket product [py] satisfies the relation 
(10:1) [ov]’ = [o’y] + (—1)™ [ey]. 


For we may write 
m+ n+ 


1 
[oy] (20, ails » Kaniaal = font (— 1) [oy] (xo, aoe Sam fi, +s 5 hms n+1) 


m 


_ be (—1)* o(2, euieihe . nas » Reasad W( 2m, oe » Bcsarad 
0 


mtn+1 
+ >: (— 1): g(a, ea ae #.) W(Im, je Li, Pee Lm4n+i) ° 
m+1 
Moreover, if we add the sum (—1)"™*!9(a, +--+ 5 Um)W(Xmii, +++ » Lm4nqi) to the 


first sum in the last expression, and substract it from the second, we obtain, 
at once, the desired relation (10:1). 

CorotLaRY 1. The bracket product [gy] of two exact functions ¢ and y is 
always exact. 

For the functions g’ and y’ vanish on II. Therefore, by (10:1), the function 
[p/]’ also vanishes on II. 

CoroLtary 2. The bracket product [gy] of an exact function by a derived func- 
tion or of a derived function by an exact function is a derived function. 

Proor. Suppose, for instance, that ¢ is exact and y derived. Then there 
exists a function @ such that 


y = 0’ (on II). 
Moreover, we also have 
yg’ = 0 (on II) 3 
therefore, by (10:1) 
[pa]’ = (—1)" [¢6’] (on II) ; 
therefore, finally 
[(—1)"¢6]’ = [¢0’] = ley] (on Il) . 


The case where g is derived and y exact is treated in essentially the same 
manner, 


IV. Tue Connectivity RinG or A CoMPLEX 


Il. Let II be an arbitrary complex. Then the set of all m-functions that are 
exact with respect to II may be regarded as an abelian group Gz under the 
operation of addition. Moreover, the set of all m-functions that are derived 
with respect to II may be regarded as a subgroup G7 of the group Gz, by the 
corollary to Theorem 1. We shall call the residue group G” = Gz mod G7 the 
m" connectivity group of Il. Each element & of the group G™ will be a class 
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of exact functions, such that two functions belong to the same class if, and only 
if, their difference is a derived function. 

The groups G" (m = 0, 1, --- ) are inter-related in the following manner. 
Let & be an arbitrary element of the m™ group G” and W an arbitrary element 
of the n** group G*. Then the elements @ and W together determine an ele- 
ment [6¥] of the group G”*” called the bracket product of Band ¥. The element 
[¥] will be the class containing the function [gy], where ¢g and y are arbitrary 
functions of the classes @ and W respectively. It is easy to see that the class 
[@W] is independent of the choice of the functions ¢ and y within their respective 
classes. For the class ® is composed of exact functions of the type 


g=gtf, 


where gp is an arbitrary element of the class and f an arbitrary derived function. 
Similarly, the class VW is composed of exact functions of the type 


Y=wW+g9 


where yp is in the class and g a derived function. Now, by the distributive law 
of bracket multiplication, we have 


(11:1) [ov] = [eovo] + leog] + [fo] + [fg] . 


Moreover, by Corollary 2 of Theorem 2, the last three terms on the right are 
derived functions. Therefore, the functions [gy] all belong to the same class 
as the functions [goo]. 


12. THrorEM 3. The bracket product [®V] is independent of the ordering a 
of the vertices v; and is, therefore, a function of the group elements ® and W alone. 

Proor. We shall first consider the case where the number of underlying 
vertices v; is finite, since the general case involves a slight added complication. 
When the number of vertices is finite we can pass from any linear arrange- 
ment @ to any other linear arrangement 8 by a finite sequence of simple steps, 
such that at each step we merely permute two consecutive vertices. The 
problem therefore reduces to showing that if the arrangement 6 differs from 
the arrangement a by a single permutation of two consecutive vertices v, and 
vr+1 Of a then the difference [gy]; — [gy]. is identical on II with a derived func- 
tion ¢’. We shall actually construct an (m + n — 1)-function ¢ such that its 
derivative satisfies the relation 


(12:1) c’ = [ols — [ov]. (on II) . 


Since the function ¢ must be skew symmetrical (when it involves more than 
one variable) it will be sufficient to define its value for the case where the 
vertices 2, +++ ,%min—1 are all distinct and in normal order with respect to a. 
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Under these circumstances, we shall write 


(— 1)"*'p(2x0, Pore J LX m- ly Lm )W(Im ly Uimy e ? te I ws. in— 1) 


(12:2) (2, ae Situs aed or 
0, 


where the upper determination is to hold when the two particular variables 
r,-: and x» have the values v, and v,4; respectively, while the lower one is to 
hold in all other cases. To complete the argument, we merely have to verify 
that the derivative ¢’ of ¢, 


mtn 
(12:3) £"(20, ces Surat = de ag 1)! (Xo, eet 4, ie Snead ’ 
satisfies Relation (12:1). Here, again, we may, of course, assume that the 
vertices 2; are distinct and in norm4l order with respect to a. 

For convenience, we shall consider four separate cases which will exhaust all 
the various possibilities. 

Case 1. The two vertices v, and v,,; are not both present among the ver- 
tices Xj. 

Then, by the defining relation (12:2) of ¢, all terms in the right-hand member 
of (12:3) must vanish; therefore, we must have ¢’ = 0. Moreover, in this 
case, the vertices 2; are in normal order with respect to 6 as well as with respect 
to a; therefore, we have 


[oy] s = lov. —_ 9(2o, eet Zu) V(2m, sliced Hidel . 


Thus, the difference [gy]3 — [gy]. vanishes, and Relation (12:1) is valid. 

In the remaining three cases, two (necessarily consecutive) variables x; and 
riz: will take on the values v, and v,,; respectively. 

Case 2. Xm = Vp} Lm = Vp4s. 

In this case, the first m + 1 terms in the right-hand member of (12:3) are 
zero, since it is only for 7 > m that the (m — 1)** and mt*® variables in 
((%, +++, €i, +++, 2msn) have the respective determinations v, and v,4;. We 
therefore have 


£"(x0, YT ee Saiad 
(12:4) m+n 


“i (— ])m+t ¢(20, xem Lin-ly Su) » (— 1)§'W(am-1, my a. a Li, 98 9 Lm = # 
m+1 


On the other hand, 


lov] (x0, ee Secu — lev], (20, anny XLmy Um-1; pect Sasa) 


= o(2o, agi Xm, Sana) W(Lm—1; Um, a. oe Seal 


(Xo, 7 Sud V(Lm—-1, Lm+ly ss Zura) , 
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and 

[pv]a (Loy +++ 5 myn) = O(Lo, +++ » Lm) W(Lmy Lm4ty +++ y Lm4n) . 
Therefore 

lovls — lovla 
(12:5) = 9(to, --- tm) {W(%mAy Lm4ty + °* y Lm4n) — W(Lmy Lmsty +++ » Lm4n)} 


™ 


(—1)" ¢(xo, sitll » Sal > (—1) W(2m—-; sd » hi, ae hs ~ . 


m—1 


Now, if we substract this last expression from (12:4) we have 


= {levls,— lovle} 
m+n 
= (—1)™+ eo, a a Lm) > (—1) (tm, att Li, — i Tata) 


= (— ])m+1 g(xo, ie Tn) WV’ (2%m—1, iit Tanta) ’ 


which vanishes because the derivative wW’ of the exact function y must be zero. 
Case 3. Lm = Ve} Lng. = p41. 
This case is essentially like the last. In the right-hand member of (12:3) 
all terms after the m‘* are zero. We therefore have 


¢’ (x, > Snie) 
m—1 
sa (— i" > (- 1) oxo, ont Zi, oe Tm41) am, Um+tly *** y m+n) . 
0 
Moreover, 


m+1 
[ov]s iad [ov]. = (—1)™ > (—1)* o(a, Pee 4, tas” » neal W(Lm, er » Sane ° 
Therefore 


o’ — {lovls — [ebla} = (—1)"4 ¢' (a0, +++, mai) W(Lmy +++ » Lmin) 


since ¢ is exact, and (12:1) is valid. 

Case 4. 25 = 073 Lit = Vry3, but i X m — 1, m. 

This case is particularly simple. All terms in the right-hand member of 
(12:3) are zero; therefore, ¢’ = 0. Moreover, we have at once [gv], = [y¥a- 
Therefore (12:1) is again valid. 

This completes the argument for the finite case. If the arrangement 8 differs 
from the arrangement a by more than a single permutation of two consecutive 
vertices, we can pass from a to B by a sequence of elementary steps, corre- 
sponding to each of which we can construct a function of the form of ¢. Let 
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x(a °° ,Im+n-1) be the sum of these functions. Then we shall, of course, 


have 
(12:6) x’ = levls — [oy]. (on 11) . 


When the number of vertices is infinite, the argument must be slightly modi- 
fied, since we cannot, in general, pass from an arrangement a to an arrangement 8 
by simple steps of the sort described above. Let us observe, however, that if 
we take any finite subset z,, (¢ = 0, 1, --- ), of the vertices v; arranged in a 
sequence according to a, we can rearrange them in a sequence according to 8 
by permutations of consecutive vertices. Therefore, if the vertices x; are the 
vertices of any finite subcomplex IIo of II, we can construct a function x such 
that a relation similar to (12:6) is valid at least on IIy. The problem will thus 
be to determine the function x in such a way that it will be independent of Tb, 
in which case Relation (12:6) will be valid over II as a whole. 

We notice that if x; (¢ = 0, 1, --- k) is any finite sequence of vertices ar- 
ranged according to a, we can rearrange them according to 6 by a sequence of 
steps performed in precisely the following order. Let z, be the first vertex 
such that the subsequence 2, 2%, --- 2, is not in normal order with respect to B. 
Then the two vertices x,_; and x, must clearly be in inverted order with respect 
tog. The first step in the rearrangement will be to permute these two vertices. 
We shall then operate in a similar manner on the arrangement resulting from 
the first permutation, and so on. Since each permutation reduces by one the 
number of inversions with respect to 6, the process will obviously come to an 
end after a finite number of steps, with the vertices arranged according to 8. 
Now, the essential point to notice is the following. When we rearrange the 
sequence x; according to the above rule, we simultaneously rearrange every 
subsequence of x; according to precisely the same rule. For at the moment 
when we permute two vertices of the complete sequence according to rule, we 
either leave the arrangement of the subsequence unaltered or change it according 
to rule, depending on whether or not the two permuted vertices belong to the 
subsequence. 

With the above in view, let us form the complex II, consisting of any (m + n)- 
simplex s together with all its components of lower dimensionalities. On the 
complex II, we shall define the function x in the manner indicated above. That 
is to say, we shall start with the vertices of II, in normal order according to a, 
rearrange them according to 6 by applying our rule, and construct the func- 
tions ¢ corresponding to the various steps in the transition. Moreover, we 
shall define the function x on II, as the sum of the functions ¢ thus constructed. 
Now, we have only to notice that on any (m + n — 1)-component 


85 = Bo-++ i++ + Lntm 


of s the value of the function ¢ corresponding to any given step is zero unless 
the two vertices that are permuted at this particular step both belong to sj. 





Tomy ee x 


tF 


ee 


= 


——, ios 


—— 2 ~- = = 








Se —_ 














708 J. W. ALEXANDER 


The value of x on s; is, therefore, equal to the sum of the functions ¢ corre- 
sponding to the rearrangement of the vertices of s; alone. In other words, the 
value of x on s; is independent of the (m + n)-simplex s of which s; is a com- 
ponent. Hence, the function x is uniquely determined. 


V. Tue Connectiviry RING or A SPACE 


13. An m-function ¢ will be said to be derived with reference to a symbolic 
space if it is derived with reference to any subcomplex II, of the space; it will 
be said to be exact with reference to the space if it is exact with reference to 
any complex II, of the space. With this understanding, the entire discussion, 
beginning with Theorem 3, will be applicable to symbolic spaces as well as to 
symbolic complexes. However, the ring of a symbolic space has a natural 
topology which we shall discuss in a subsequent paper. We shall also discuss 
the dual relation between the connectivity groups as here defined and the con- 
nectivity groups of Vietoris-Cech. 
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GENERALIZED RIEMANN MATRICES AND FACTOR SETS 


By HERMANN WEYL 


(Received January 22, 1936) 
INTRODUCTION 
(for the expert only!) 


Led by a normalization of integrals of the first kind on a Riemann surface, 
differing from Riemann’s own method in its independence of any dissection of 
the surface, I suggested in a previous note! a natural generalization of the 
classical concept of Riemann matrices, and expressed the hope that it would 
tend to simplify considerably the ‘existential’? part in the establishment of 
necessary and sufficient conditions. The present paper claims to bear out this 
promise; it contains a complete and simple solution of the problem in terms 
of “factor sets.” This is another point that I had in mind when I drafted 
the first note: suspicion that it might not be wise under all circumstances to 
restrict oneself to Galois splitting fields (and thus to sacrifice the minimum 
degree) induced me to adopt R. Brauer’s factor sets in an arbitrary splitting 
field rather than E. Noether’s crossed products over a Galois field. The whole 
subject is here given a new twist in replacing the study of the commutator 
algebra 2 of a Riemann matrix R by what I call the associated rational algebra 
%; it has the same rational commutator algebra % as R and its closure in the 
field of all real numbers contains R. This change of view was suggested to me 
by the fact that in the Schur-Brauer theory, construction of splitting fields for 
a simple algebra % is tied up with the maximum subfields of its commutator 
algebra { rather than of & itself. Reward in the form of further simplification 
appears to confirm the new standpoint as a better start for the attack on our 
problem. To make the paper as easy reading as possible its larger part is 
devoted to a proof-documented restatement of the foundations,—including the 
classical facts about simple algebras and the more elementary parts of the 
Schur-Brauer theory of factor sets. 

A. A. Albert’s new thorough investigation of the subject? unfolding all its 
aspects and culminating in a complete structural analysis of the commutator 
algebras of generalized Riemann matrices (Theorems 27-30 on pp. 917-919) 





'“On generalized Riemann matrices,’ Annals of Math. 35 (1934), pp. 714-729.—Corri- 
gendum: The formula P., = YasPag at the end of the last line on p. 724 should read: 
CaP asl s = Yash ap. 

* Annals of Math. 36 (1935), pp. 886-964.—Albert does me the honor of associating my 
hame with the kind of matrices under investigation; but would it not be better, if a proper 
name is to be attached to them, to stand by the former designation as Riemann matrices 
~even at the expense of having to add an adjective like ‘‘generalized’’? 
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prompted me to resume my own line of approach. Though independent in 
other regards, I borrow from him one essential remark: that apart from a rela- 
tively harmless adjunction, the splitting field is totally real; it follows immedi- 
ately from Rosati’s theorem contending that the roots of an ‘even’ matrix of 
the commutator algebra & are real. Its former application to the centrum only 
was not exhaustive enough. The ‘harmless’ adjunction consists either of 
nothing, or of a square root, or a quaternion. So it seems natural to distin- 
guish three cases instead of making the old discrimination between “first and 
second kind”’ which referred to the character of the centrum. 

[Paragraphs included in bold-face square brackets [ ] are of minor importance 
or interrupt the main trend of thought.] 


1. Matrix Algebras and their Commutators 


(1.1) Let a reference field k be given. A linear k-set or vector-space in k con- 
sists of elements that allow addition and multiplication by numbers in kf. 
n elements ¢;, --- , €, Such that each element z is expressible as a linear com- 
bination 


t= £1é, + iach + En€n (; in k) 


in a unique manner form a base or a coordinate system; the numbers £; are the 
coordinates of xz. The number n is called the order of our linear set 1, or the 
dimensionality of the vector space. 

[ is a k-algebra if multiplication of its elements is added to the list of permis- 
sible operations. 

A square matrix 


A = || a% || (é,j = 1, ---,9) 


of g rows and columns is called of degree g; the same name applies to a set 
% of matrices A of degree g. A lies in-k when all the numbers aj; lie ink. Each 
such matrix may be interpreted as a linear mapping of a g-dimensional vector 
space P on itself. H = EH, denotes the unit matrix of degree g, A’ = || aji || 
the transposed matrix of A. A set % = {A} goes into an equivalent set if all 
its mappings A become expressed in a new coordinate system. The set is irre- 
ducible (in k) if the k-vector space P contains no linear subspace invariant 
under all the transformations A of %, other than 0 and P itself. % is linearly or 
algebraically closed in k provided its elements A form a linear k-set or a k-alge- 
bra respectively. Any given set % gives rise to a linear or algebraic k-closure: 
the smallest linear k-set, or k-algebra of matrices containing all the members A 
of %; it is easy to describe how to construct them if a base of %is given. By look- 
ing upon the members A of an algebraically closed set %{ as abstract elements 
allowing addition and multiplication among each other and multiplication by 
numbers in k, the set % changes into an abstract algebra a with elements a of 
which %; a — A is a faithful representation. We shall stick to this convention 
throughout, that corresponding types like A and a, % and a of the upper case 
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and the lower case are used to mark the transition from matrices to abstract 
elements. In general, a correspondence a — T(a) established between the ele- 
ments a of an algebra a and matrices T(a) in k of degree g is called a k-repre- 
gntation of a provided it preserves the fundamental operations: 


Ta +b) = T(a)+T(b); Ta)=2-T(a); Tab) = T(a)-T(b) 
(a, b elements ina, \ a number in k) . 


The representation is faithful if different elements a are represented by different 
matrices T(a). The regular representation (a): a — (a) associates with the ele- 
ment a of a the mapping 


a): xz 2’ =ar 
(a) 


whose argument x varies over a; its representation space is thus a itself con- 
sidered as an h-dimensional vector space o; its degree is the order h of a. 

A linear k-set or a k-algebra 2 of matrices may be closed in or extended to a 
field K over k; if e(¢ = 1, --- , h) is a basis of the set the extended K-set or 
K-algebra consists of all sums }>-; & e in which now the components & vary 
over K. This operation can thus be described in terms of the abstract scheme 
a(in the case of an algebra, the multiplication table of the e; is preserved). 
The extension is denoted by %x, ax respectively. 

The matrix A is a commutator of a given matrix set & if it commutes with 
every member L of &: 


AL=LA. 


Those commutators A that lie in a field k form a k-algebra % of matrices, the 
commutator algebra in k. 

A k-algebra & of matrices A in k (or its abstract scheme a) is a division algebra 
when all its matrices A are non-singular: det A ~ 0, with the exception only of 
4=(. According to Schur’s lemma, a matrix A in k that commutes with all 
matrices of a k-irreducible set 2 is either 0 or non-singular; hence the commutator 
algebra in k, of the irreducible 2 is a division algebra. Proof: the columns of 
the commutator A when considered as vectors span an invariant subspace. 

A set & of matrices A in k, when irreducible and algebraically closed in k, or 
its abstract counter-image a, is called simple. A simple algebra a shall thus 
always be defined by means of its faithful irreducible representation %. 

We exclude throughout this section any “degenerate” matrix algebra % (or 
lepresentation) whose matrices A map the total vector space upon the same 
proper linear subspace. 

(1.2) About division and simple algebras we remind the reader of the fol- 
lowing propositions whose proofs shall here be arranged in as elementary a way 
as possible and according to two principles: first, the matrix algebras are con- 
sidered the primary subject, the abstract schemes merely as secondary tools to 
facilitate their management; second, we shun the somewhat unpleasant “radi- 
cals” (there are none in our matrix communities—so why talk about them?). 
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9 66 9 66s 


The terms “matrix,” “algebra,” “irreducible” refer to a given number field |; 
throughout, and thus mean “matrix in k,” “k-algebra”’ and “irreducible in k.” 

THEorEM (1.2-A). A division algebra a is characterized by these two properties: 
it contains a unit element e (satisfying xe = ex = x for all x in a), and every ele- 
ment a except 0 has an inverse a~': a-a~' = a'-a = e., 

The regular representation (a) of a is faithful as well as irreducible, and hence q 
is simple. Each representation a — A(a) is a multiple t of (a), i.e. in an appro- 
priate coordinate system common to all elements a, the matrix A(a) decomposes 
into ¢ matrices (a) along the main diagonal. 

Proor. A matrix A of degree g has its characteristic polynomial 


g(z) = det (QH — A) = 2 + qmzet4.--- +a). 
A itself satisfies the equation 
g(A) = Ag + a, Ar! fee t+ 1A + aE = (). 


When A is non-singular, the last coefficient a, is #0. Hence a matrix algebra 
% containing a non-singular element A involves EF and the inverse matrix A 
of A: 


Ba o> ade 4+: 4 
(4 


9g 


A = = (Am 4 aA? +... + 048). 
9g 
This remark shows that a division algebra possesses the two properties men- 
tioned in the first paragraph of our theorem after we once and for all have ex- 
cluded the “trivial case’”’ of the zero-algebra consisting of the one matrix 0. 
Vice versa: let a = {a} have these two properties. We represent a by the 
linear mapping 


(a): x2’ = az. 


The terms invariant, irreducible, in the space o of the regular representation, 
shall always refer to the set (a) of all these transformations (a). In our case 
the equation x’ = az (a ¥ 0) establishes a one-to-one correspondence x — 2’ 
(inversion x = a~'z’) and hence (a) is non-singular. The regular representation 
is faithful since (a) and (b) carry the unit element e into two different elements 
ae = a and be = bifa # b. Hence, in replacing a by the matrix algebra (a), 
our original definition of a division algebra is fulfilled. 

(a) is irreducible. An invariant subspace of » when containing a single ele- 
ment 2 ¥ 0 necessarily involves all elements of form ai (a in a) and hence every 
element 6 of a whatsoever (a = b-7-!). This proves a to be simple. 

Suppose, finally, we are given an arbitrary representation a > A = A(a) of 
a in an n-dimensional vector space P whose generic vector is denoted by r and 
which we span by a coordinate system ¢, --- ,¢n. The terms invariant, irre- 
ducible, when applied to subspaces of P, refer to the algebra % of matrices A. 
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andsoon. Hence the regular representation (a) is a multiple ¢ of Wand h = tg. 
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An equation z’ = ay is to be interpreted as meaning xr’ = A(a)r. Let P; be the 
sibspace consisting of all vectors r = zxe;, one obtains when z varies over a. The 
correspondence x — r thus established is a similarity, i.e. ax goes into ay; hence 
p, is invariant under the transformations A of %. Either P; is zero or this 
mapping of g on P; is a one-to-one correspondence. Indeed, the elements x for 
which xe; = 0 form an invariant subspace of ; and as (a) is irreducible, either 
every x or no x except zero, satisfies xe; = 0. (This “typical argument” recurs 
again and again.) In taking up the subspaces Pi, --- , P, one after the other, 
4 P; is either contained in the sum of the preceding ones, or linearly independent 
of them; this fact is just another application of the typical argument. By 
dropping a term P, in the first case one reduces our sequence P,, --- , P, toa 
decomposition of P into linearly independent irreducible invariant subspaces in 
each of which 2{ induces a representation equivalent to (a). 

TurorEM (1.2-B). A simple algebra a contains a unit element. Its regular 
representation is a multiple t of that faithful irreducible representation A: a — A 
through which a was defined. The order h is a multiple of the degree g: h = gt. 

The matrices A of degree g are linear mappings in a g-dimensional vector 
space P. The regular representation ({) associates with A the linear mapping 


(A): XX’ =AX 


whose argument X varies within the linear set % that here appears as an h- 
dimensional vector space ». Let us pick out an irreducible invariant subspace 
oof. go: is similar to P under their respective transformations (A) and A. 
Indeed, let A° be an element + 0 in po; and e a vector in P such that A°e ¥ 0. 
The formula y = Xe (X in o:) maps o; on an invariant subspace oe of P by the 
similarity X — x; for X > xentails AX — Ar. The subspace g:¢ is either zero 
or the whole space P, because of the irreducibility of &. The first possibility is 
here excluded by A°e # 0. In the remaining case the similarity X — rz is a 
one-to-one correspondence between g; and P due to the irreducibility of 9. This 
proves that any irreducible part of (2{) is equivalent to the representation Y%. 
There exists an element J; in 9; such that e = Ihe. Because of the invariance 
of, the matrix XJ, lies in o, for every matrix X in 9; since both matrices X 
and XJ, change e into the same vector r = Xe they must coincide for an X lying 
ino; in particular J,J,; = I. The formula 


X = Xi 4+ (X — XH) = X11 4+ "1 


decomposes » into two independent invariant subspaces: 9: with the idempo- 
tent generator J,, and a remainder o; consisting of all matrices of the form 
Y.= X — XI. The elements X; and Y, of o and 9; obey the relations 
Xi = Xi, Yi1, = 0, respectively. Continuation of this process leads to the 
decomposition of the regular representation into irreducible parts each of which 
s equivalent to the representation %: 


i=X, Yi. X-Xi Ave Y,N, Yeu Vi — Mili: 
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We have constructed the decomposition » = @: + 92 + --- + o: 
X=Mi+X24+---=Xh+ (X - XD), +--- 
= Xh+ XI,+---:; 
I, = I, lyn TE «306,04. 
As XI, is the component X, of X lying in 9, we have 
Isla = 0 for B ¥ a, IJ. = I. 
The sum 
T=h+h+-:--+1, 


satisfies the equation XJ = X(X in Y), in particular JJ = J. All vectors y 
carried by J into zero: Jy = 0, form an invariant subspace of P because of 


Xy = XIy = 0 (X in YM). 


Hence either all vectors y fulfill this equation, or the vector » = 0 only. The 
first possibility would result in the trivial case once and for all excluded. Since 
y = r — Ir satisfies the equation Jy = 0, the other alternative leads to the 
identity r = Ir, proving J to be the unit matrix EF. 

One may add to our theorem the statement that every k-representation of 
a decomposes into irreducible parts equivalent to the representation A. This is an 
immediate consequence of the general proposition: 

THEOREM (1.2-C). If the regular representation (a) of an algebra a decomposes 
into irreducible parts %1, We, --- , then every representation decomposes into parts 
each of which is equivalent to one of the %;. 

Proor: We assumed that a, considered as the space o of the regular repre- 
sentation, decomposes into irreducible invariant subspaces 01, @2, --- , 9. Let 
r be the generic vector and ¢:, --- , ¢, a coordinate system of the space P of the 
given representation 


A: aA = A(a). 


Again, r’ = ay shall mean x’ = A(a)z and o,e denotes the set of all vectors 
r= re (xin g,). We then form the table 


Oiei, -** , Ore, 


O1lg, +++ , Orly. 


Going through it as one reads the words in a book, and applying essentially the 
same argument as in the case of the division algebra, we obtain the sought-for 
decomposition of P. 

(1.3) We now pass to the relationship of this analysis to the commutator 
idea. It springs from the following source: 

THEOREM (1.3-A). If the ulgebra a contains a unit element e, the only linear 
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iransformations that commute with all transformations (a): x — x' = ax are of the 
forma 2 y = tb (b an element in a). 
" Indeed, if y = B(x) is such a commutator, we must have by definition 


(1.31) B(ax) = a-B(a). 


Put B(e) = b and apply (1.31) to = e: one thus gets the formula desired, 
B(a) = ab, for every a. 

When we designate by a’ the inverse algebra of a differing from a in that the 
product of two elements a and 6 is now defined as ba rather than ab, we may 
express our result thus: T'’he commutator algebra of the regular representation of a 
is the regular representation of a’; the relationship is hence mutual. 

This applies in particular to a division algebra a; then both regular represen- 
tations (a) and (a’) are irreducible. 

We take up again our simple algebra UX or a. The commutator algebra % of 
is in abstracto a division algebra } (of order d), hence in concreto a multiple 
(()) of ’s regular representation (d): the generic matrix of 8 has the form 


B | 
; (t rows) 
B 
where B varies over all the operators 
(b): x—2’ = ba (za variable in d) 


belonging to the elements b of d. Hence g = d-t. The commutator algebra 
* of 8 consists of all matrices of the form 


where each A ;, is an operator 
zr—2z’ = 2b (bind) 


of the regular representation (’) of the inverse division algebra d’. This we ex- 
press by the equation 


(132) A* = (d’).. 


* evidently contains A. The fact that it does not extend beyond % can be es- 
tablished by the following simple indirect argument. Were %* really larger 
than %, then the same would be true for any multiple of %, in particular for the 
regular representation (a) of a contrary to Theorem (1.3-A), which shows that 
(0) and (a’) are mutual commutators. Thus we are enabled to replace the 
equality (1.32) by Wedderburn’s theorem:* 

(1.33) = (d’):. 


bd lipiisacshensiiaddh alt 
*This shorteut to Wedderburn’s theorem was pointed out to me by R. Brauer. 
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THEOREM (1.3-B). The relationship of a simple matrix algebra YX and its com- 
mutator algebra B is mutual: YW is the full commutator algebra of B. & is ex- 
pressed in terms of a division algebra } of order d as t-(d), M as (d’),. Besides 
h = tg we have g = dt, hence h = dt’. 

From this follow two important consequences: 

THeEoREM (1.3-C). (Burnside.) An irreducible UX of degree g whose only com- 
mutators are multiples aE of the unit matrix E (case d = 1) contains g* independent 
matrices (and is therefore irreducible in any field K over k; “absolute irreducibility’’). 

THEOREM (1.3-D). (Criterion for irreducibility preserved.) The % irreducible 
in k stays irreducible in a field K over k if its commutator algebra in K (as well as 
in k) is a division algebra. 

Indeed, our equation 


A = (d’), 
at once leads to 


. Ue = (d), 


for the extensions to K. Under the assumption that 5, and hence d, is a di- 
vision algebra, its regular representation (,) is irreducible in K and then so is 
(d,),-—The necessity of our criterion which has thus been shown to be sufficient 
is warranted by Schur’s lemma. 

The full reciprocity between algebra and commutator algebra is not reached 
before we pass from the irreducible representation % of our simple algebra a to a 
multiple s%. For this algebra s-(d’),; we readily find ¢-(d), as its commutator 
algebra. The structure of the generic elements of our two algebras is indicated 
by the schemes 











An Au Bu - 0 | By 0 
Kietaeorens 0 Se, Seer crn 

An Au 0 - Bu| 0 Bi 

(1.34) An-+- Ay Ba 0 | By 0 
e Fowokee 44§ SP ezcusug eeu 

An An 0 ° By 0 By 




















where all A, vary independently in (d’), all Bag in (d);7,k = 1,--- 6 
a,B=lil,---,8. 


THEOREM (1.3-E). A representation X of a simple algebra has as its commu- 
tator a matrix algebra B of the same type. The relationship is mutual: is the 
commutator algebra of 8. More exactly, the structure is described by 


Y= s-(d’),, B = t-(d)s 
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where D 1s an (abstract) division algebra of order d. The degree of XA and B equals 
(-st, order of U = d-P, order of B = d-s*. 

(The appendix 7 treats the automorphisms of algebras % of the type here con- 
sidered. Though we have no need for the facts there expounded, they follow 
so easily and naturally from our considerations that I could not resist the temp- 
tation of completing my account by their statement and proof.] 

(1.4) Our next concern is a natural generalization of matrix algebras: the 
elements a may be n-uples 


&= (Ai, A:, ae » An) 


of matrices in k, each component A; being a matrix of prescribed degree gj. 
Such elements may be added and multiplied among each other and multiplied 
by numbers in k by performing these operations on the several components 
separately. We want to study algebras a in k consisting of such elements a. 
Each component like A; = A;(a) defines a representation %, of a: a—+A,;. The 
second part of Schur’s lemma states that every matrix B in k satisfying the 
relation 


A,(a)B = BA 2(a) 


identically in a must be zero provided the two component representations 
Y, and %, are irreducible and inequivalent. We prove: 

THEOREM (1.4-A). If the component representations of an n-uple matrix al- 
gebra a are irreducible and inequivalent, then the n components A ; are independent 
of each other. (The regular representation of a, and hence every representation, is 
decomposable into irreducible parts each equivalent to one of the component repre- 
sentations. ) 

The asserted “independence” may be formulated in different manners; the 
smplest formulation is perhaps as follows: if 


a = (Ai, Ag, --- , An) 


is contained in a, then the same holds for 


(1.41) 


a, = (0,0, --- , An). 


Or: with a varying over a, each component A ,(a) varies independently over its 
whole range %;; or: a is the direct sum of the algebras %;. 

The proof follows exactly the lines laid out in the proof of Theorem (1.2-B). 
In an irreducible invariant subspace o; of @ we picked out an element a° # 0. 
At least one of its n components A°, let us say A{, is ~ 0. We then chose a 
vector e such that A} e ¥ 0, and concluded that @; is similar to the first com- 
ponent space, i.e. the representation space of %; (or that the representation 
induced by the regular one in 0: is equivalent to %,). We now add this little 
ttmark: For no element a in 0, can the second component A: be # 0. For 
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then, starting with such an a instead of a we should find that 9; is similar to 
the second component space, which is impossible because of the inequivalence 
of %, and %,. After the decomposition of @ into irreducible invariant subspaces 
01, 02, --- we unite those that are similar to the first component space, those 
similar to the second component space, and so on, and we thus arrive at the 
desired decomposition into independent components of form (1.41). 

We finally consider a k-algebra a of matrices in k which is decomposable into 
irreducible parts. Writing the equivalent ones among them alike, the generic 
element a breaks up into “blocks” of the kind: 


| A,(a) 


“Ada, 





where 
YW; : a — A,(a) 


are irreducible and mutually inequivalent representations. The second part 
of Schur’s lemma shows that each commutator breaks up into blocks of the 
same size. Together with our proposition concerning the independence of the 
several blocks in a, this leads to the culminating result* of our whole investiga- 
tion: 

TuHeoreM (1.4-B). If a k-algebra & of matrices in k 1s decomposable into irre- 
ducible parts, so is its commutator algebra B. % is conversely the commutator alge- 
bra of 8. Their structure is described by formulas 


v 


X= do s(d!),, B= do tlds, 


i=1 i=1 


/ . — 
where 0;, }; are inverse (abstract) division algebras. 


2. The Associated Linear Set and Algebra of a Riemann Matrix 


(2.1) Two fields play a decisive part for Riemann matrices: the field * of 
rational numbers and that K of real numbers. One may replace k by any “real” 
field in the sense of the Artin-Schreier theory, and K by a really closed real 
field over k; a real field k is of characteristic 0. No peculiar traits beyond that 
shall be made use of in our discussions, but it is pleasant to be able to refer to 
numbers in k and K respectively as ‘rational’ and ‘real’? numbers. 

Let C be a symmetric or skew-symmetric non-singular rational matrix of 





3 Attributed to Rabinowitsch by v. d. Waerden, Gruppen von linearen Transformationen, 
Berlin, 1935, p. 53. 
* Abhandlungen Math. Sem. Hamburg, vol. 6 (1926), pp. 85-99. 
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| i | _] . 4° . a . 
degree 9, and S = || si; || asymmetric real and positive-definite matrix of the 
ame degree, i.e. one whose corresponding quadratic form 


g 


- Sij Ti X; 
t, j=1 
of the g real variables x; is positive-definite. Then 
(2.11) R=c-(8 


is called a (generalized) Riemann matrix. The two cases C’ = + C are dis- 
tinguished by the attribute even or odd. If the rational matrix A commutes 
vith R, the Riemann matrix FR is said to allow the complex multiplication A 
it would probably be better to substitute the word “matric” for complex). 
About the significance of this concept for Riemann surfaces and their integrals, 
the necessary information is to be found in my note referred to above; we are 
concerned with the natural generalization of the problem of complex multi- 
plication for elliptic functions from the genus 1 to arbitrary genus. 

By a transformation U with rational coefficients one may introduce a new 
“rational” codrdinate system in the underlying vector space. R is then changed 
into the equivalent U-!R U, whereas C and S are to be transformed according to: 


C—U’'CU, S—U’SU. 
The relation (2.11) or 
(2.12) CR=S8S 
as well as the symmetries 
(2.13) C'’=+C, S'’=S 


are then preserved. Later on we shall have occasion to use other “real” co- 
ordinate systems besides the rational ones. The positive-definite character of 
Shas the consequence that (in an arbitrary real coérdinate system) if we cut S: 


Su Si 
Sa Se 














then not only S but the principal minors Sy, S22 as well are non-singular (and 
positive-definite). 

(2.2) The first step one can take is to substitute for R the smallest linear 
Let \ of matrices in k whose extension Ax to K contains R. I call A the asso- 
ciated linear set. It provides the most complete reagent for the rational 
properties of R; for it exhibits them all while automatically extinguishing the 
rnscendental features of R which the. algebraist is so anxious to forget 
bout. Two Riemann matrices whose associated linear sets are (rationally) 
equivalent may therefore bt named kindred matrices. This closest rational 
kinship by no means implies the rational equivalence of the Riemann matrices 
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themselves. The existence of a common cross-cut A of all linear k-sets of 
matrices in k, whose extension to K contains R, is established by the following 
considerations. 

Let Li, --- , Ll, and M,, --- ,M, be the bases of two such linear k-sets \ 
and M: 


baths see pm, 
(2°, y? real numbers). The solutions (2;; yx) of the linear equations 
MIky+---+ul=yMit+--- + ymMn 


with rational coefficients have a base consisting of rational solutions. When we 
express the particular solution (x}; y;) as a linear combination of them, we ex- 
press R as a linear combination of matrices common to A and M. 


Some obvious properties of the associated set A of base Ly, --- , Z; are readily 
ascertained. The symmetry of (2.12) together with C’ = + C yields 
(2.21) R’'C=3CR8R. 


From every matrix L of A we form Lx by 
(2.22) Lx =CLC. 


The extension to K of the linear set Ax thus obtained, involves RF according to 
(2.21); hence A < Ax and then A = Ax because the order of Ax equals that of A; 
or the linear process L — Lx carries each L of A into an Lx of A again. (2.22) 
may be written in both forms: 


(2.23) LeC =CL ot Clea L'C 


owing toC’ = + C. Hence the same operation L — Lx carries Lx back into L 
and is therefore an involution. A rational commutator A of R is at the same 
time a commutator of A. Indeed, the solutions z; of the rational linear equa- 
tions AL = LA for the generic element L of Ax: 


L=4h+---+2l 


have a rational base. We thus determine a linear subset within A whose ele 
ments L satisfy AL = LA and whose extension to K includes R. The minimum 
property of A requires the subset to exhaust A. Adding a remark of similarly 
obvious nature, we sum up: 

THEOREM (2.2-A). All linear k-sets of matrices in k whose extension to K 
involves R, have a common cross-cut of the same property, A = {L}, the associated 
linear set. A allows a linear involution L — Lx as defined by (2.22). The rational 
commutators of R and A coincide. Any rational reduction of R goes hand-in-hand 
with a parallel reduction of A and vice versa. 

The first non-trivial and encouraging fact about Riemann matrices is Poin- 
caré’s theorem of reduction: 
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TueorEM (2.2-B). The associated set A of a Riemann matrix R is decom- 
posable into irreducible parts. 
Proor: With respect to a given reduction of A = {L}: 


| 




















|Zu 0 Ru 0 | 
L= | . R= | 
In Lee Ra Reg || 
we write 
a | Cu Cr ; s- Su Sw 
Cu Cr Sa See 

















(> Ro = See proves Coe to be non-singular. We infer from the equation 
L,C = CL for 
or 


Le2Co2 = Cookee , 
L32Cu = Coly + Coola . 


One substitutes L35 = C2Le2C'z} from the first into the second equation, and 
gets 


Li, Lie 
0 L3: | 


In 0 
In Lr 





1 =| 
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the two relations 


LesiCn - C33Calu = In. 


This shows that the rational transformation 




































































E 0 
a! ake B = C73Cu 
eflects the desired decomposition: 
E 0 In 0 In 0 E 0| 
; E|| |lin Lal || 0 Le |; al 
After this has been accomplished: 
I; 0 R, 0|| 
of 0 Lal’ ‘i P Rs|| 
and the relations 
Cy Ri = Su, Co2Re = S22 


show that the parts R,, Re are Riemann matrices. 
(23) There is no machinery ready for handling linear matrix sets. However, 
when we remember that a matrix A commuting with two matrices LZ; and L» 
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also commutes with L,;L2, we are led to replace A by its algebraic closure ¥ in 
It arises when we form products of any number of elements of A and their 
linear combinations. is called the associated algebra of R, and two Riemann 
matrices are associated when they possess the same or equivalent associated 
algebras. This ‘‘association” is much weaker than the “kinship” before men- 
tioned; many finer rational traits of R are effaced by substituting for A its em- 
bedding algebra %—the smallest k-algebra of k-matrices whose extension to K 
includes R. We thus take refuge in the mathematician’s usual makeshift: if 
one can’t solve a problem, one dilutes it so that one can. We have one strong 
excuse, however, in our case: we retain enough for the treatment of the problem 
of “matric multiplication.” It is evident that the involutorial operation L = L, 
defined by (2.22) takes place within & as well as in A. Considered as an opera- 
tion in the abstract algebra [ it is an involutorial anti-automorphism satisfying 
the rules 


(p + q) « = DP, + Ys; (ap) » = apy, (Pq) » = V5) 


(p, q elements in [, a a number in k). 


An algebra allowing an anti-automorphic involution p — p, may be calied in- 
volutorial. The even and odd elements are those satisfying the equations p, = p, 
P, = —p respectively. Each element is the sum of an even and an odd element: 


= (p+ py) + 2(p — Dy). 


R is an even or odd element in the closure &x according as R is an even or odd 
Riemann matrix. 

THEOREM (2.3). The associated algebra % of a Riemann matrix R is an invo- 
lutorial algebra and decomposable into irreducible parts, each of which is associated 
with its own (rationally irreducible) Riemann matrix. The rational commutator 
algebra % of & coincides with that of R. Vice versa & is the commutator algebra of %. 

The last remark, an immediate consequence of Theorem (1.4-B), affords a 
new definition of the associated algebra from which its properties could equally 
easily have been derived, and it shows that & and % both encompass exactly the 
same amount of information about the rational nature of R. Since 


AL =LA implies L’A’ = A'L’, 


% as well as & is involutorial, the involution in %: A — A* being defined by the 
same equation (2.22): 


A, = CAC4. 


Our analysis of the structure of a fully decomposable matrix algebra %, by war- 
ranting the inequivalent irreducible parts to be independent variables, reduces 
the problem without any loss to the case of a rationally irreducible R and ¥. 
Thus for the rest of the paper we assume R as a pure, i.e. irreducible, Riemann 
matrix. Our chief problem is to ascertain the necessary and sufficient conditions 
that a given algebra & is a Riemann algebra, namely an algebra associated with some 
pure Riemann matrix R. 
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3. Splitting Fields and Factor Sets, both Absolute and Relative 


After the easy advance through open territory, the battle now starts in 
earnest. We had better put in place, therefore, our big guns: splitting field 
and factor set. 

(3.1) First, some preliminary remarks about algebraic extensions of the ref- 
erence field k (of characteristic 0). 

An irreducible equation f(z) = 0 of degree n with coefficients in k determines 
a field k(#) of degree n; f(#) = 0. Each number 7 in k(%) is of the form 


(3.11) n=@%+Q0+4+--- + e080" 


In some field over k, f(x) breaks up into n different linear factors: 


f(z) = I (@—@,). 


(e; in k). 


We have the n conjugations 3 — 8, sending 7, (3.11) over into 
(3.12) Na = €& + €1Ba +--+ + enady’. 


The n fields k(%) are, as it were, copies of the model k(#) which no one can 
algebraically tell apart; each field does exactly the same as the other, like show 
girlsin a parade. When looked upon as a linear transformation between vari- 
ables e; and n_ the Vandermonde transformation (3.12), V,, is non-singular. 

Two pairs of indices (a, B) and (a’, B’) are conjugate when a permutation of 
the Galois group carries J, 3s into Ba’, 3s; or when each polynomial F(z, y) in 
k vanishing for z = &, y = ¥ also vanishes for 3.’, ds. A number 


Nap = G(8.; Js) 
in k(3,, &g) then has a definite conjugate nas) = G(8a, Fs) not affected by 
what is arbitrary in the choice of the polynomial G(z, y) ink. A double set 
. 
Nas (a, 6B = 1,---,n) 


is called a conjugate set provided each nag lies in k(da, Fs), and nag and nas" 
are conjugate whenever the two pairs (a, 8) and (a’, B’) are conjugate. It is 
readily seen that such a conjugate set may be represented by a formula 


n—1 


(3.13) Nap = pe €,;,0, 8) 


1,j7=0 


(e;; in k). 


Nevertheless our original and less formal definition is preferable in view of its 
easier management. Analogous definitions apply to triple sets, and so on. 

A subfield x of k(&) over k of degree v determines a partition of the indices 
ainto v classes T of m “‘coérdinated”’ indices each: a and B are called coérdinated 
f ng = ne for all numbers 7 in x. Any given coérdination of the n indices 
into classes can thus be generated provided codrdination is not destroyed by 
conjugation: whenever a, 8 are coordinated and the pair (a’, 8’) is conjugate to 
(a, 8), we suppose that then a’ , B’ are codrdinated also. 
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also commutes with LiL, we are led to replace A by its algebraic closure ¥ in }:. 
It arises when we form products of any number of elements of A and their 
linear combinations. is called the associated algebra of R, and two Riemann 
matrices are associated when they possess the same or equivalent associated 
algebras. This “association” is much weaker than the “kinship” before men- 
tioned; many finer rational traits of R are effaced by substituting for A its em- 
bedding algebra &—the smallest k-algebra of k-matrices whose extension to K 
includes R. We thus take refuge in the mathematician’s usual makeshift: jf 
one can’t solve a problem, one dilutes it so that one can. We have one strong 
excuse, however, in our case: we retain enough for the treatment of the problem 
of ‘matric multiplication.” It is evident that the involutorial operation L > L, 
defined by (2.22) takes place within & as well as in A. Considered as an opera- 
tion in the abstract algebra [ it is an involutorial anti-automorphism satisfying 
the rules 


(P+ Qe = Pet Oe,  (OP)e = Pe, (PO) = Tes 
(p, g elements in [, a a number in k). 


An algebra allowing an anti-automorphic involution p — p,, may be called in- 
volutorial. The even and odd elements are those satisfying the equations p, = p, 
P, = —p respectively. Each element is the sum of an even and an odd element: 


p = 3(p + py) + 3(p — Dy). 


R is an even or odd element in the closure &x according as R is an even or odd 
Riemann matrix. 

THEOREM (2.3). The associated algebra % of a Riemann matrix R is an invo- 
lutorial algebra and decomposable into irreducible parts, each of which is associated 
with its own (rationally irreducible) Riemann matrix. The rational commutator 
algebra U of & coincides with that of R. Vice versa 2 is the commutator algebra of X. 

The last remark, an immediate consequence of Theorem (1.4-B), affords a 
new definition of the associated algebra from which its properties could equally 
easily have been derived, and it shows that & and % both encompass exactly the 
same amount of information about the rational nature of R. Since 


AL = LA implies L'A' = A'L’, 


% as well as & is involutorial, the involution in %: A — A* being defined by the 
same equation (2.22): 


A, = CAC. 


Our analysis of the structure of a fully decomposable matrix algebra %, by war- 
ranting the inequivalent irreducible parts to be independent variables, reduces 
the problem without any loss to the case of a rationally irreducible R and ¥. 
Thus for the rest of the paper we assume R as a pure, i.e. irreducible, Riemann 
matrix. Our chief problem is to ascertain the necessary and sufficient conditions 
that a given algebra & is a Riemann algebra, namely an algebra associated with some 
pure Riemann matrix R. 
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3. Splitting Fields and Factor Sets, both Absolute and Relative 


After the easy advance through open territory, the battle now starts in 
earnest. We had better put in place, therefore, our big guns: splitting field 
and factor set. 

(3.1) First, some preliminary remarks about algebraic extensions of the ref- 
erence field k (of characteristic 0). 

An irreducible equation f(z) = 0 of degree n with coefficients in k determines 
a field k(#) of degree n; f(#) = 0. Each number 7 in k() is of the form 


(3.11) n= & +60 + +--+ + epadrl (e; in k). 


In some field over k, f(x) breaks up into n different linear factors: 


f@) = TI @-#). 


a=1 


We have the n conjugations 38 — 8, sending 7, (3.11) over into 
(3.12) Na = & + 104 +- tae + an) i 


The n fields k(%,) are, as it were, copies of the model k(#) which no one can 
algebraically tell apart; each field does exactly the same as the other, like show 
girls in a parade. When looked upon as a linear transformation between vari- 
ables e; and ne the Vandermonde transformation (3.12), V,, is non-singular. 

Two pairs of indices (a, B) and (a’, B’) are conjugate when a permutation of 
the Galois group carries 3, 3s into Ba’, ds; or when each polynomial F(z, y) in 
k vanishing for z = 8, y = Bs also vanishes for 3,’, #3. A number 


Nap = G(da, 3) 


in k(8., 8g) then has a definite conjugate na 3) = G(8a’, ds) not affected by 
what is arbitrary in the choice of the polynomial G(z, y) ink. A double set 
7 


Nag (a, 8 = 1,---,n) 


is called a conjugate set provided each nag lies in k(8a, Fs), and nag and nas 
are conjugate whenever the two pairs (a, 8) and (a’, 8’) are conjugate. It is 
readily seen that such a conjugate set may be represented by a formula 


n—1 

(3.13) Nop = D, C040) (e;; in k). 
i1,7=0 

Nevertheless our original and less formal definition is preferable in view of its 

easier management. Analogous definitions apply to triple sets, and so on. 

A subfield x of k(8) over k of degree v determines a partition of the indices 
ainto v classes T' of m “‘coérdinated’”’ indices each: a and B are called coérdinated 
i ta = ng for all numbers 7 in x. Any given coérdination of the n indices 
into classes can thus be generated provided codrdination is not destroyed by 
conjugation: whenever a, 8 are coérdinated and the pair (a’, 8’) is conjugate to 
(a, 8), we suppose that then a’, 6’ are codrdinated also. 
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The term “conjugate double set”’ nag (or triple set, and so on) keeps a definite 
meaning if we assume nag to be defined merely for codrdinated subscripts a, 8: 
we then speak of a conjugate set over x. Instead of (3.13) it is more convenient 
to use a representation 


m—1 


(3.14) nap = Dy Cr’ 9a95 

t,j7=0 
where e” is a number in « and e;’ denotes the conjugate e3’ = e}’ = --- for the 
class T = a, B, --- of codrdinated indices. 


(3.2) Let | be a simple algebra in k of order h and &: | — L its irreducible 
faithful representation of degree g by which { was defined; h = tg. I. Schur 
constructed the splitting field in the following manner.® 

We take a rational commutator A of %. Since every root @ of the charac- 
teristic polynomial ¢(z) of A satisfies the equation | A — 8# | = 0 the relation 
| ¥(A)| = 0 holds for every factor ¥(z) of y(z); we suppose that y(z) lies in k 
and is irreducible in k. But then as the commutator algebra % of the irreduc- 
ible @ is a division algebra, not only the determinant but the matrix ¥(A) itself 
must vanish. In the g-dimensional vector space P where A represents a linear 
substitution, we choose an arbitrary vector e ~ 0 (with rational coefficients) and 
form successively 


& = ¢, e: = Ago, eo = Ati, --- 


If y is of degree n, one derives from the equation ¥(A) = 0 and the irreduci- 
bility of y the fact that the vectors eo, ¢1, --- , ¢n—-1 Span an n-dimensional sub- 
space P, of P which is invariant with respect to A and in which y(z) is the char- 
acteristic polynomial of A. Starting with a vector e, not contained in Py, the 
same procedure furnishes a second independent subspace P2 in which the same 
is true; and so forth. Therefore one must have : 


olz) = (V2), gu fe. 
If 
¥@) = I — 


the matrix of the transformation A of P;, when expressed in the coérdinate sys- 
tem ¢o, ¢1, --- , €n_1, is changed by the Vandermonde transformation (3.12), V;, 
into the diagonal matrix 


||, 


On 





* Transactions Amer. Math. Soc. (2) 16 (1909), p. 159. 
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The result is this: in an “irrational” codrdinate system changing into a rational 
one by the Vandermonde transformation V, X H;, the matrix A appears as the 
diagonal matrix of the roots 


By -++, Oy Be, -++ , Oa, +++, On ess On (each root f times). 


since the &, are all distinct, the generic element L of &, since it satisfies the equa- 
tion AL = LA, splits up in the same coérdinate system in the following way: 
Ly 
; | iri 
Ly, 

where L, = L(#.) are conjugate matrices of degree f in the conjugate fields 
i(8,). (~ stands for: “changes into... by the Vandermonde transformation 
Vy, X E;.”) The LZ. form the algebra 2; the algebra of the L(#) may be des- 
ignated by &(#) if d is any one of the roots 3., no matter which. {(#) is irre- 
ducible in k(#) because a reduction in k(#) would result in a rational reduction 
of 

The number field k(#) is isomorphic to the field k(a) consisting of the poly- 
nomials of a = A with coefficients in k. If we have an element b = B in the 
commutator algebra 2{ commuting with a, the splitting can be pushed forward, 
for then, in the irrational coérdinate system just introduced, B decomposes like 
| into conjugate matrices B,; B, is a commutator of %,. In applying the above 
consideration on B, rather than on A and in the field k(#,.) instead of k, we 
bring B, into diagonal form and obtain a corresponding splitting of L.. Only 
then the splitting made no headway when .b belongs to the field k(a). In this 
manner one finally arrives by successive adjunctions of elements a of Y& com- 
mutable among each other, at a maximal a which has the property that each 
element b of 2 commutable with a lies in k(a). Our notations shall now refer 
tosuch a maximal a; the number field k(#) isomorphic to k(a) is then called a 
splitting field. Under these circumstances the multiples of the unit matrix are 
the only matrices commuting with all members L(#) of the k(#)-irreducible 
algebra £(8); hence, according to Burnside’s theorem, &(#) contains f? linearly 
independent matrices and is absolutely irreducible. 

[In a more general way the field k(n) of degree r is called a splitting field for I 
if (allows of an absolutely irreducible representation in k(n). One readily con- 
cludes from the fact that each representation of { is a multiple of the irreducible 
one, that the degree r is a multiple of n. We shall here avail ourselves only of 
the splitting fields of minimum degree n derived from the commutator algebra.] 

(3.3) Two of the conjugate representations &., %s may be either equivalent or 
uot. In the second case the equation 


Big = LB 


when required to hold for all elements L has by the Schur lemma the only 
‘lution B = 0, in a field K involving all k(#,.). In the first case there exists 
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a non-singular solution B; each solution is a multiple of B and hence either 0 The 
or non-singular. In particular, the equation obviously has a solution A,,; = () seni 
lying in k(%_, 8), if it has a non-vanishing solution at all; | Aas| #0. We say (3 
that the two conjugations 3 > 0, and 3 —> #g are codrdinated provided Y’, and lene 
%, are equivalent. Since fact 
(3.31) Aasls = LaAag 

implies (3.4 


Aas Lp = La Aas’; 


if (a’, B’) is conjugate to (a, 8) this codrdination has the property mentioned 
under (3.1), and is hence being generated by a certain subfield x of degree », 
the central field; n = v-m. The quotient m is called the Schur index of &. We (3.4 
are able to determine the non-singular Ag such that Aaa = Ey; and such that 
they form a conjugate double set over x. In the future, subscripts a or a8 or pie 
aby are always meant to indicate that we are concerned with a conjugate set (Ga 
over k. (3.4 
On passing into a field K involving all the conjugate fields k(#,) one sees 





‘| from Burnside’s theorem and its supplement (1.4-A) that the order h of . 
b equals v-f?. From this follows by means of V 
(jaa La h = tg = tfn = tfum of | 
ae that are 
in § 
(3.32) f =tm. " : 
Na 
The arbitrariness in choosing the Aag consists in the possibility of replacing in t 
Aap by €apAas; €aa = 1, Cag ~ 0. | whi 
The equivalences {4 ~ 5, &3 ~ %: P 
Aaslsg = LaAas, Ag, Ly = LgA sy 

in the following way result in the equivalence 2, ~ &, : sati 
A apApy-Ly ae La:-AasA py - onl 
Hence a relation Os 
(3.33) AapApy = CapyAay by: 
must hold. The conjugate numbers cas, ¥ 0 form the factor set. From (3.33) tet 

and Age = E follows at once 
(Caw = 1, Ca =1; the 
(3.34) y Pats not 

CaBy*Cays = Caps-Cpys - 

\ By Y '"Y the 
If one replaces Aas by éagAag the factor set c is changed into the “equiva- con 
lent” c*: A., 
: Cape [ 
Hie Copy = = PY « Caty ‘ = 
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Tagging Raman chosen, the factor set is uniquely determined by { in the 
sense of equivalence. 

(3.4) Conversely 2 is uniquely determined by its factor set in the sense of equiva- 
lence. The proof obviously must depend on ascertaining the following two 
facts: 1) A matrix M, 


|My | 
(3.41) - . ~M, 
M, 
whose parts M, form a conjugate set of matrices satisfying the equations (3.31): 
(3.42) AasMs = M.Aas 


necessarily lies in &. 2) If a second system A%, satisfies the same equations 
(3.33) as A,s(Azq = £), then 


(3.43) Ads = Tz'AasT's 


where T, are conjugate non-singular matrices. 

Proof of 1). M, if defined according to (3.41) by means of arbitrary matrices 
M, in K which fulfill the equations (3.42), contains just the right number v.f? 
of parameters and is hence contained in the closure &x. If in addition, the M. 
are conjugate matrices in k(#,), the matrix M itself is rational and hence lies 
in&. [By the way, our proposition shows that the matrix L defined by La = 
nell lies in & provided y is any number of the central field; which proves that 
in the isomorphism a — #& the central field corresponds to that subfield of k(a) 
which consists of the centrum elements of %.] 

Proof of 2). 


T, = A*,'A,. 


satisfies the equation (3.43) for every fixed p (codrdinated with a, 8, ---); the 
only trouble is that this is not a matrix lying in k(#.)! We therefore form 


(3.44) fa Fea TA. 
p 


by means of an arbitrary number ¢ of k(#) and must try to take care that the 
determinant | 7.| + 0. When we put (Vandermonde transformation!) 


bo = +49, +--+ ead, 

the determinant | 7, | is a polynomial of the variables zo, 21, --- , 2n—1 that does 
hot vanish identically since | 7,| = 1 for {: = 1, £, = 0(p #1). Consequently 
there exist also values z; in k for which | 7, | ¥ 0; then the 7, are non-singular 
conjugate matrices. 2) in particular contains Speiser’s theorem: if AasAgy = 
A,,, then there exist non-singular conjugate matrices T,, such that Ag = me 

[The existential question is the following: Given a field k(#) of degree 
n= v-m and a subfield x = k(n) of degree v; the conjugations 3 — da, d > bs 
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are called coérdinated if ne = ng. Furthermore, given a set of numbers c,;, + 0 
conjugate over « and satisfying the relations (3.34): Does there exist a simple 
algebra for which k(#), x, Casy play the part of splitting field, central field, and 
factor set, respectively? Brauer answers it affirmatively by giving an example“ 
the equations (3.33) have a solution Aag of degree m. But what one obtains 
may correspond to the more general situation only cursorily mentioned above, 
that one failed to choose a splitting field of minimum degree. If one wishes to 
exclude this, one has to assume in addition that the given factor set is of Schur 
index m, i.e., that the equations (3.33) allow of no solution of lower degree 
than m.] . 

(3.5) We need a certain generalization of the theory of splitting fields which I 
contrast, by the word “‘relative,” to the absolute splitting fields heretofore studied. 
The splitting of Yinto the &, may have been accomplished again by an‘element 
a of the commutator algebra. We apply the old notations. However, we shall 
now assume only that the parts &, are irreducible in a given field K including 
the n conjugate fields k(#,). (For the application to Riemann matrices, K will 
be the ‘‘real” field.) That is to say, we rise merely to the level K rather than 
to “absolute” irreducibility. In following the above procedure we are to con- 
sider those elements Q of % that commute with A. There occur the parallel 
decompositions 


Aind,E, QinQ., LinL,. 


The extension of the linear set 2, of all Q. to k(%.) may be called O@™. As, 
is irreducible in k(#,), this Q@ is a division algebra of a certain order d in k(#,), 
the abstract scheme of which may be called q@. The laws of composition in 
the several q are conjugate to each other in the fields k(#,); they are copies 
of a model division algebra q in k(#). The element g@ of q@ is represented in 
OQ by the matrix Q@ = (¢@) X EH; where (q¢@) denotes the regular representa- 
tion of g@ in q@. The former notation is changed to the effect that now d-f 
is the degree of the matrices Q, L,. The order of 2, is d-f? according to 
Theorem (1.3-B). 

Since &, is irreducible in K, q@ remains a division algebra when we close it 
in K: q\@. The elements q@ of q{@) shall be called a-quantics. The upper index 
(x) shall always indicate an a-quantic. The situation is now perfectly anal- 
ogous to the previous one but for the fact that quantics take the place of 
scalars. 

a and 6 are coérdinated provided 2, and &3 are equivalent in K. The coor- 
dination is effected by a subfield x of k(#), the central field of degree ?. 
According to Theorem (1.4-A) the v non-coérdinated parts &, are entirely inde- 
pendent of each other in the closure &x. The order of & is therefore h = v-df’; 





§ Math. Zeitschrift vol. 28 (1928), pp. 677-696, in particular §6, p. 682.—The whole theory 
of factor sets is due to R. Brauer: Sitzungsher. Berl. Akad. (1926), pp. 410-416. Compare 
furthermore: R. Brauer, Math. Zeitschrift, vol. 30 (1929), pp. 79-107. 
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~I 
bo 
c 


comparison with the degree g = mvdf again leads to the relation f = tm. The 


equation 
(3.51) BLs = L,B , 


when required to hold for all L has only the solution B = 0 if a and B are not 
coordinated. If they are codrdinated, however, it has a non-singular solution B, 
and every solution QB = q@B arises from it by fore multiplication with an 
a-quantic—or by aft multiplication with a 6-quantic: 


(3.52) q@B _— By® 7 


Any solution different from zero is therefore non-singular. B, by means of 
(3.52), establishes an isomorphism T': ¢@) < g® between the a- and the 6-quan- 
tics. Let us stop for a moment to consider how this isomorphism is changed 
when one replaces B by 6 B(= Bb®) (b@, an a-quantic). The new isomor- 
phism is defined by 


(3.53) g@b©B = b©Bg® . 
We form 
(3.54) b@-1 g@ h@) = G@. 


Then (3.53) reads: 
GB = Bg®, 


and consequently g@@ — q® is the old isomorphism 7. The modification con- 
sists in letting T’ be preceded by the inner automorphism (3.54), q@ — ¢@, of 
the a-quantics generated by b (or in having the inner automorphism [b] of 
the 6-quantics follow 7). The inner automorphism generated by an element 6} 
is briefly denoted by [0]. 

It is perhaps advisable to describe our “quantics” a little more carefully. 


Each quantic x is given as a set of d numbers (x, --- , 2a) in K; the coefficients 
rin the multiplication law 
wyw=e2ti2= > r* re yn (i,k,l=1,---,d) 
k,l : 


are numbers in k(#). Transition to a new base is described by equations 


a" (| r*| # 0) 
k 

with coefficients 7 in k(#); only such relations are to be studied as are invariant 
under arbitrary changes in base of this type. We manufacture n copies q of 
this model q (a-quantics, a = 1, --- , n) by replacing the x by their conjugates 
Ta in k(3.). A change of base takes place simultaneously in all n copies, the 
coefficients 7 being replaced by the conjugates 74" in the a** copy (think of the 
show girls again!). It has an invariantive meaning to say that an a-quantic 
Pe a) lies, let us say, in k(8,, 8): x in k(8., Fs); and it has 
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an invariantive meaning to assert that a set Poor of quantics are conjugate 
(over x). It has an invariantive meaning to state ‘that a given isomorphism T 
between the a- and 6-quantics: 
a) es yf); 368) => o,2) 

lies in k(%a, &s): oi; in k(Pa, Fs); and that a set T.3 of such isomorphisms is 
conjugate over x. 

If a and B are codrdinated, (3.51) has a solution B = Aas ¥ 0 in k(#,, 83); 
it is non-singular. We take care that Aaa = EH and Agzg form, as their notation 
indicates, a conjugate set over x. By means of the formula 


(3.55) gq Aas = Aasq® 


Aas determines an isomorphism Tag: g@ < q® between the a- and the 
6-quantics; again, the T.3 are conjugate over x. We must have an equation 


(3.56) A up Agy = cp, Ay, (=A wets ’ 


the c’s being a triple set of conjugate quantics ~ 0. This equation proves that 
the succession of the two isomorphisms 


. id . 
Fast q@ ==> q®, | By: q® —> gq”? 


results in an isomorphism between the a- and y-quantics, equal to T., preceded 
by the inner automorphism [cS},]. When we remember our convention that 
subscripts @ or a8 or aby shall automatically indicate that the terms are conju- 
gate over x, and that an upper index (a) designates an a-quantic, we may finally 
describe a quantic factor set as follows: 

Given a field k(#) of degree n over k; a subfield x of degree v, n = v-m, determines 
the coérdinating of the conjugations 3 — 8, into v classes; a field K encompasses 
all conjugate fields k(3.). 

Given a division algebra q of “quantics’” in K of the nature above described: the 
multiplication law has coefficients x in k(8) and only base transformations with 
coefficients + in k(#) are allowed. We then have the n conjugate copies q‘® of the 
model q: a-quantics. 

A factor set consists: 1) of a x-conjugate set of isomorphisms T 3: ¢@ << q®, and 
2) a x-conjugate set of quantics ¥ 0: 


(3.57) dy > e}, 


such that the succession of Tag and T gy results in T ay preceded by the inner auto- 


morphism [c%,] (or succeeded by the inner automorphism [c3,]). The following 


conditions prevail: 


a . 
(3.58) Coup = 1, cose = 1, 
eye <> Nyc. 


In analogy to proposition 1) in (3.4), we have the 
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Lemma (3.5): A matrix M in k breaking up into parts M, will lie in & pro- 
vided M, commutes with all the Q and the relations 


AasMs = M.Aas 


are satisfied for each pair of codrdinated indices a, 8. 

The proof is the same as before: these conditions reduce the number of 
parameters in M to the right value v-df?. 

[Ascent from our present level K to the absolute is accomplished by means 
of a “maximum” element q of q lying in k(#); it cracks each &, into absolutely 
irreducible parts according to the numerically distinct roots of q. 

Of particular interest is the special case that our quantics are commutative. 
Then we have 


T gyT ap = T ay ? 


hence by Speiser’s theorem: T's = 7'37,'. This means: there exists a base 
for qin terms of which the multiplication law has coefficients in x. q may then 
be described as a commutative field over x that is not reduced by the extension 
of the reference field «x to K.] 


4. Splitting Field of a Riemann Algebra 


(4.1) Now let & be again the irreducible algebra of matrices in k associated 
with a pure Riemann matrix R = CS and Y% its commutator algebra. In & 
and {{ we have the anti-automorphic involutions L—> Lx, A > Ax generated byC. 

Lemma (4.1) (Rosati). Jf A is an even element of the commutator algebra, 
its roots are real and C and S break up like &% into parts Cz, Sa according to the 
numerically distinct roots. The roots of an odd A are pure imaginary. 

For the proof of this lemma it is convenient to operate in the algebraically 
closed field (K, ~/—1) and to transform C and S in the manner 


C—U'CU, S— U'SU (L — U“LU) 


by means of the transformation U carrying A into its diagonal form. The 
equation CR = S is preserved and after the transformation, S is the coefficient 
matrix of a positive definite Hermitian form: 


S’ = S ’ ‘ag = + 4 . 
Ax is now defined by Ax = CAC and thus our even A satisfies the equation 
(4.11) A'C=CA. 


We broke A into parts 8,E where #, are the numerically distinct roots of 


A(a=1,... ,n). The matrix C is accordingly checkered into squares Cag, 
and (4.11) reduces to 


(4.12) (8a — 0s)Cas = 0. 
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On account of CR = S: 
Casha = Sas, 


Coa is non-singular and hence (4.12) requires: 


Ba = Va, Cas =0 (fora # 8B). 
Since the roots #, are real the corresponding Vandermonde transformation U js 
also real. 

The case of an odd A is treated along the same lines. 

(4.2) We now proceed in the same manner as in (3.2), with the difference, 
however, that only even elements a of & shall be used for the purpose of split- 
ting. As long as it is still possible to find even elements b commuting with a 
and not included in the field k(a), one goes on adjoining them until one finds 
an even a such that every even b commuting with a lies in the field k(a); by 
this a we determine our splitting field k(#). Rosati’s lemma tells us that all 
the conjugate #, are real, or that @ is a ‘‘totally real algebraic number” over k. 
Stopping here has the disadvantage that we do not get an “‘absolute’’ splitting 
field; the situation is rather that described in (3.5) with the real field K as the 
level reached. Indeed, the elements g = Q of 2% commuting with our maximal 
even a form a division algebra over k(a) in which every element q satisfies a 
quadratic equation in k(a). For if g commutes with a, so does gx, and q¢ + qs 
and qqx are even and commute with a; they therefore lie in k(a). The relation 


q? — g(a + Ge) + 99% = 0 


is obvious. Now the only division algebras over a field k(#) in which each 
element satisfies a quadratic equation in the reference field are of the following 
three types:’ 

I. the “scalar’’: elements q = numbers q in the reference field k(#); 

II. the “square root”: elements are of form go + qu where 0 = — A; qo, % 
vary in k(#), — 2 lies, and is not square, in k(#); 

III. the “quaternion’’: elements are of form 


Jo + Qiti + Gate + ats 


where 
2 2 
tilo = — loli = bg, 4) = —A, lo = —4p 


and qo, 41, d2, Ys vary in the reference field while —\ and —z lie, and are no 
squares, in k(#). 

Thus one of these three types plays the réle of our algebra q of “quantics.” 
The Rosati lemma, however, provides some more information. In the case of 
II and III the elements q represented by ¢ or «4, t2 satisfy an irreducible pure 





7 Cf. for example: L. E. Dickson, Algebren und ihre Zahlentheorie, Ziirich (1927), pp. 
43-45. 
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quadratic equation in k(#), and hence q + qx = 0, orqis odd. Therefore its 
roots must be pure imaginary, or ) in case II and \, u in case III are totally 
positive (all the conjugates Aa; Aa, Ma respectively, are positive). For this rea- 
son we call the square root II and the quaternion III “totally negative.” In 
consequence thereof, each of the algebras I, II, III in all their n conjugate ‘“‘copies”’ 
a” remains a division algebra when extended to the real field K. We have the 
parallel decompositions of 


A into 3.E , Q into Q., L into L, 
[R into R., C into C., S into S,| . 


¢, is irreducible in k(#,). Our remark proves that the commutator algebra 
O of &, in k(#,) remains a division algebra under extension to K from which 
fact the criterion (1.3-D) permits drawing the inference that &, 7s irreducible 
in K. Furthermore we should keep in mind that in Q@ our involution 


y + q¥? consists in the transition from a quantic q to its “complex conjugate” 
qx defined by: 
(4.21) q = % q =GQ+ MU q =GM+ Hu + Gate + Yau 

| qx = Qo qe = Jo— Met qe = Jo — Mili — Qote — Qats 








respectively. In each case we have 
Q® = (q®) x Ey. 


Main THEOREM, First Part. A Riemann algebra & splits over a certain to- 
tally real field k(%) of degree n = mv with its central field x of degree v into parts 
of degree df which are irreducible in the real field K. It is described relatively to 
k(8) by a quantic factor set where the algebra of quantics of order d is either scalar 
(d = 1) or a totally negative square root field (d = 2), or a totally negative quater- 
mon (d = 4), 

[In cases II and III ascent to an absolute splitting field would be accomplished 
by adjoining the square root ~/ —\; we prefer, however, to stop at the totally 
real field k(#).8 

(4.3) Before going on we shall mention a few elementary features common 
to our three algebras qx of quantics g. The product of a qg with its complex- 
conjugate gx, (4.21), is a positive scalar N(q), the norm of q: 


N(q) =@5 | gi +)qi | a3 + Agi + wad + Ang;, 


which satisfies the multiplicative law: 


N(pq) = N(p)-N(q) - 


a 


‘Albert adjoins to his Galois splitting field k(i:, --- , dn) the extraneous real square 
Toots Via, Vua in order to make the case III more easily accessible; here we want to 
avoid the introduction of such irrationalities foreign to the problem. 
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After our algebra q has been closed in K one may choose as “‘units”’ 
J/VX =t | ao/VdX =, oo/V yp = i 


in cases II and III; one then has to deal with the Gauss field K(7) and the 
ordinary Hamilton quaternions, respectively. An automorphism q = p in the 
latter case is expressed in terms of the units 21, 72, 73 = 71%2 by equations: 


1 > + Ay, + Aste + Asls = jr, 
tg b + Dit + dota + dais = jer, (all a, b, c real numbers) 
73 > C + ext) + Cole + Cals = Js. 
The requirement jj = —1 yields: 
o-a- a -~@, = <1; 2aa,; = 2aa, = 2aa; = 0. 


Since simultaneous vanishing of a;, a2, a3 would contradict the first equation, 
we must have 2a = 0 and for the same reason 2b = 0, 2c = 0. This means 
that the automorphism g — p carries gx into px. Consequently the norm N(q) 
is left invariant. Adding the simpler cases I and II we may state our result in 
the following 

Lemma (4.3-A). An isomorphism T between a- and B-quantics matches 
gS? & ¢ as well as g@ <> q®. It leaves the norm invariant: N.(q@) = Ns(q®). 

In computing explicitly the multiplication (q) : 2’ = gx in our quaternion 
algebra, one finds 


qo; —An, — M2 , —ugs 

q qo — U3 Hq2 
(4.31) (qq =|’ 

q2 5) Qs ) qo ’ — Aq 

q3 » —Q, qi, qo 














and we verify the relation 


(qx)’ = (n)(q)(n)7 


where 


(4.32) (n) = 














Au 


is the coefficient matrix of the norm. It is important to observe that (n) is 
symmetric and positive-definite. Adding again the simpler cases I and II we 
thus proved 
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Lemma (4.3-B): 
(4.33) (qx)’ = (n)(q)(n) 


where (n) is the coefficient matrix of the norm.] 


5. The Norm Condition 


(5.1) Before attacking the slightly more difficult cases II and III we treat, 
as a model, case I where our totally real splitting field k(#) splits & into abso- 
lutely irreducible parts fa. 

The equation 


L'(lk)C = CL()) 


defining the involution 1 — ly of & splits into the relations 


(5.11) Li(le) = Caba(l)Cz' . 
We have 
(5.12) LaAas = Aapls. 


The Ags = Fr fulfill the same conditions with respect to the Li as the Aas 
themselves relatively to the L_ and CaAasC;' relatively to CaleCz'. Hence 
(5.11) leads to a relation of the form 


(5.13) Aap = Cap-CaAasCs' 
with a conjugate set of numbers eas, or 
(5.14) Ce = Cap-AapgCaAas - 


When we perform the transition from C, to C, on the one hand directly in 
accordance with this equation, and on the other hand by passing through Cz, 
we find in making use, for the second process, of the equation 


AapA By = CapyAay 


that the skew-symmetric form C, is the transform A,,CaAa, of Ca multiplied 
by éay on the one hand, or by éas€sy-Cxg, on the other hand. Hence 


(5.15) Ger = Cay/Capepy (~ 1). 


The numbers egg must be positive as is shown by the following simple ob- 
servation. The P, = Cla, because of (5.12), satisfy the same relation (5.14) 
as C’,: 


(5.16) Ps = eap-AggPaAae 


if L lies in @ or its closure &x. Since CR = S, CaRa = Sa we have in 
particular 


(5.17) Sp = €ap-AapSaAas - 
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All quadratic forms S, are positive definite. By the transformation A,» the 
positive form S, is carried into the positive form A nttlellas. By (5.17) this 
coincides with the positive form S, but for the factor e.g; hence this factor is to 
be positive. We have arrived at the following result: 

The factor set Cas, of a Riemann algebra & of type I satisfies relations 


— 2 
(5.15) Capy = Cay/Capl py 


where €a3 1s a double set of positive numbers conjugate over the central field x. We 
say that c? is totally positive equivalent 1. 

The condition is not only necessary but sufficient. For let (5.15) be fulfilled. 
These equations state that Aa, has the same factor set as ¢.sAas, and we know 
by proposition 2) in (3.4) that from this an equivalence like (5.13) follows with 
some conjugate non-singular matrices C,. We constructed such a C4, cf. (3.44), 
by means of the formula 


C. = : Ss 6 plpa Fe - pm b:€paA paApa 
p p 


where ¢ is a number in k(#). Let us take ¢ in particular as a square number 
¢ = &, £in k(d), so that ¢ is totally positive. The coefficients e,, are positive 
by assumption. A’A is a positive symmetric matrix if A is real; it is indeed 
the transform of the unit matrix E by the transformation A. Hence our 


(5.18) Cs = z aw om (f, > 0) 


is symmetric, positive, and therefore non-singular; no special precautions against 
possible degeneration are necessary. This is the essential part of the proof of 
sufficiency; it needs some elementary supplement which the last section will 
take care of, but the pivot of our whole demonstration consists in the two 
formulas (5.17), (5.18), the first proving (5.15) and eas > 0 to be a necessary 
condition, the second warranting the existence of a symmetric positive C, once 
this condition is fulfilled. 

(5.2) It is easy to survey the modifications needed to adapt our considerations 
to the other cases II and III. As a consequence of 


Aaplhsg = LaAas 
we have 
AygLg() = LiAgg- 
Hence C7'A,C, have the same significance for C7'L;,(I)C, = L,(I,) and therefore 
Co AysCs = VQ Aag(=9Aas) [Q@ in O°] 
or 


(5.21) Cs = Angl.QAgg- 
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We must try to prove that q™ isascalar. Putting the ’ on the whole equation 
(5.21) we get because of C, = +C,: 

Cs; = Aas?”'CAes 
which changes by 
(5.22) CS Q""'C,. = Ge" 
into 

, a 

C; = Ausl.Q Ae: 
Comparison with (5.21) shows that q‘*) = q, and hence q is a scalar. We 
denote it by e.g aS before, and then obtain the equations (5.14), (5.17) with 


their implication e,, > 0. 
Let us write the equation 


(a) 


oo a 
Ags Apy P CapyAay 


(a) _ 


in which c\¢}, stands for the matrix Q“ corresponding to the a-quantic q 
c), in the form 

A pAz, = Q™A,,. 
If we now proceed as before we find on the one hand 


Cy = Cay AayCaAay 


é 
and on the other 
Cy = Cup &py Any” CQ Aay- 
Making use again of (5.22) the middle factors 
Q@’'C,Q@ change into C,Q?Q@ = N(q)C., 
and our result is 
N(QqQ®) = 2. 
Cap py 
For its full appreciation one should observe that (3.57), (3.58) by the multi- 
plicative property of the norm and lemma (4.3-A) imply 
N(cS3_) = N(cosy) ; 
N(c&,) -N(clS) 5) = Nc s) -N(c§) s) . 
This means that the norm of a quantic factor set of types I, II or III is a scalar 
factor set. We have ascertained the following necessary condition, that the 
algebra described by a quantic factor set of this type relatively to k(#), be a 


Riemann algebra: 
The norm of the factor set must be totally positive equivalent 1. 
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(5.3) Vice versa, if this condition prevails we proceed to the construction of a 
pure Riemann matrix associated with % in the following way. The first step is 
to define an anti-automorphic involution in & by an appropriately chosen (. 
From the matrix (n) mentioned in Lemma (4.3-B) and its conjugates (n,) we 
form (n.) X EH; = N, and then put 


(5.31) Ce = Dd Cpa pA pa Apa « 

p 
¢ is a totally positive number in k(#), ¢, > 0; for instance, we choose ¢ = £, 
fin k(d). e,, is >0, and A’ ,N pApa is the symmetric positive NV, transformed 
by A,,; each term of our sum (5.31) and consequently the whole sum is sym- 


metric and positive. C is the rational matrix that breaks up into the conjugate 
C.. We are going to prove that C, fulfills the conditions required: 


(5.32) Q®’Cc, = CQ", 

(5.33) Cs = Cap AapCaAag - 
The relation 

(5.34) yA... = A?’ 


defines the isomorphism T,,,: q° <> ¢@. By Lemma (4.3-A), one has at the 
same time 


QA ye oe A,.Q&, 
while (5.34) yields 
Aig’ = "Aon: 
Therefore 
c.g = p Caf A ,eN Qe A,o 
p 
Q@'C, - x 6.$ Arad” N,A,o; 


their coincidence results from the equation (4.33) or 


(5.35) Qe” = N,QYN;'. 
The right side of (5.33) is by definition 
(5.36) X Coa Cas £(A,gAas)’ N (Aja Aas) : 
After putting again 
cs), _ gq” 


we have 


A ,aAas Bs QA pg. 
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This changes the matrix under the sum at the right side of (5.36) into 
A52Q” N,Q” Ag. 
According to (5.35), 
Q?'N,Q® = N,QY’Q” = N(q)-N,. 
By assumption 
Cra lap N(q'”) = epg, 


and thus (5.33) has been verified. 


6. Main Theorem 


(6.1) The C, = C(#.), as constructed in the last section are the conjugate 
parts of a rational C. By means of 


L'(l,) = CL(jc* Lilly) = C.L,()Co 


it defines an anti-automorphic involution | — 1, in I. Indeed, owing to (5.32) 
and (5.33), the parts M, of the rational matrix M defined by 


M’ = CLC, M, =C,L,Cz' 
satisfy the relations 
M. A ap = A af Ms 


and commute with all Q“ (or Q) as well as the L,. M therefore lies in &, ac- 
cording to Lemma (3.5). 1 — lx is involutorial because of the symmetry of C. 

Our C may now be called Cy and we write Co(#) instead of C(#). The terms 
even and odd refer to the involution | — l, generated by Co. Let &*(-) be the 
linear k-set of even (odd) elements in 2. The even elements in the extension 2 
form the extension &¢ of 2+ to K. Indeed L being an even element in &x: 


(6.11) os = z,L 
(z; real numbers, L a base of 2) we obtain by addition of the starred equation 
to (6.11): 
2L = b 2(L® + LY as 
The same remark applies to the odd elements of £ and &,. Let 
ag (2 = 1, 2, oe ,v) 


now be a base of &*, and in particular L® = E. 
If we chose Cy as our C we would obtain even Riemann matrices alone. We 
therefore put 


C = Colo, S = Cy L{z] 
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where Lo is an even or odd non-singular matrix in ¥ and L[z] lies in &F: 


L{z] = 24,L0 + 22 L® +--+ + 2,L™, 
R= Cs = Ly L{e) 


shall be our Riemann matrix. We first choose the real numbers z; so that there 
exists no homogeneous linear relation among them with rational coefficients. 
We may normalize z, = 1. The equation 


S= Co a 2o:-Cyo L® a tae 


shows S to be positive definite provided Ze, --- , z, are sufficiently small. This 
can be taken care of* without violating the linear independence of the z; in k by 
multiplying 22, --- , z, with a common, sufficiently-small, rational factor + 0. 

After the positive character of S is secured, the next question is about the 
rational commutators A of R. Such a matrix A must commute with all ele- 
ments L5'L® which form the base of L5'&* = A; therefore in particular with 
Ly'L® = Lj’ and consequently with L® and with Lo. So we must try to prove 
the 

Lemma (6.1): A matrix A commuting with Ly and the even elements of & (or &x) 
commutes with all elements of & (or &x). 

Ly'%* = A is obviously the linear k-set associated with our R. If L* is in & 
so is Ly'L*L,; hence A = &*L,", and the involution L — L, carries A into itself. 
A contains L,’ = L>'Li; the algebraic closure of A—which is the associated 
algebra of R—thus embraces {&* and is either the algebraic closure (£*) of &* or 
[if Lo’ is not in (*)] the sum of (&*) and Lj1(&*). 

The lemma (6.1) once established, we may be sure that A and hence R are 
rationally irreducible. Because A is invariant with respect to the involution 
and C5 is positive definite, reduction of A would result in rational decomposition 
according to the proof of Theorem (2.2-B). The matrix, equal to the unit in 
the one and to zero in the other partial space, would then be a commutator of A 
without being a commutator of 2; for a non-vanishing commutator of { is non- 
singular. The algebraic closure (+) or (¥+) + Lo'(+) of A must coincide with ¥. 

(6.2) We split by means of our totally real k(#) and afterwards extend the 
individual %, = &(#.) to K. To prove the lemma (6.1) we must show two things: 

1) A matrix A qs satisfying the relation 


Ags Li = LzAas 


for all L* in 2+ (or &z) must needs be zero provided a and # are not coordinated. 
2) A real matrix A, commuting with the element Lo(%.) and the even 
Ly = L*(8,) in 2, commutes with all L,. 





* When one analyzes the assumptions as to the relation between K and k on which 
this simple construction depends, one finds this: the ring of all numbers in K that are 
dominated by k is to form a linear k-set of infinite order (or at least of order 2 g*). Here 
a number a in K may be said to be dominated by k provided there exists a number a in k 
such that | @| <a. Choose 22, --- , z, as numbers in the ring just mentioned! 
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As to 1), we observe that the matrix L defined by 
Le = nal (nq real number) 


lies in &, according to the criterion, Lemma (3.5), if na = ng holds for each pair 
of coordinated indices a, 8 (it lies even in % when the 7. are the conjugates of a 
number 7 in the central field x). The matrix L thus defined is even. Hence the 
assumption concerning Aas implies the equation 


(na — np)Aag = 0. 


Operating in %, one may choose na = 1, ns = 0 provided a and £ are not co- 
ordinated; if one prefers to stay within % one would take a determining number 
of x = k(n) for » and then have ya ¥ ng under the same assumption. In either 
way one gets the desired result: Aag = 0. 

Point 2) needs more careful consideration. We replace 3, by the indeter- 
minate root # and for brevity’s sake then suppress the argument # (or the 
index a). With L ranging over all elements of &,(#), Col = P varies over a 
linear set $B. To the even L corresponds the symmetric P. The assumption that 
4 commutes with Z amounts to the relation 


(6.21) BP = PA 
for the corresponding P when we put C,AC,' = B. Requiring (6.21) to hold 
for every symmetric P in 8, makes superfluous the explicit statement of this link 


between the constant matrices A and B: BC) = C,A, as it is included in (6.21) 
for L = E, P = Cy. However, we have to add the one equation 

(6.22) BP® = P°A 

corresponding to the fixed element P® = C = Cyl. Our concern is to ascer- 
tain that two matrices A, B satisfying (6.21) for P® and every symmetric P in % 
satisfy (6.21) for every P in $. 

Let q be-our quantics forming the division algebra q of order d = 1, 2 or 4, 
over K, and Q = (q) X E;. Each matrix P = CL, L in &,(8), satisfies the 
equation 
and vice versa, a P satisfying (6.23) for each g must needs be = CoL where L 
commutes with each Q and hence belongs to the algebra &,(8). By the way, 
';(#) is the algebra (q’); and each P may be written as NL where N = (n) X E, 
is the constant “norm matrix” (4.32). In either way we find that the linear 
K-set 8 consists of all matrices of the following form in the three cases d = 1, 
2, 4, respectively : 

Po; —P,, —P2, —P; 


P,, AP); P;, —)P, 
P,, —P;, uP, uP, 
Ps, AP», —uP,, AuP, 


Po, —P, 
P,, AP» 


(6.24) P,, 


’ 
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where Po or Po, P: or Po, Pi, P2, Ps are arbitrary real matrices of degree f. thus 
This is in agreement with the order df? = f?, 2f?, 4f°. Such a P is symmetric all P 
provided Po is symmetric and P;, P2, P3 are skew-symmetric. The question 





ae metr 
can now be settled by the following trivial = di 
Lemma (6.2). Two matrices A and B of degree f satisfying the equation ly a 
BX = XA for all symmetric X are of necessity the same multiple A = B = ak all s} 
of the unit matrix, and hence satisfy the same equation for all X whatsoever. than 
Proor: X = E yields this 
B=Az= \| acx ||. (x (¢ 
: . (6. 
With a diagonal matrix X of the elements z;; = 2; one gets diseu 
ls AikTk = LiAix; or d 
ti ' symi 
hence if 7 # k by choosing 2; = 1, x, = 0: ax, = 0. Consequently A is a di- i 
if agonal matrix of the elements a; = a;. We finally obtain with an arbitrary indey 
" symmetric X = || xy ||: or P 
(a; — ata » 0, expr 
one § 
therefore a; = ax. ascet 
In case I the lemma settles our question at once: the validity of (6.21) for all nen 
symmetric P’s implies the same for all P’s whatsoever. In case II and III M 
we write a tote 
A = || Ax ||, (i, k = 0, 1 or 0, 1, 2, 3) in th 
posit 
the same for B, and to be 
= 1m =A | w= 1M =A, =H, As = Me. ata 
We first take P; (= P2 = P3) = 0 and obtain the equations 
(6.25) Byer Po = Pods Aix 
holding for every symmetric Po. Our lemma shows that therefore 
assoc 
Au = anE;, Bu = Bu Ey W 
are multiples of the unit matrix, the real numbers a;x, Bi; satisfying suffic 
natu: 
Niaz = Ac Bix. To ¢ 
Hence the equations (6.25) hold for every Py whatsoever. If we now consider decoy 
the equation (6.21) for those P, (6.24), in which Py = 0 and if we treat P, Ps, Ps realn 
as independent matrices, we find a certain number of equations comr 
; been 
(6.26) aP; = BP; (¢ = lori = 1, 2,3) 
where a and 8 are numbers. They are required to hold good for an arbitrary | 7. Ay 
anti-symmetric P;. If f > 1 there exist anti-symmetric matrices ~ 0 and thus T 


(6.26) implies a = 6; but then (6.26) holds for every P; whatsoever, and we si 
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thus made sure that validity of (6.21) for symmetric P’s implies the same for 
all P’s. The case f = lis different. Here we have only one independent sym- 
netric P, and thus &x(#) consists of the multiples of the unit matrix alone, and 
« does its algebraic closure (2x(8)). In case II, f = 1, one is forced to choose 
I, odd and the corresponding P® = C = Coy antisymmetric. Else (6.21) for 
all symmetric P’s together with (6.22) would be bound to have more solutions 
than the equation (6.21) when required for all P’s. In case III, f = 1, even 
this trick will not help us out of the trap. For even with an odd Lo(#) the sum 
(&:(8)) + Lo'(8)(&x(#)) is of order 2 rather than of order 4, as it should be. 

(6.3) The question whether there exists an odd non-singular Lo(#) is to be 
discussed. In case I this is only possible for an even f. But ford = 1, f even, 
ord = 20rd = 4, (6.24) at once allows writing down a non-singular anti- 
symmetric P and hence an odd L(#) lying in the extension &x(#). The parts 
L, = Ip(8_) and Lg corresponding to non-coérdinated a and 8 may be chosen 
independently whereas for coérdinated indices Ls is to be taken as AZ5L, Ags, 
or P; as 6g: AaglHhsgt one thus obtains an odd non-singular Ly in %,. If one 
expresses the unsplit LZ in terms of a base of &- with certain real coefficients y, 
one sees that | Zo | is not identically zero in the variables y. One therefore may 
ascertain rational values of the y for which | L,>| # 0; this Ly is then an odd 
non-singular matrix of %. We summarize our construction in the 

Main THEOREM, SECOND Part. When the Riemann algebra < is described over 
a totally real splitting field k(#) by means of a quantic factor set of the kind defined 
in the first part of the Main Theorem, then the norm of the factor set must be totally 
positive equivalent 1. This condition is not only necessary but also sufficient for & 
lo be associated with an even or odd pure Riemann matrix, save for the following 
limitations: 


d = 1, fodd| d=2,f=1|d=4,f=1 





no odd, no even, neither an odd 


nor an even, 





associated Riemann matrix exists. 

We must return for a moment to the investigation of necessary rather than 
sufficient conditions in order to determine whether these limitations lie in the 
nature of things and are not merely due to a lack of skill in our construction. 
To this end we have to consider that by Rosati’s lemma (4.1), C necessarily 
decomposes into non-singular C,’s. The involution q — q, effected by C, in the 
realm of a-quantics is prescribed, hence C(#) must be = Co(#)L(#) where L(#) 
commutes with all Q(#) and therefore must come to lie in &(#) after &(8) has 
been extended to k(#). This leaves us no loophole. 


‘. Appendix. Automorphisms. 


The scheme A as well as B, (1.34), may thus be described: it is a checkered 
‘quare table with rows and columns labeled by a double index ia and k6 each 
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field of which is occupied by a d-rowed matrix Aja,ig. If Eix denotes the unit 
or zero matrix according asi = k or 7 ¥ k we have more precisely 


(7.1) Aians = Anas, Biakgs = Fix Basg. 


Let us return for a moment to the irreducible representation &: a— A = A(a) 
of a simple algebra a. If an automorphism a — a* of a be given, then 
a — A(a*) = A* is a representation of a as well as Y&: a — A(a) itself, and like 
any representation of the simple a is equivalent to a multiple of &. The words 
‘“‘a multiple of” are to be canceled because of equality of degree g. Hence there 
exists a non-singular matrix H in k such that 


(7.2) A* = HAH- 


for every A in YA. This applies in particular 

(a) to the full matric algebra Pt, consisting of all g-rowed matrices in k, and 

(8) to the regular representation of a division algebra. 

The same holds true for the multiple s%& of our irreducible 2% which we now 
again call 9% = {A}: each automorphism A — A®* is of the type (7.2). The 
matrix H at the same time defines an automorphism B — B* in the commutator 
algebra 8: B* = HBH™. So we are led to study simultaneous automorphisms 
A— A*, B— BtinYA and B. A necessary condition that both are expressible 
in the form 


(7.3) A* = HAH", B* = HBH" 


by the same non-singular constant H in k is their coincidence within the cross-cut 
3 of A and B, the so-called centrum. In formula (7.1) each Ax varies over (0’), 
each Bag over (db). An element A common to Y% and B, must have Ay = J- Lx 
in (7.1) where J lies in (d’) and in (d): 


J: 2 32' = fix = Xe 


(j, and je fixed elements, z variable in d). But j;2 = aje yields j: = je by 
putting = e, andj = j; = je must commute with all elements z of d. The 
elements j of this kind form the centrum 3 of >. Let us first assume that 3 1s of 
order 1, that only the numerical multiples of the unit element e commute with 
all elements x of the division algebra Db. 

We then maintain that the d? transformations 


(7.4) 2’ = bra 


yield a base of the complete matric algebra IN, if we let a and b run independ- 
ently over a base of 6. By Burnside’s theorem this is true provided the 
multiples of the unit matrix are the only transformations J commuting with all 
these transformations (7.4), i.e. with all transformations of type x’ = bz and 
x’ = xa. For the first reason such a J must be itself of the form x’ = 2jz, for 
the second reason of the form x’ = j,x (j; and jz in 9); hence j: = je lies in the 


centrum of d and is a multiple of e. The result is that the product Au Bu y ields 
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4 full base for all d-rowed matrices when A; ranges over a base for (d’) and By 
jor (0). The product of two matrices A and B, (7.1), is given by 


(AB)sa,x8 = Ai Bas, 


and from this formula in connection with the result just obtained we readily 
deduce that AB provides a full base for all g-rowed matrices (g = dst) if A 
runs over a base of Y% and B of B. This is in keeping with the orders d- of A 
and d-s? of 8; for their product equals (dst)? = g?. 

The two arbitrary given automorphisms A — A*, B — B* define therefore (re- 
membering that the A’s commute with the B’s!) an automorphism AB — A*B* of 
the full matric algebra Yt, and consequently statement (a) above assures us of 
the existence of a constant non-singular matrix H such that A*B* = HABH-, 
in particular (A or B = £): 


A* = HAH-, B* = HBH-, 


H is unambiguously determined, but for a numerical factor. 

When we combine the identical automorphism of 8 with a given automor- 
phism A — A* of &, our H commutes with every B and hence lies in A: Every 
automorphism of X ts an inner automorphism.” 

If the centrum 3 of d is of order 6 we may consider 0 as a division algebra of 
order d/6 over the field 3. Operating in this field throughout and finally re- 
placing again each “number” 7 of this field by the 6-rowed matrix that repre- 
sents it in the regular representation of 3, we carry over our result to each pair 
of automorphisms A — A*, B — B* in & and B which coincide with the identity 
for the elements Z common to % and B. Application of the statement (8) above 
to the commutative division algebra 3 enables us to weaken this restricting 
hypothesis to the assumption that both automorphisms coincide among each 
other for the elements Z of 3: 

THEOREM. T'wo automorphisms A — A*, B — B* of A and B when coinciding 
within the centrum or cross-cut 3 of Land B are generated by the same non-singular 
matrix H according to (7.3). In particular, each automorphism of A which leaves 
invariant the elements of 3 is an inner automorphism. 

It isin no way unnatural that the proof first deals with the case of a “‘normal”’ 
algebra whose centrum does not reach beyond the reference field k. For what 
ambiguity there is in H comes from the centrum: the unruly things happen in 
the commutative fields, the whole superstructure of algebras is of a compara- 
tively simple nature. 


Tue INstrrure ror ADVANCED Stupy 
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“Skolem, “Zur Theorie der assoziativen Zahlensysteme,’’ Skr. Norske Vid.-Akad., 
Oslo (1927), pp. 21, 22; R. Brauer, Math. Zeitschrift, vol. 30 (1929), p. 105. 
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